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Abstract

The third-order resonant and static nonlinear optical polarizabilities of the donor-donor and donor-acceptor substituted m
conjugated molecules are calculated using the third-order response formalism in combination with time-dependent Hartree—Fock
(TD-HF) and density functional theory (TD-DFT) methods. Performance of different levels of theory for excited state structure and
nonlinear optical responses has been analyzed. Since the exact computations are fairly expensive, and only a few components of the
cubic polarizability (corresponding to the Liouville space paths) are important, numerically efficient approximations are suggested.

© 2004 Elsevier B.V. All rights reserved.

1. Introduction

Optical materials with enhanced nonlinear optical
(NLO) responses have important technological impli-
cations such as optical switching and wave-guiding [1,2],
compact 3D data storage and micro fabrication [3-5],
chemical and biological sensing [6,7], optical power
limiting [8], up-conversion lasing [9,10], bio-imaging
[11,12], etc. Even though perfecting of synthetic tech-
niques and a growing role of quantum mechanical
guidance have led to materials with exceptional ¥ and
%3 hyperpolarizabilities, further progress is still hin-
dered by the cost of both synthetic and characterization
methods. In addition, reliable theoretical modeling of
real (as oppose to model) molecular systems is yet to be
developed.

Computational design of nonlinear optical materials
is a fundamentally difficult problem. Careful and com-
prehensive analysis is necessary for understanding the
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key electronic phenomena contributing to NLO prop-
erties and their related connections with chemical com-
position. This is a cornerstone for the rational design of
new NLO materials. Ab initio techniques coupled with
finite field approach are typically used to calculate off-
resonant nonlinear optical responses [13]. A more gen-
eral approach, covering the entire frequency range, is the
time dependent perturbation theory. In practice, this is
essentially a sum-over-states (SOS) method which in-
volves calculating both ground and excited states
wavefunctions and the transition dipole moments be-
tween them [13,14]. First-principles calculations of mo-
lecular electronic spectra require extensive numerical
effort and, therefore, exact treatment becomes imprac-
tical even for fairly small molecules. Correct description
of excited states involved in NLO responses frequently
requires inclusion of the higher order electronic corre-
lations. This makes their computing a much more
complicated procedure compared to analogous ground
state calculations. For molecules of practical interest it
becomes necessary to make various approximations to
the underlying many-electron wavefunction. Restricting
the size of active space in configuration interaction (CI)
to a few orbitals (like in CASSCF), limiting the order of
substitutions to singles (CIS) and doubles (CISD), their
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combination (MRDCI) and/or simplifications in model
Hamiltonians (AM1 or INDO/S) are typical examples of
such approximations [14,15]. Most of these calculations
tend to over-correlate the ground state wavefunction
[16,17], and do not guarantee size-consistency [18].

In a contrast with CI-based methods, adiabatic time-
dependent density functional theory (TD-DFT) [19,20] in
the Kohn—-Sham (KS) form has rapidly emerged as an
accurate and efficient method for studying the optical
response of molecules. Excellent results have been ob-
tained for organic molecules, organometallic com-
pounds, inorganic finite clusters and infinite crystals (e.g.,
see [21,22]). Recently, TD-DFT extensions for the cal-
culations of molecular nonlinear optical properties were
suggested [23-25] and closed expressions for frequency-
dependent optical polarizabilities up to the third order in
the driving field were derived within adiabatic TD-DFT
approximation [25]. TD-DFT was shown to give a better
agreement with experiment than both semiempirical and
low level ab initio calculations for two-photon absorp-
tion (TPA) calculations in large quadrupolar conjugated
organic chromophores [26,27] and small molecules [23].
In particular, a benchmark study of TPA and one-photon
absorption (OPA) resonant frequencies calculated with
TD-DFT (B3LYP/6-31G) against experimental data in a
series of 16 substituted molecules found that both TPA
and OPA transition energies are predicted with better
than 4% accuracy [26]. In a subsequent joint theoretical/
experimental study of 6 large molecules we found that
TD-DFT (B3LYP/6-31G) can reproduce experimental
TPA cross-section with an accuracy better than 50% if
experimental linewidths (instead of empirical parame-
ters) were used for calculations [27].

