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Abstract
Mimetic discretizations based on the support-operators methodology are derived for non-orthogonal locally reﬁned
quadrilateral meshes. The second-order convergence rate on non-smooth meshes is veriﬁed with numerical examples.
Ó 2004 Elsevier Inc. All rights reserved.
PACS: 65N06; 65N22; 80A20
Keywords: Mimetic ﬁnite diﬀerences; Quadrilateral meshes; Diﬀusion equation

1. Introduction
The support-operators (SO) method has been used to generate both 2-D and 3-D cell-centered diﬀusion
discretizations on non-orthogonal meshes [6,7]. The SO method can be applied to many forms of the
diﬀusion equation, but it suﬃces to consider the following ﬁrst-order form of the diﬀusion equation:
div F ¼ Q;
F ¼ D grad /  G/;

ð1:1Þ

where / denotes a scalar function that we refer to as the intensity, F denotes a vector function that we refer
to as the ﬂux, D denotes a symmetric positive deﬁnite diﬀusion tensor, G denotes a ﬂux operator, and Q
denotes a source function. We use the term ‘‘cell centered’’ to indicate a discretization that expresses the
following conservation integral over each cell volume:
q
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Ac

F  n dA ¼

Z

ð1:2Þ

Q dV ;
Vc

where Ac is the cell area and Vc is the cell volume. It does not necessarily imply that there are only cell-center
intensity unknowns. For instance, there are actually two versions of the SO method: one that has intensity
unknowns located only at cell centers, and one that has them located at both cell centers and face centers
[5]. These methods are equivalent in the sense that they yield identical cell-center intensity solutions, but the
former method has a dense diﬀusion matrix, while the latter method has a sparse diﬀusion matrix. The
latter method is referred to as the local SO method.
The purpose of this paper is to use the local SO method to generate diﬀusion discretizations in both x–y
and r–z geometries on non-orthogonal quadrilateral meshes having hanging nodes. Such nodes occur when
two cells share a face with one cell. Hanging-node meshes are generally used in adaptive mesh reﬁnement
(AMR) algorithms [3,8,9,12]. We do not allow any cell to share a face with more than two cells, or
equivalently, there is never more than one hanging node associated with a mesh edge. This is a restriction
motivated by considerations of both simplicity and accuracy that is usually seen in quadtree-based adaptive-mesh algorithms [12]. While the vast majority of existing AMR schemes use orthogonal meshes, it is
clear that non-orthogonal mesh schemes are more versatile. Non-orthogonal AMR meshes have been used
in adaptive arbitrary Lagrangian–Eulerian hydrodynamics algorithms [1]. Our scheme would be suitable
for coupled radiation diﬀusion/hydrodynamics calculations on such meshes.
Our purpose here is not to develop such an AMR diﬀusion algorithm per se, but rather to develop an SO
method suitable for use in such an algorithm. The development of any AMR algorithm requires a posteriori
error estimation technique [11]. The development of an SO-compatible posteriori error estimation technique is beyond the scope of this paper. Thus, rather than reﬁne to optimally decrease the error in our
convergence studies, we simply start with a multi-level hanging-node mesh and carry out a reﬁnement step
by increasing the reﬁnement level in each cell by one. This is later demonstrated in detail.
The treatment of hanging nodes with cell-centered diﬀusion discretizations is not as straightforward as it
might seem, particularly if the diﬀusion coeﬃcient is discontinuous across an interface. For instance,
consider the cells ei , ej , and ek shown in Fig. 1, and assume intensity unknowns, /i , /j , and /k , at each cell
center. Even if the mesh is orthogonal and the diﬀusion coeﬃcient is continuous, one cannot accurately
compute the ﬂux across the interface between cells i and j in terms of a diﬀerence between the intensities, /i
and /j . The intensity, /k , must be included in the diﬀerence expression to obtain a convergent diﬀusion
discretization. If the diﬀusion coeﬃcient is discontinuous, the situation becomes signiﬁcantly more complex
because the gradient of the intensity is discontinuous as well. One of the ﬁrst convergent diﬀusion discretization schemes for orthogonal hanging-node meshes was given by Ewing et al. [3]. They developed a
symmetric cell-centered ﬁnite-diﬀerence scheme in x–y geometry for meshes having an even number of

