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Goal: perform large scale simulations of multiphysics,
multiscale systems

» “Multiphysics” systems are
driven by simultaneous
processes with vastly different
dynamics.

» “Multiscale” systems include L 7
components that evolve at "o - o,
vastly different scales.

» Time stepping: essential
ingredient of solution process.

: \\“\\%\\W\\\\\\\\\

.
(https://en.wikipedia.org/wiki/Scientific_modelling)
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Goal: perform large scale simulations of multiphysics,
multiscale systems

» “Multiphysics” systems are
driven by simultaneous
processes with vastly different
dynamics.

» “Multiscale” systems include o _
components that evolve at oo g TR i, S
vastly different scales. I Ll 18

» Time stepping: essential
ingredient of solution process.
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(https://en.wikipedia.org/wiki/Scientific_modelling)

» The most effective time stepping method for large multiphysics and
multiscale systems? None. (Global step, implicit or explicit)

» Multimethod = numerical approach that employs different strategies to
solve different components of the system.
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Focus here: physical systems characterized by
multiple time scales
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Figure: Climate dynamics: a prototypical multiscale system (Tardif et al., 2013,
Roberts 2017). Efficient time integration? A multimethod approach makes sense: treat
fast and slow components differently.
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How does one select and apply an appropriate
multimethod?

1. Select (form of) the partition:

/
y{s} 0 f{S} (t’ y'{s}7 y{F})
& Yy = 17 (t,y) + £} (¢, y).
Note: here we assume the partition to be given.
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How does one select and apply an appropriate
multimethod?

1. Select (form of) the partition:

y{F} ! _ f{F} (t, y{s}7 y{F}) n O
e 0 £1s}H (¢, y s}, {7
& Yy = 17 (t,y) + £} (¢, y).

Note: here we assume the partition to be given.

2. Select multimethod strategy depending on the goals of the simulation:

» Multirate: We are interested in accurately simulating both the fast and the
slow dynamics. Solve each component with appropriate time step.
» IMEX: We are only interested in accurately simulating slow dynamics. Damp

out the fast component, such that its impact on slow is captured.
» Complex: Different combinations of discretization schemes and time steps
can be selected:

» More than two components;
> IMIM, MRI-IMEX, IM-LIM-EX, etc.
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Multirate (MR) time integration leverages the existence

of multiple scales to gain computational efficiency

Traditional time step integration has global step restricted by the fastest
component of interest.
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Figure: Multirate methods: use small step sizes to discretize the fast components, and
large step sizes to discretize the slow components.
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Splitting Methods

ON THE PRODUCT OF SEMI-GROUPS OF OPERATORS!
H. F. TROTTER

1. Introduction. We consider semi-groups of operators on a Banach
space X, which are of class (Co) in the terminology of [3]. Such a
semi-group is a family of bounded operators T, defined for all >0
and satisfying the semi-group condition

(1) Ty =T.T, ;6> 0

RIAM J, Nusen, AxaL
Vel 8, No, 3, Septamber 1908
Privded in US.A.

ON THE CONSTRUCTION AND COMPARISON OF
DIFFERENCE SCHEMES*

GILBERT STRANG!

In this note we propose a new device for the construction of accurate
difference schemes, The most natural applications are to nonlinear initial
value problems in two space variables, For these problems, methods
which are accurate only to first order are often too erude, and third order
methods too complieated. The computations are thus made expensive either

SVAZEK 13 (1968) APLIKACE MATEMATIKY ClsLo 2

SOME APPLICATION OF SPLITTING-UP METHODS TO THE
SOLUTION OF MATHEMATICAL PHYSICS PROBLEMS

G. I. MArCuk (. Y. Mapuyk)

1. Splitting-up methods are becoming a powerful constructive mathematical tool
for solving complicated problems in science and engineering. Originally applied to
the solution of the simplest two-dimensional elliptic and parabolic equations, these
methods are finding increasing use in solving major problems. Naturally, the applica-
tion of the splitting-up method to the solution of such problems involves formulation
of a number of new theoretical problems which develop at different stages of formula-
tion of a general algorithm.
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Multirate Runge-Kutta Methods

JOURNAL OF RESEARCH of the National Bureau of Standards—B. Mathematics and Mathematical Physics
Vol. 64B, No. 3, July-September 1960

Split Runge-Kutta Method for Simultaneous
Equations
John R. Rice'’