The goal of this Letter is to investigate the method-
ological aspects of TD-DFT approach for calculations
of the third-order NLO properties in extended w-con-
jugated molecular systems. Since the accuracy of the
TD-DFT critically depends on the underlying model of
density functional, we study the performance of various
exchange—correlation (XC) and hybrid functionals listed
in Table 1 for the third-order static and resonant po-
larizabilities. Several numerical approximations and
convergence of the computational results with the
number of excited states are investigated as well. We
consider two examples: donor—donor substituted case of
para,pard’-bis(dimethylamino)bistyryl and donor—ac-
ceptor substituted case of para-dimethylamino,pard’-
nitrobistyryl shown in Fig. 1 insets. Substituted bistyryl
derivatives were reported to have significant NLO re-
sponse and experimental NLO data of similar com-
pounds are available [16,17,28]. Details of our
computational approach are presented in Section 2. In
Section 3 we analyze obtained computational results for
different DFT models, regimes, limits, and approxima-
tions. Finally, we discuss the trends that emerge and
summarize our findings in Section 4.

Table 1

Methods used in this study
Functional ¢, (HF- Gradient- LDA

exchange) correction component

HF 1 No No
HF/S 1 No No
BHandH 0.5 Yes Yes
MPWIPWOI1 0.25 Yes Yes
PBE1PBE 0.25 Yes Yes
B3LYP 0.2 Yes Yes
BLYP 0 Yes Yes
ALDA (Xalpha) 0 No Yes

The results are obtained using GAUsSIAN 98 [32] implementation
of all functionals.
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Fig. 1. Calculated TPA spectra of donor—donor (top panel) and do-
nor-acceptor (bottom panel) molecules at different levels of theory
(Table 1).

2. Computational methodology

Computation of nonlinear polarizabilities with SOS
approach [29] requires ground and excited state energies,
state dipoles, and transition dipoles. However, the
manifold of contributing states and transition dipole
moments between the excited states are not available
from the linear response theory [20] (we refer to a de-
tailed discussion in [25]). Alternative expressions for the
frequency-dependent polarizabilities have been recently
derived specifically for TD-HF and TD-DFT ap-
proaches [25,30]. These equations require only quanti-
ties that can be obtained from the linear response theory
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and the corresponding functional derivatives in the TD-
DFT method. The third order polarizability can be
calculated using eight term expression symmetrized with
respect to wy, wy, and w3 permutations [25]:
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Here S, = sign(«), indices s =i, j,k, [ label the spatial
directions (x, y, and z), indices v=oa,p,y,0,n=
—M,...,M run over the excited states, and Q, are ex-
citation energies obtained from the linear response the-
ory by diagonalization of the Liouville operator, which
eigenvectors (transition densities ¢,) come in conjugated
pairs [20,30]. We assume that Q, is positive (negative)

for all v>0 (v<0) according to the convention
Q_, = —Q,. The other variables [25]
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are tensors symmetrized with respect to all permutations
of their indices (a, B, 7, 8, ). Here u is the dipole matrix
for s-spatial direction, p is the ground state density
matrix, and / is a unit matrix. The Coulomb-exchange—
correlation operator ¥ is defined as

VP‘[U(g) = Z ((pqo—|mn0—/)§mmr’

mno’

+ Z qumnzn(f’ imna’ )

mna’

— Cx (pm0|qn(7) émn(fémr’ )

(2.15)

where (pgo|mng’) denotes the two-electron integrals
(indices p,q,m,n and o refer to the orbitals spatial and
spin indices, respectively). Becke’s mixing parameter c,
allows the introduction of Hartree-Fock exchange and
the construct of hybrid functionals [31]. f,eme is the
matrix element of the kernel corresponding to the
second functional derivative of an XC functional
E*[n] with respect to the charge density n(r) [19,20].
Finally, the expressions for v/® and v® are quadratic
and cubic in ¢, respectively [25], and depend on the
third- and fourth-order functional derivatives of
E*[n] [22].
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In our implementation of this methodology [26,27] we
used the GAussiaAN 98 package [32] to calculate the
linear response in the adiabatic TD-DFT, and to print
out the excitation energies Q,, transition densities &,,
dipole matrices u&‘v), and relevant Coulomb-exchange—
correlation matrices ¥ (&,) and V(3[[&4,p],&,]) defined
by Eq. (2.15). To calculate the third-order response (Eq.
(2.1)) we utilize the Collective Electronic Oscillator
(CEO) program [30]. Minor code modifications were
required to interface the CEO with TD-DFT data
printout, since both TD-HF and TD-DFT methods
share the same mathematical description for the excited
state electronic structure [25]. In our calculations, terms
containing v® and v in Egs. (2.13) and (2.14) have
been neglected because the appropriate functional de-
rivatives are not yet available in the GAUSSIAN suite
[32] and other similar programs. We believe these
quantities may have only a minor impact on polariz-
ability magnitudes [26].