Fig. 1. Inner edge with a hanging node.
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hanging nodes per interface. Although they deﬁned their scheme to accommodate discontinuous diﬀusion
coeﬃcients, all of their convergence proofs assumed a continuous diﬀusion coeﬃcient. Edwards [2] developed a symmetric cell-centered discretization scheme for the diﬀusion equation associated with the
pressure in reservoir simulation. He considered orthogonal hanging-node meshes in x–y geometry having an
odd number of hanging nodes per interface. To deal with discontinuous diﬀusion coeﬃcients and the associated discontinuities in the intensity gradient, Edwards initially deﬁned one-sided diﬀerences for the
interface ﬂuxes on each side of the interface that involved additional interface intensities. Equations for
these additional interface intensities were obtained by requiring continuity of the ﬂux across the interface.
Because Edwards considered only orthogonal meshes, he was able to locally eliminate these additional
interface intensities to obtain interface ﬂux expressions containing only cell-center intensities.
The local SO method is particularly amenable to hanging-node meshes because the discretization process
occurs in two steps. The ﬁrst step is to consider each cell in the mesh as an independent domain and
generate an independent discretization for each cell. The second step is to obtain a global discretization by
imposing continuity of the intensity and continuity of the normal component of the ﬂux across cell interfaces. Since each cell in a hanging-node mesh is a quadrilateral, the ﬁrst step in applying the SO method
is identical to that for standard quadrilateral meshes. However, imposing continuity of the intensity and
continuity of the normal component of the ﬂux is not straightforward on hanging-node meshes because the
intensity and ﬂux unknowns do not coincide as they do on standard meshes. Thus, the main task before us
is to determine how to impose continuity of the intensity and the normal component of the ﬂux at three-cell
hanging-node interfaces. Our approach for imposing continuity at such interfaces is deﬁned by two requirements. The ﬁrst requirement is to globally satisfy a certain integral identity that is the fundamental
basis of the SO method. The second requirement is to admit constant ﬂux and linear intensity solutions.
Our hanging-node SO method can accommodate full symmetric positive deﬁnite tensor diﬀusion coefﬁcients in addition to scalar and diagonal diﬀusion coeﬃcients. The tensor diﬀusion capability is demonstrated in Section 3.
The remainder of this paper is organized as follows. In Section 2, we ﬁrst brieﬂy review the local SO
method, and then show how it is generalized for meshes with three-cell hanging-node interfaces. Computational results are given in Section 3, followed by conclusions and recommendations for future work in
Section 4.

2. Support-operators method
2.1. Overview of the SO methodology
The basic steps of the SO method are as follows. First, we introduce vector spaces of discrete functions
together with inner products. Then, we derive a discrete approximation to the divergence operator which
we call the prime operator. Finally, the approximation to the ﬂux operator (the derived operator) follows
naturally from a discrete analog of the Gauss–Green formula (see [5] for more details):
Z
Z
Z
F  D1 ðD grad /Þ dV þ / div F dV ¼
/ F  n dA:
ð2:1Þ
ei

ei

oei

We consider a shape regular partition of computational domain into convex quadrilateral cells. Generally
speaking, the partition may be non-conforming. In this case we assume additionally that each mesh edge
has at most one hanging node.
Each mesh cell ei is assumed to be homogeneous, but material properties (diﬀusion tensor) may vary
T
L
between cells. The intensities (scalars) are deﬁned at both cell centers, /Ci , and the edge centers, /R
i , /i , /i ,
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/Bi . For instance, /R
i is located at the center of the right edge (see Fig. 1). The vectors are deﬁned in terms of
edge-normal components located at the midpoints of cell edges, fiR , fiT , fiL , fiB . For instance, fiR  F  nR
i .
t
T
L
B t
Let ~
f i ¼ ðfiR ; fiT ; fiL ; fiB Þ and ~
/i ¼ ð/Ci ; /R
;
/
;
/
;
/
Þ
be
vectors
of
ﬂux
and
intensity
unknowns,
rei
i
i
i
spectively, for mesh cell ei . The SO method [5] results in the following discretization:
DIVi ~
f i ¼ Qi ;
~
/i ;
f i ¼ Gi ~