(March 31, 1960)

Consider two simultaneous first order differential equations 2'(t) =F(z,y,l), y'(1)=
G (z,y,/). Runge-Kutta type integration methods are developed which allow different inte-
gration steps to be used for these equations. These methods retain the desirable properties
of Runge-Kutta methods, namely the self-starting property and ease of change of integration
step. Two different approaches are considered and extensive experimental work is reported
upon. Experiments are done both in situations where these methods are advantageous
and where they are not. It is seen that these methods are more efficient than the normal
Runge-Kutta methods if they are at all applicable and in ideal situations they give the same
accuracy with 90 percent less computation. These methods are applicable to six degree
of freedom missile simulations, for which they were developed.

1. Introduction

Consider two simultaneous first order differential equations:

Y Py o= (1.1)
)
T=Gayt) Yt = (1.2)

Imx Lm+nx timto K

—h—.

tmk tmr+1 o tmtnE-1 Emt g4 e tm+2K
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Multirate Linear Multistep Methods

BIT 24 (1984), 484-502

MULTIRATE LINEAR MULTISTEP METHODS*

{
C. W. GEAR and D. R. WELLS? 84
Department of Computer Science, IBM Corporation
University of lllinois at Urbana-Champaign, DSC Division
1304 West Springfield Avenue, Neighborhood Road
Urbana, Illinois 61801, U.S.A. Kingston, NY 12401, U.S.A.

Dedicated to Professor Germund Dahlquist on the occasion of his 60th birthday

Abstract

The design of a code which uses different stepsizes for different components of a system of
ordinary differential equations is discussed. Methods are suggested which achieve moderate
efficiency for problems having some components with a much slower rate of variation than others.
Techniques for estimating errors in the different components are analyzed and applied to automatic
stepsize and order control. Difficulties, absent from non-multirate methods, arise in the automatic
selection of stepsizes, leading to a suggested organization of the code that is counter-intuitive. An
experimental code and some initial experiments are described.
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Multirate time integration: a good idea with a long
history

“Multirate methods are like the Sleeping Beauty: waiting for a kiss to wake
them up.” (P. Rentrop, quoted by M. Gunther)

>
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MR Runge-Kutta {Rice, 1960; Andrus, 1979, 1993; Kvaerno and Rentrop,
1999; Gunther and Rentrop, 1994, 2001 ; Constantinescu and Sandu,
2007; Gunther and Sandu, 2015}, (many others!)

MR Linear multistep methods {Gear, 1984; Kato et al., 1999;
Constantinescu and Sandu, 2009}, (many others!)

MR Rosenbrock-W {Gunther, 1997}, (many others!)

MR extrapolation {Engstler and Lubich, 1997; Constantinescu and
Sandu, 2008},

MR Galerkin time discretizations {Logg, 2003}.




Multirate forward Euler: questions and solutions

{s} st
yn yisi; yisjj :_y_”j‘_lj yist/ = fist (¢, yish y{F})
’ g g ’ ' {F} {F} {s} {F}
Fy/ — £F S F
yu! Yol Vot yi y'" ! =ty yt)
tn+1 — tn + H,
Slow subsystem:
{y;{bs‘il — yils} + Hf{S} (tna y;{bs}v y;g:})

h == H /m; that/m =tn+Lh, £=0,...,m;
Fast subsystem: { /m ¢/

{F} _ JiF} {s} {F}
yn—}—(ﬁ—}-l)/m o yn—}—ﬂ/m + hf{F} (t”’H‘g/m’ ynJrf/m’ yn—f-ﬁ/m)'
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Multirate forward Euler: questions and solutions

|r {s} :
Y,{ls} yffié Y;{Ls_ig :_y_n_—|-_14| y{S}/ — f{s} (t, y{s} : y{F})
’ g g ’ ' {F} {F} {s} +{F}
Fr/ — fF1F S F
o) vl Vot yi y" =10y, yt)

T T1 T

tn+1 — tn + H,
y’;{bs—f}:l — y7{18} + Hf{S}(tnay;{LS}vyiLF})

Slow subsystem:

Fast subsystem {h:_ H [m; bnt/m =tn +Lh, £=0,... m
u y {F} . {F} {s} {F
yn—f—(f—i—l)/m - yn_f_g/m + hf{F} (tn+£/m7 yn+£/‘/m7 ynH/m).