We start our calculations with geometry optimization
of both molecules (insets in Fig. 1) at HF/6-31G level
with planarity constraint. This method reproduces ac-
curately bond length alternation in such conjugated
systems when compared to experiment [26]. This alter-
nation reflects the degree of m-conjugation between the
double bonds and constitutes an important parameter
characterizing electronic properties in these molecules.
TD-DFT calculations were also done with 6-31G basis
set. An extension to larger basis sets does not signifi-
cantly affect the excitation energies and transition di-
poles in large conjugated molecules as has been shown in
[26]. The solvent effect was studied using polarizable
continuum model implemented in GAUsSIAN 98 [33].

We calculated up to 26 singlet electronic states for
each molecule using TD-DFT coupled with different
functionals listed in Table 1: adiabatic local density
approximation (ALDA, also known as Slater exchange),
gradient-corrected functional (BLYP), and hybrid
functionals (B3LYP, PBEIPBE, MPWIPW91, and
BHandH), which contain an increasing portion of exact
HF exchange. Calculations using TD-HF approach
coupled with ab initio (HF) and semiempirical INDO/S
Hamiltonians (HF/S) were conducted as well to explore
the limiting case with 100% of HF exchange. The cal-
culations of the static and resonant third-order nonlin-
ear optical polarizabilities were then performed using
the procedure described above. The static polarizabili-
ties (y, = Re(y(0,0,0)) are of interest to a variety of
nonlinear applications (i.e. optical switches). We also
focus on the resonant response responsible for TPA
properties, where the cross-section ¢ is given as [16,17]:

orea(®) = LM () (@0, 0, —0)), (2.16)
where 7 is Plank’s constant, ¢ is the speed of light, n is

the refractive index of the media, L is the local field

factor. Only a dominant component of the polarizability
tensor along the molecular axis was included in the av-
erage over all orientations. To simulate the finite line-
widths in the resonant spectra, an empirical damping
factor I' = 0.1 eV was introduced in all calculations by
adding an imaginary part (iI') to the transition fre-
quencies 2, in Egs. (2.2)-(2.9) [16,17,26,27].

3. Results and discussions

Fig. 1 displays the calculated resonant TPA spectra
for both molecules obtained at the different levels of
theory. The plots clearly show very strong dependence
of amplitudes and maxima positions in the computed
NLO spectra on the model density functional used. Of
all the methods tested, TD-HF results show a significant
blue-shift of the largest TPA maximum and highly
overestimates its cross-section compared to experiment.
On the other hand, ALDA and gradient corrected
functionals produce red-shifted spectra. Hybrid func-
tionals span the entire range between the HF and
ALDA extremes. Functionals containing 20-25% of the
HF exchange result in the most favorable comparison
with experiment (see caption to Fig. 2). We also observe
two characteristic peaks in the TPA spectra. Their rel-
ative magnitudes depend on the functional model. To
analyze these resonant spectra in detail, we consider next
several relevant quantities.

Fig. 2 illustrates the relationships between the first-
order properties of our molecules and the third-order
static and resonant polarizabilities. The variation of the
transition dipole moments between the ground and the
first excited states is shown in the Fig. 2a—a’. For donor—
donor molecule, the value of the transition dipoles varies
only within 7.25% (from 11.45 D for TD-HF to 12.28 D
for TD-PBEI1PBE). For donor—acceptor molecule, on
the other hand, this value changes considerably (from
7.95 D for TD-BLYP to 11.6 D for TD-HF). This dif-
ference reflects electronic delocalization of the excited
states: the first excitation in the donor—acceptor com-
pound corresponds to the charge transfer between the
two molecular termini, while in the donor—donor mol-
ecule it corresponds to the charge transfer from the
termini to the central ring [16,17,26]. The HF exchange
is known to have a strong effect on the description of the
long range interactions, and, therefore, it significantly
affects donor-acceptor molecule. Fig. 2b-b’ shows the
relevant excitation energies. The donor—donor molecule
has C,, symmetry, thus its ground (1A,) and the first
excited (1B,) states are of the opposite parity. This
makes the first excited state with frequency Q) to be
inactive in the TPA process. However, the two higher
lying states (with frequencies 2, and ,, respectively)
show up in the nonlinear spectra (see Fig. 1). In con-
trast, the donor-acceptor molecule is of C; symmetry
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Fig. 2. Transition dipoles between the ground and first excited states (a and a’), transition energies between the ground and excited states contributing
to NLO response (b and b'), resonant (c and ¢’) and static (d and d’) third order polarizabilities (all y are given in 10~ esu) as a function of DFT
model used for calculations. Available experimental data are Q) = 3.18 eV, Qrps = 3.88 eV, arpa = 260 GM (donor-donor molecule) [16,17] and
Q =2.72¢V, uy; =89 D, y, = 1.67 x 1073 esu (donor—acceptor molecule) [28].