ð2:2Þ

where DIVi and Gi denote the prime and derived operators, respectively, and Qi denotes a value of the
source function in the ith cell. Note that the discrete operators are adjoint to each other and satisfy a
discrete analog of the Green formula [5]. Moreover, Eqs. (2.2) are exact for linear solutions. The system of
cell-based equations is closed by imposing boundary conditions on boundary mesh edges and continuity
conditions on interior edges.
2.2. Interface continuity conditions
In this section we describe continuity conditions for primary variables F and / across cell interfaces. We
require that the discrete version of the (2.1) holds over the entire mesh. It is not diﬃcult to see that this
requirement will be met if the sum over all cells of discrete Gauss–Green formulas leaves only outer
boundary contributions due to cancellation of the interior mesh contributions. For instance, let cell ei has a
common boundary with cells ej and ek as shown in Fig. 1. Then, the boundary terms associated with the
common interface will cancel if
R R
L L L
L L L
AR
i fi /i ¼ Aj fj /j  Ak fk /k ;

ð2:3Þ

L
L
where AR
i , Aj and Ak denote length of corresponding edges. The negative sign occurs because the edge
normals associated with fiR and fjL (resp., fiR and fkL ) are opposite in direction. To match the number of
equations, we have to impose three continuity conditions such that (2.3) is satisﬁed and the resulting scheme
is locally conservative. In the local SO method, the discrete divergence and ﬂux operators are adjoint to
each other. Then, condition (2.3) guarantees that the discrete divergence and ﬂux operators over any mesh
subset will be adjoint to each other, which in turn implies that matrix S in (3.1) is symmetric and positive
deﬁnite.
The local conservation property requires that the approximate ﬂuxes satisfy
R
L L
L L
AR
i fi ¼ Aj fj  Ak fk :

ð2:4Þ

Requiring the scheme to be exact for a uniform ﬂow, i.e., for a constant ﬂux vector, results in the following continuity condition for intensities:
R
L L
L L
AR
i /i ¼ Aj /j þ Ak /k :

ð2:5Þ

We may consider either (2.5) or (2.4) as the ﬁrst interface condition. Let us begin with (2.5). Substituting it
into (2.3), we get
ALi /Li ðfiR þ fjL Þ þ ALk /Lk ðfiR þ fkL Þ ¼ 0:
It is easy to check that suﬃcient conditions satisfying both (2.4) and the last equation are
fiR ¼ fjL ¼ fkL :

ð2:6Þ
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Thus, we end up with a weak interface condition (2.5) for intensities and a strong interface condition
(2.6) for ﬂuxes.
Although it may seem appealing to choose (2.4) as the ﬁrst interface condition, doing so results in the
following condition for intensities:
L
L
/R
i ¼ /j ¼ /k ;

which is obviously not valid for linear solutions. Thus, we cannot interchange the role of ﬂuxes and intensities in interface conditions, i.e. we cannot impose a weak interface condition (2.4) for ﬂuxes and a
strong interface condition for intensities. The result will be a signiﬁcant lose of accuracy.
In the case of only two neighboring cells with a common edge (e.g., cells ej and ek ), we need two continuity conditions. Following the above strategy, we get
fjT ¼ fkB

and

/Tj ¼ /Bk :

ð2:7Þ

The system of equations (2.2) is closed by imposing continuity conditions (2.5)–(2.7) and the boundary
conditions. The Dirichlet boundary conditions specify the intensities associated with the boundary edges.
The Neumann boundary conditions prescribe values to the normal components of ﬂuxes.
In the case of orthogonal AMR meshes, the system of discrete equations can be reduced to a system for
only cell-centered intensities. The orthogonal AMR meshes has been considered by many authors (see e.g.
[2,3]). The major advantage of our scheme is ability to treat non-orthogonal AMR meshes and full diﬀusion
tensors.