Intermediate slow variables v'°', need to be approximated.

n+4/m
{s}
constant
Slowestfirst : v'°/ ={I" > :
Yit/n T\ mety s 4 2019 fpear

{s}

tant

Fastest—first: v'*/ ={¢Y" constant,
e y;{bs} + % H 15 (¢, yils}, yif}), linear,
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Multirate backward Euler: questions and solutions |
Il L

{S} | {S} |
| s e 1S = £6) 1,y 19,y 1)
‘ 9 g 8 ' {F} {F} {s} +{F}
{F} {F} F}r — ¢{F S F

[ T T1 T

1. Naive Backward Euler steps — fully coupled approach.

Yis—il — yilS} + H f{s} (tn—i—l) Yis-ip Y;{L:}-l)a
{F} _ iF} {s} {F} :
Yot(+1)/m — Yntem T hf{F}<tn+(g+1)/m’ Yn+(0+1)/m yn—|—(£—|—1)/m)’ t>0;
y{s} _ yiS} or yfﬁl, constant, /=01 N
n+¢/m mT_eyiLs} + %Yisila linear, y Ly ooey
2. Decoupled slowest-first approach:
YPr{zs—i}:l - Y7{”LS} + H f{S} (tn-l—la yff{ls-ila y7{zF})7
{F} I {s} {F}
Yot(+1)/m — Yntem T hEl (Lt (041 /o Y+t (0+1)/m? yn—|—(€+1)/m>’ t=0.
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Multirate backward Euler: questions and solutions Il

3. Decoupled fastest-first approach:

{F} _ o 1F} {F} :
yn+(£—}—1)/m = yn+£/m + hf{F}(tn—l-(ﬁ—l—l)/may;{zS}ayn_}_(g_’_l)/m)a > 0;
Y;{LSJ% = yif} + Hflst (tn+1,y;{ip Y;{Ljﬂ-

4. Coupled slowest—first predictor approach:

y’flil =y + H 8 (b1, yiﬁl??ﬂjl%
3’\7{21 = yi B (0, y7{18—|}:17 37\7{121)7
Y = yv{%:}:(ﬁ—l—l)/m = Yﬁe/m + hfilj(£+1)/m7 t=0.
5. Coupled first step approach:
i = v+ HE o,y v ),
Yo e =Y T vy Y s

{F} _ 1} {s} {7}
yn—i—(ﬂ—{—l)/m o yn—f—ﬂ/m +h f{F} (tn—l—(ﬁ—{—l)/m) Ynt1 yn—f—(ﬁ—i—l)/m)’ t>1.
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Multirate Euler: Stability analysis

Kveaerng (2000) test problem:

y© 1 A @] [y M <0 MF <0, 5 P e R
{7 nish AFH |y #H coupling:  k = L Zij <1.
A

» Multirate Euler solution:
][
vyl v
» The MRFE scheme is stable iff

. ( RYREY -1 o+RrPHa+ Rm) N (—o0, 1)
1-RE)1-RE) 1 -REH - R

» The coupled slowest—first MRBE with constant interpolation
Yﬁ(zzﬂ)/m = yiﬁl, Is unconditionally stable (V H, h > 0).

» The coupled first step approach is unconditionally stable (V H, h > 0).

@L Multirate time integration. Multirate Euler methods. [13/51] Q’ 2;
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Multirate linear multistep methods require more

accurate coupling between scales

Al I PP e ol I P 0 B PR 311

T —% & —< —3¢—
F F F

Yo{zF}1 ;{z—}g yi_}% yif} y’l{‘bi% y”r{z—l]:§ y;{il

» Compound coupled LMM step requires inter-/extra-polation:

k
Z oy, = H > Bt ¥y,
r=—1 r=—1
_ {S} {F} _
Z aTyn+(£ ") = h Z B, fFH (P ( e n+(£—r)/m)>yn+(£—r)/m)’ ¢{=0,...,m—1.
r=—1 r=-—1

» Base LMM has order p, use inter-/extra-polation of order > p — 1.
» All variables are coupled. Dynamic iterations (Skelboe, 1989).
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Digression: IMEX LMM

{Crouzeix 1978; Ascher et al. 1994}

» Same step size H and same solution history (yq{f_}r, yff_}r> used for both
components

» Different function coefficients 571{8} for slow and B;{F} for fast components.