and its first excited state manifests itself as the first
maximum in Fig. 1. Higher lying state (with frequency
Q,) is showing in the calculated TPA spectra as well.
The excited states of both molecules exhibit large blue
shifts with increase of HF exchange fraction in the
functional. This fact is due to the nonlocal nature of the
HF exchange, which destabilizes the excited states.

Fig. 2c—' shows the magnitudes of the third-order
polarizabilities at the TPA maxima in Fig. 1 denoted as
y; and y,. To explain the gradual decrease of the am-
plitude for the first maximum, and an increase of the
amplitude for the second one upon reduction of the
amount of the HF exchange, we consider configura-
tional mixing in the resonant excited states of the do-
nor—donor molecule. While the first excited state in this
case is mostly HOMO-to-LUMO (highest occupied and
lowest unoccupied molecular orbitals) transition, the
major contributions to the excited states active in NLO
response come from the HOMO-1 to LUMO and
HOMO to LUMO+3 configurations. Their out-of-phase

linear combination produces low-amplitude response,
while in-phase combination produces high-amplitude
response. For a detailed discussion of this effect see [34].
For TD-ALDA, the in-phase combination of these two
configurations corresponds to the second excited state
and out-of-phase combination to the eighth state. For
TD-HF, the relative energies of in-phase and out-of-
phase combinations switch. Now they are associated
with the sixth and second excited states, respectively. In
the case of TD-BHandH, two-photon excited states are
represented by almost pure configurations (no configu-
ration mixing takes place), and the amplitudes of the
corresponding response maxima are almost equal. In-
creasing fraction of the HF exchange changes configu-
ration mixing in the lowest two-photon excited state so
that one of the components of in-phase combination
decreases going from the positive to negative amplitude.
As a result, the magnitude of the response decreases.
Unlike the resonant case, the trends in static hyper-
polarizability can be interpreted classically. As one can
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see in Fig. 2d—d’, the less HF-exchange is present in the
functional, the higher values the static polarizabilities
acquire. This is in agreement with highly polarizable free
electron gas model, inherent to the ALDA functional.
We also point out that in all different methods the
third-order static polarizablility of the donor-acceptor
molecule exceeds that of the donor—donor molecule
approximately by a factor of four.

Fig. 3 shows the third-order resonant and static po-
larizabilities as a function of the number of excited
states M used in summations (2.1)—(2.9). In most cases
the asymptotic limit is reached with 11 excited states for
resonant polarizabilities. However, this is not true for
the methods with ¢, > 0.25 for both y, and y, maxima
(Fig. 3a—a’, b-b’). The absolute values of the third-order
polarizability in these cases are very low (see Fig. 2c—/,
d-d’) and, thus, the accuracy of calculations is not suf-
ficient. More states are needed also in the case of the
third-order static polarizability (Fig. 3c—¢’) where many
Liouville space paths contribute to the off-resonant re-
sponses.

The solvent effects were studied at B3LYP/6-31G le-
vel with polarizable continuum model [33]. We found
that nonpolar solvent (such as heptane) changes the
resonance response frequency by no more than 0.1 eV
(much less for nonpolar donor-donor molecule), and
the amplitude at the maximum by about 20% (not
shown). More detailed study of the solvent effects on the
third-order response properties is currently under way.

Donor-donor

449

To study the effect of the basis set size we calculated
both molecules at B3LYP/6-31G* and B3LYP/6-31+G
levels. In agreement with results reported previously
[26], the basis set size increase changes the polarizability
magnitudes by 10 to 20%. The reason for the relatively
weak dependence on the basis set lies in the nature of the
molecules studied. The third-order response properties
are dominated by a delocalized m-electron system, and
atomic polarization becomes relatively unimportant.
Consequently, addition of the polarization and diffuse
functions to the basis set does not change the results
substantially.