3. Computational results
In this section we present computational results which demonstrate the accuracy of our method and the
eﬃciency of our solution techniques. We begin by noting that the system (2.2), (2.5)–(2.7) can be easily
reduced to a system of linear algebraic equations for interface intensities with a symmetric positive deﬁnite
matrix:
S~
/ ¼~
b;

ð3:1Þ

where ~
/ denotes the global vector of interface intensities and ~
b is the source vector. The proof of this result
follows the proofs of similar results in the theory of hybrid-mixed ﬁnite elements (see, e.g. [4]). In addition
to the properties mentioned above, the matrix S is sparse. A few examples of its stencils are shown in Fig. 2.
We note that if the mesh is orthogonal, all the edge-based unknowns can be locally eliminated leaving an
algebraic system of type (3.1) for cell-center intensities [2].

Fig. 2. Stencils of matrix S for edges marked by big circle.
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The problem (3.1) can be solved by the preconditioned conjugate gradient method. In the numerical
experiments we use the algebraic multigrid preconditioner [10]. It was chosen as an example of a preconditioner applicable to arbitrary matrix stencils.
In x–y geometry the SO method is exact on linear solutions for all meshes considered in this section. To
the best of our knowledge, there are no other comparable low-order symmetric mixed ﬁnite diﬀerence
schemes on general AMR meshes which are exact on linear solutions.
The ﬁrst set of calculations addresses the accuracy of the method on highly distorted locally reﬁned
meshes in the Cartesian coordinate system. We consider diﬀusion problem (1.1) on the unit square subject
to the Dirichlet boundary conditions. Let

D¼

ðx þ 1Þ2 þ y 2
xy

xy
ðy þ 1Þ2



and
/ðx; yÞ ¼ 1  tanh

ðx  0:5Þ2 þ ðy  0:5Þ2
0:01

!

be the exact solution. The function has a sharp peak in the middle of the domain and close to zero near the
domain boundary. Calculations were performed on a sequence of randomly distorted locally reﬁned and
uniformly reﬁned grids. Both sequences of grids are built in two steps. First, we reﬁne grids in logical
spaces. After that, we randomly distort positions on mesh points.
Both sequences begin with a 16  16 grid. We use a simple geometric approach to create a few ﬁrst
locally reﬁned meshes. In a logical space, each mesh cell of the initial grid is uniquely identiﬁed by two
indices i0 and j0 , 1 6 i0 ; j0 6 16. On the ﬁrst reﬁnement level (l ¼ 1), we split mesh cells with indices
4 6 i0 ; j0 6 13 into four cells. The new mesh cells are uniquely identiﬁed by two indices i1 and j1 ,
1 6 i1 ; j1 6 20. On the second reﬁnement level, we split mesh cells with indices 5 6 i1 ; j1 6 16 into four cells.
On the subsequent levels (l > 2) we uniformly reﬁne all mesh cells.
The random grid is generated by moving each mesh point to a random position inside a square centered
at the point. The sides of the square are aligned with the coordinate axis and equal 80% of the size of the
smallest cell sharing the point. Note that the hanging mesh points are always located in the middle of the
associated edges.
The relative L2 errors / and f for cell-centered intensities and edge-based ﬂuxes, respectively, are given
in Table 1. We observe the second order convergence rate for intensities and the ﬁrst order convergence rate
for ﬂuxes. Even with our naive geometric reﬁnement strategy, we achieve the same accuracy of the solutions
but with 4 times less mesh elements. The better performance of our method can be obtained with a reﬁnement strategy based on a posteriori error estimators (see, e.g. [11]) which is beyond the scope of this
paper. The locally reﬁned grid at l ¼ 2 is shown in Fig. 3.
Table 1 shows also the performance of the V -cycle of the algebraic multigrid method. The stopping
criterion for the preconditioned conjugate gradient method was the relative decrease in the norm of the
residual by factor 1012 . The number of iterations, # it, grows much slower than the number of mesh cells,
N . The computational time, denoted by CPU, includes the arithmetical costs for generation of the matrix S,
solving the problem (3.1) and recovering the discrete ﬂux and cell-centered intensities. The arithmetical
costs per iteration grows linear in N except on coarse grids where cache memory eﬀects play the important
role.
The second set of calculations addresses the accuracy of the method on polar meshes in r–z coordinate
system. We consider a two dimensional problem in the r–z coordinate system which is equivalent to the
following one dimensional problem:
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Table 1
Convergence on a sequence of locally reﬁned and uniform grids
N