S oyl

k
H S p ey vy,
r=0

r=—1

k k

S avl?, = B Y AP0 (59 50,
r=—1 r=-—1
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Multirate LMM: (de)coupling strategies to allow
separate computations on each scale

Semi-implicit fastest-first strategy:

Z O‘TY;{L:}:(K r) = h Z 6 f{F} P({ei}t n+(£—r)/m)7 Y:,{lj(g_r)/m)7 l= 0,...,m—1
r=—1 r=—1
k k
Z Oé?“y;{ls_}f,, = H Z 5rf{s} y:ébs}fra y:r{zF}r)
r=-—1 r=-—1

Semi-implicit slowest-first strategy:

k
Z oy, = H (Z B vy ) + Bt (i PEL nm)) ,
r=—1 =
_ {S} {F} _
Z ozryn+(£ ") = h Z o f{F} Pmt n‘i‘(e_r)/m)’yn—i—(ﬁ—r)/m)’ ¢=0,...,m—1.
r=—1 r=-—1
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Multirate LMM Analysis

» |If base multistep scheme has order p, use extrapolation and interpolation
procedures of order at least p — 1.

» Linear stability analysis depends on both the LMM scheme and the
interpolation polynomials. Useful for numerical results, but too complex to

obtain analytical results.

@L Multirate time integration. Multirate LMM. [17/51] Q’ 2;

TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu)



Multirate extrapolation |
Global error expansion (Gragg, 1964; Hairer, 1984)

Smooth
—_—

yr(t+h) =yu(t) + h®(t, yn(t), h)
y(t) —yn(t) = e, (t) P + - +en(t) R + Ex(t, h) BN T,

Extrapolation table is built from solutions obtained using multiple time steps:

Tj1=1yn,(to+H), h;=H/n; [base method]
Tk —Tj-1k
(nj/nj—k) —1°

Tip+1 — Tjp + k<3,

y(to) @ O yulto+H) — Ty

\
\

y(to) @ ® ® ya2to+H) — 1o, r\-\" by 3

\ \
\ \

y(to)) o—0—e—e yass(to+H) — T3, - Tsp --» T3 3
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Multirate extrapolation |l

MURX {Engstler and Lubich, 1997} uses adaptive m

it | Lo

" : 1! {F})“‘

ynF Tl,l " ‘\

v d L T "\\"“ 35
: : S

yit 1l T Y-t

yi! T3y
$ - p— 3 >

yit 1l 1l T Y0y -
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Multirate extrapolation |l

MREXTRAP {Constantinescu and Sandu, 2013} with fixed m = 3

v Lo
g 5 5 s )
y ;{zF} Tl Tl T Tl{,Fl} ‘ \‘
yu! dl 1 i "\\"‘ 73y
O B e o ST
EEREEERELN
o % % % T3y - TS - A T3
1 1 )

—> @
—> @
—> @
—> @
—> @
—> @

yirt
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Digression: IMEX Methods by Extrapolation

Perform extrapolation using a LIMEX base scheme
{Constantinescu and Sandu, 2010}:

> W-IMEX-Euler.

Yoorr = Yo + [T R (ty)| (R y).
> IMEX-Euler.
Vorl =Yn +h TSt yn)
+ [I — hE7 yn)} B (h £ (¢, yn)).
» Split-IMEX-Euler.
Vi =yn + R (4, y0),

_ 1 el®) L el
yn+1—y*+{1 hiy (tn,yn)} (hf (tn7Y*))-
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Solving multiphysics problems with traditional
Runge-Kutta

» One step of a traditional RK scheme:

y' = )+ 10 (y);
Y, = yn+hz Q; j (f{l}(Yj)—f——Ff{N}(Y])), 1=1,...,s,
j=1
Ynt1 = Ynth Zbi (f{l}(Yj) Tt f{N}<Yj)) :
1=1

» The corresponding Butcher tableau is

C‘A
b

» One set of RK coefficients for all component functions.
» Same stage vector arguments for all components.