Finally, Fig. 4 displays the contributions from the
different components into the total third-order polariz-
ability for different methods. We observe that the gen-
eral trends for both molecules are very similar for
resonant and static polarizabilities (with the exception of
the TD-HF method). In most cases the major contri-
bution comes from 7 and yVIU terms. In fact, 3! and
9V depend only on the dipole couplings (Egs. (2.10)
and (2.11)) and are the only terms that give significant
contribution into the resonant polarizabilities if HF-
exchange is not present in the functional. Y always
gives negative contribution to the third-order static po-
larizability. This term contains dipole coupling between
three excited states (Eq. (2.12)). None of y, y(VIU and
y(MD terms contains Coulomb operators. For the reso-
nant polarizability, the second major contribution co-
mes from 7V and y"V terms, but these contributions

Donor-acceptor
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Fig. 3. Variation of magnitudes of resonant polarizabilities at the first (a and a’) and second (b and b’) TPA maxima, and static polarizability (c) and

¢’) with the number of excited states used for calculations.
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DFT model.

amount for less than 8.3% each for the functionals with
¢, <0.25 in the case of the first maximum. However,
these terms contribute significantly to TD-BHandH and
TD-HF results. Both 3 and V') terms contain
Coulomb operators coupling three states (Eq. (2.13))
and dipole couplings (Eq. (2.11)). The next (usually
negative) contribution comes from y(VV. This term is
very small in case of resonant polarizability (except for
TD-HF method at the first maximum). For static po-
larizability, y(VD term has considerable contribution
only in the case of TD-BHandH and pure TD-HF
methods. This term (Eq. (2.14)) depends on the Cou-
lomb operator which couples four excited states and,
therefore, y(V! contains most of the computational ex-
pense for the third order polarizability. Thus several
approximations can be readily applied to significantly
reduce the numerical cost of the third-order polariz-
ability calculations depending on the level of accuracy
required.

4. Conclusion
Enhanced NLO properties in functional organic and

inorganic materials result from the long range electronic
‘communication’ (coherence and charge transport). The

optical response of a large m-conjugated molecular sys-
tem is not the sum of separate responses of its small
components, rather, the response is a nonlinear function
of the system size (‘collective’ effect). Conducting poly-
mers and donor/acceptor substituted conjugated organic
chromophores are typical examples of molecules where
large optical polarizabilities are attributed to the delo-
calized nature of their electronic excitations [13,14].
Consequently, full quantum chemical treatment is
required for quantitative predictions and, often, quali-
tative analysis of the underlying phenomena. The TD-
DFT approach shows great promises for computing
molecular hyperpolarizabilities in such systems. This
method is free from many drawbacks inherent to high
level correlated methods and provides an excellent ac-
curacy for the entire molecular electronic spectrum and
the NLO responses [23,26,27].

A critical component of TD-DFT is a choice of an
appropriate functional. We show that TD-ALDA and
gradient corrected functionals tend to over-delocalize
n-electron system, which frequently leads to the red
shifts in the calculated spectra. In contrast, over-locali-
zation in the TD-HF method results in the blue shifts
of NLO transition energies, increasingly large number of
participating excited states, and significant role of
Coulomb-related terms in the expansion (2.1). Hybrid
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DFT provides balanced treatment of the effects
involved, and, subsequently, better agreement with
experiment. We also note that the amplitudes of non-
linear polarizabilities show relatively weak dependence
on the nature of the hybrid functional compared to ex-
treme cases of TD-HF and TD-ALDA. Although pure
local and semi-local TD-DFT (without asymptotic cor-
rection) is known to err in the description of the charge-
transfer states and excitations in extended molecular
systems [35], hybrid TD-DFT used in our NLO studies
[26,27] offers vast improvements. In addition, optically
active one- and two-photon excited states in conjugated
molecules do not possess substantial charge-transfer
character. In [26,27] we found no indication of incorrect
asymptotic behavior of the hybrid functional for con-
jugated molecules up to 33 A in length.

Convergence of the third-order response in both
molecules with the number of excited states is fast and
only a few states are need for most hybrid DFT func-
tionals. For example, 11 excited states is enough to reach
the asymptotic limit for functionals with ¢, <0.25. In
general, less states are needed for calculations of resonant
responses than that in the off-resonant cases. Not all
coupling terms in Eq. (2.1) have equal importance. Out of
eight terms, typically two terms involving dipole cou-
plings (I and VII terms) provide dominant contributions
into the total response. Contributions from the terms,
which include Coulomb couplings, grow with increase of
an amount of the HF-exchange present in the functional.
These results allow one to formulate truncated ap-
proaches to calculate NLO responses of large and com-
plex molecular systems at different levels of accuracy.
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