/

f

# it

CPU

Locally reﬁned grids
256
556
988
3952
15808

7.52e)2
1.69e)2
4.22e)3
1.03e)3
2.61e)4

8.36e)2
3.30e)2
1.58e)2
7.40e)3
3.72e)3

11
15
15
16
17

0.06
0.15
0.34
1.51
6.86

s
s
s
s
s

Uniform grids
256
1024
4096
16384
65536

7.52e)2
1.63e)2
4.19e)3
1.00e)3
2.50e)4

8.36e)2
3.28e)2
1.56e)2
7.33e)3
3.66e)3

11
12
13
15
17

0.06
0.30
1.38
6.35
27.8

s
s
s
s
s

Fig. 3. The AMR grids used in the experiments.



1 o
2 o/
RD
 2
¼ a þ bR2 ;
R oR
oR
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where R denotes the spherical radius, R ¼ r2 þ z2 , and 0 6 R 6 1. Symmetry preservation on a discrete
level is quite important for such problems. Let the diﬀusion coeﬃcient be scalar and equal to D1 in the
region deﬁned by 0 < R < 0:5 and equal to D2 in the rest of the domain. In the r–z coordinate system, we
impose the Neumann boundary conditions along z ¼ 0 and r ¼ 0, and the Dirichlet boundary condition
along R ¼ 1. This problem admits the analytic solution given in [7].
The computational mesh shown in Fig. 3 is uniform in the r-direction and consists of a few polar blocks
with uniform meshes. The size of each of these blocks in the r-direction and the number of angular steps are
doubled as we move away from the origin. The discrete solution gives a second order approximation to the
exact solution (see, e.g. Fig. 4). However, the detailed analysis shows that the discrete solution exhibits
symmetry breaking. In order to study this eﬀect, we plot the trace of the solution at R ¼ 0:5 as the function
of the polar angle. Note that the amplitude of oscillations is decreased by the grid reﬁnement.
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Fig. 4. Solution isolines and solution trace at R ¼ 0:5 scaled by 107 .

4. Conclusions and future work
Our SO method has been shown to be second-order accurate on non-smooth quadrilateral meshes with
hanging nodes in both Cartesian and r–z geometries. Although the scheme has both cell-center and facecenter intensity unknowns, the cell-center unknowns are locally eliminated, resulting in a reduced system
consisting only of the face-center unknowns. This reduced system has a symmetric positive-deﬁnite coefﬁcient matrix. It has also been shown that the algebraic multigrid method is quite eﬀective for this system
with the time-to-solution scaling linearly with the number of unknowns. Thus our SO scheme represents a
viable basis for the development of adaptive diﬀusion solution algorithms for general non-orthogonal
quadrilateral meshes.
On r–z meshes, our hanging-node scheme does not preserve spherical symmetry. The preservation of
such symmetry is a topic for future research. Another topics for future research is the generalization of the
hexahedral-mesh SO scheme [6] to hanging-node meshes.
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