@: Multirate time integration. Generalized Additive Runge-Kutta (GARK) schemes. [22/51] Q’ 2;
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Consistent framework multimethods: traditional

Partitioned & Additive Runge-Kutta (PRK & ARK)

» One step of an ARK scheme {Ascher, Ruuth, and Spiteri, 1997; Kennedy
and Carpenter, 2003, 2019}

y = Wy + 5 (y);

Y, = yothd ad tBy) w0 Y el N (y)),
j=1 j=1
1=1,...,s,

i=1 i=1
c| At . Al

» Butcher tableau:

b pt

» One set of RK coefficients for each component function.
» Same stage vector arguments for all components.
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General-structure Additive Runge-Kutta (GARK)
methods |

» One step of a GARK scheme {Sandu & Ginther, 2013}:

y = Yy + -+ (y);

s11} sIN}

Yz{l} = yn+h Z {1 1} gll} Y{l} 4] Z {1 N} pi{N} Y{N})
{1} sINY

Y;{N} = yu+h Z CL{N 1} f{l} Y{l} 4+ h Z {N N} f{N} Y{N})
8{1} S{N}

Vil = Yndh Z bz{l} f{l}(le}) 4+ ...+ h Z bq;{N} f{N}(Y;{N}) .
=1 =1

» Each component function has a different stage vector argument.
» “Structure-revealing” formulation: individual RKs plus coupling terms.

@L Multirate time integration. Generalized Additive Runge-Kutta (GARK) schemes. [24/51] Q’ 2;

Compute merutarer 1IM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v/|RGINIA TECH




General-structure Additive Runge-Kutta (GARK)
methods |

» One set of RK coefficients for each component and stage (flexibility). The
Butcher tableau for an internally consistent GARK method:

clly | ALY . A{LN}
N} | AN} ANNG
btT . piNIT

» {Traditional ARK} «+» { GARK }.
» GARK “structure-revealing” formulation of interest in itself.
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Digression: IMEX GARK schemes

» Two-way partitioned right hand side where f1} is non-stiff and f{! is stiff

y =t )+t (y),  y(to) =yo.

» IMEX-GARK scheme: (A{EE} b{Eh) explicit and (AL b1 implicit:

Y = oy o+ hZa{E ) pied v fh +hz Sy =181,
Y;{F} _ Yn+h {l E} f{S}<Y{S}>_|_h {l 1} f{F}(Y{F}) i = 17...73{'},
7j=1 71=1
gL} U
Yner = ynth D 6T EEYE) 4+ RS b0 ().
=1 1=1
@ Multirate time integration. Generalized Additive Runge-Kutta (GARK) schemes. [26/51] Q? 2;
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NT-trees, DAT-trees, DAT,-trees, and B-series

GARK order conditions canonically extend RK. Method coefficients labelled
according to node colors, compatible to matrix multiplication rules.

b{U}T A_{Unu} C{/%A} X C{Jay} — 1
( ) 3

@L} Multirate time integration. Generalized Additive Runge-Kutta (GARK) schemes. [27/51] Q’ 2;
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NT-trees, DAT-trees, DAT,-trees, and B-series

GARK order conditions canonically extend RK. Method coefficients labelled
according to node colors, compatible to matrix multiplication rules.

blo}T (( Alond clmAly c{w}) =1

; b{z}T A{zz}—1 A{zx} A{xx} A{xz} A{z2} -1 {2} — %
'? b{xIT A{xz} A{zz}—1 A{zx} o{x}x2 — 1
12
@: Multirate time integration. Generalized Additive Runge-Kutta (GARK) schemes. [27/51] W
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NT-trees, DAT-trees, DAT,-trees, and B-series

GARK order conditions canonically extend RK. Method coefficients labelled
according to node colors, compatible to matrix multiplication rules.

bio}T (( Alond clmAly c{w}) =1

b{z}T A{z,z}—l A{z,x} A{x,x} A{X,Z}A{z,z}—l C{z} _ %

b{xIT A{xz} A{z2}—1 A{zx} o{x}x2 _ 1

12

? b{z}T A{z,z}—l (C{x} > A{z,z}—l C{z}><2) _ %

b{z}T (c{x} ¢ A{z,z}—l C{Z}XQ) _ %

@L Multirate time integration. Generalized Additive Runge-Kutta (GARK) schemes. [27/51] Q’ 2;
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Multirate GARK framework |

Multirate GARK {GUnther & Sandu, 2015} is a natural framework for
expressing multirate RK schemes:

Yis,s} Y;S’S} Yés, s}
Yi& F} Y;S’ F} Ygs F}
{s} {s} {s} o ist
Yn yn+§ yn+§ : Yn+1 :
{F} {F} {F} {F}
Yn Ynt : Yt 2 Yn+1
YiF.S }
YEFAS }
i R o
Y;F,F,Z}
Multirate time integration. Multirate GARK schemes. [28/51] Q; 2;
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Multirate GARK framework Il

Slow component:

S,S S,S S,S
Yz{ b {s} +H E { } {S}(Y]{_ }’ )
N _, Yo Y v
stage ¢ of slow RK method over [ty,tn+H]| ‘5} F H l
Y® Yoo yisn
(s} v s
_ iF {8,F.} pfF {F.F, 0} v S s
y£}+h§ Eﬁ £17) ( YRR, g + )
@—1 ] 1 y,{’F} yj;i% i 2 y,,{,jl
fast component value to be paired with slow stage | 5 g H| ey | |
s{s} L
{s} _ . {s} {s} g{s} /~1{s:8}
Yn+1 = Yn +H§:bi £ (Y, ).
1=1

solution of slow RK method over [t,,,t,, +H]

Multirate time integration. Multirate GARK schemes. [29/51] Q’ 2;
TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v/|RGINIA TECH
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Multirate GARK framework I

Fast component:
For /=1,...,m:

(

{s}
S
_ is {F.8, ¢} e{s {s s}
—Y}{L}+H E :a“i,j £l }(Yj ) )
]:1 st.s} Y;s.s} Ygs s}
slow component value to be paired with fast stage 4 ‘H; F H
{rF} Yo Yy Y3
S
{F.F.¢t _ ~{Ff} {F,F} pfF {F,F, ¢} {s} {s} {s} RO
) Yz' —Yn+(£—1)/m+h az',j f{}( an )a yn Yt} Yt i .
= $ s »
stage ¢ of fast RK method over [t,,+(A—1)h,t,+Ah] T ~T
o {7} | |
S{F} _ S{F} Z {F} e{F} {F.F. 3y,
Yontt/m = Ynt(—1)/m Tt h b; " £ ( Y );
=1
L solution of fast RK method over [t,,+(A—1)h,t,, +Ah]
{Frr _ S{F}
Yn+1 = yn+m/m

N——
fast component after the last micro-step

Multirate time integration. Multirate GARK schemes. [30/51] Q; 2;
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Multirate GARK framework IV

m_lA{FvF} o« o 0 A{Fasal}
AlRFE | AfFS) O L S L A IR ) S IR G
A{sF | Afs.s} notAls R oL —ia{s R | g{ss)
b{FT | pi{siT T cee poipiRT pis}T
1 7
2 1
Alf: 2 Affst .
5 A 3
6 4
7 9
A{s,f} 8 A{S:S} 5
9 6
1 2 3 45 6 7 8 9 7 1.2 8 3 4 9 5 6

(a) Decoupled MR-GARK. Coupling has (b) Permuted Butcher tableau has lower
complementary sparsity. diagonal structure

@: Multirate time integration. Multirate GARK schemes. [31/51] Q’ 2;
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Adaptive MR-GARK methods control errors by
adjusting both A and m

» Local truncation error has three components:
LTE= LTel® 4+ | 7el® 4 LTelc)
N—— N—— N——
NC{S} Hp+1 NC{F} m—P Hp+1 N( p_—ol C.{C}m_i) Hp+1

» |dea: Use multiple embedded methods, such as to obtain additional
information about the structure of the local truncation error.

—~ S ~1S F ~1F
LTEn+1 = Yn+1 — Yn+1, '—TE;EL ~Ynt1 — Yiiu '—TEiﬂ}-l ~Yn+1l — Yiilv

TS 2 9o+ 901 — Yot — Yae.

» Adaptation policy: Balancing errors

S F
|TEniill = Huews  ILTEL 1= ILTESLLIN = minew.
» Adaptation policy: Efficiency optimization (¢}, t{¥} are slow/fast step
costs)
. 18} L e £ _
min ey subjectto |[LTE,.1||=1.
Hnew yMnew Hnew
@: Multirate time integration. Error estimation and adaptive MR-GARK methods. [32/51] Q;Z;
> TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu)
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Overview of practical MR-GARK methods

{Sarshar et al, SISC 2019; Roberts et al, JSC 2021; Hachtel et al, JCAM 2021}

» Sparsity patterns of the coupling matrices A{F and A{FS}, determine
the F/S coupling patterns and implementation complexity.

» Multiple embedded schemes reveal different parts of the LTE (fast, slow,
coupling errors).

» Control errors by adapting both A and m.

Order Fast Slow Stiff FSAL H—- Naturally
Method Method Accuracy | FSAL | Adaptive | Adaptive
2 Ralston’'s ERK2(1)2 {Ralston, 1962} Ralston’'s ERK2(1)2 {Ralston, 1962} v v
2 SDIRK2(1)2 {Alexander, 1977} Ralston’s ERK2(1)2 {Ralston, 1962} v v
2 Ralston’s ERK2(1)2 {Ralston, 1962} SDIRK2(1)2 {Alexander, 1977} v v
3 Ralston’s ERK3(2)3 {Ralston, 1962} Ralston’s ERK3(2)3 {Ralston, 1962} v
3 SDIRK3(2)3 {Alexander, 1977} Ralston’s ERK3(2)3 {Ralston, 1962} v v
3 Ralston’s ERK3(2)3 {Ralston, 1962} SDIRK3(2)3 {Alexander, 1977} v v
3 Custom ERK3(2)3 Custom ERK3(2)3 v v
4 ERK4(3)5 {Sofroniou and Spaletta, 2004} ERK4(3)5 {Sofroniou and Spaletta, 2004} v v
4 Fehlberg’s ERK4(5)6 {Fehlberg, 1969} SDIRK4(3)5 {Kennedy and Carpenter, 2016} v v
4 ERK4(3)4 {Sofroniou and Spaletta, 2004} Custom SDIRK4(3)6 v v

CSL
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Multirate time integration. New multirate GARK methods. [33/51]
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Solving complex systems with Rosenbrock(-W)
methods

» One step of a traditional ROS(-W) scheme:
y' =)+ + £ (y) € RY
k=h (£ 4+ +£0) (1, 0y, +a®k)
-+ (sts Rh (I 4. JgN})) (v® k),
Ynt1 =yn+b' @k

» One set of ROS(-W) coefficients for all component functions.
» Same increment vectors k € IR for all components.

» ROS linear algebra uses the total Jacobian J4' + -+ + I,
» ROW linear algebra uses an approximation LY+ L

@: Multirate time integration. Linearly-implicit GARK. [34/51] Q’ 2;
TIM 2023, Los Alamos, Aug. 8, 2023
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Linearly implicit GARK schemes |
{Sandu et al, 2021} GARK-ROS(-W) scheme:

N
k{1 — el <(1{q} Syn+altll gkl 4 57 ol g k{m}>

m=2

N
X <Is{1} 2 th{;}) (7{1,1} @ ki 1 Z ~{Lm} g k{m}> |

m=2

N—-1
k{N} — hf{N} ((1{Q} X Vo + Z a{N,m} @ k{’m} + a{N7N} @ k{N}>

m=1

N—1
X (Is{q} 2 hJiLN}) (Z 7{N,m} @ kim} _|_,Y{N,N} @ k{N}) 7

m=1

Yn+l1 = ¥Yn + b{l}T (D k{l} 4+ b{N}T @ k{N}.

Multirate time integration. Linearly-implicit GARK. [35/51]
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Linearly implicit GARK schemes ||

» Structure-revealing formulation.
GARK-ROS(-W) order conditions canonically extend GARK-ROS(-W).
Method coefficients labelled according to node colors, compatible to
matrix multiplication rules.

m a{mvn} Q a{m:p}
(M) bim}T

fyy! (£, £07)

b{mIT ((almn} 1(n}) x (almp) 11p})) = L

Q ~ (.}

a{m,n}

(M) pim}T

f§m} Li{n} £ir}

b{m}IT gi{m.n} .7{n,p} 1{r} — ¢

IB{X’X}
D e} T (2.2}

b{Z}Tw{sz} ((a{Z,X} e{va}) X C{Z’X}) — %

a{z,x} a{z,x}
alxx} bix}T (C{x,x} x (ato7} i} c{z,x}xz)) =1
b{xT
Multirate time integration. Linearly-implicit GARK. [36/51] Q’ 2;

Compute e rutarer 1IM 2023, Los Alamos, Aug. 8, 2023
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Digression: LIMEX GARK ROS(-W) schemes

y' = (y) + £ (y).
LIMEX GARK ROS(-W) scheme:

RONEC N +ZO‘{EE}k{S} Z BN )

71=1

£ e [y, +ZO‘{E E}k{3}+z (L1} (0

71=1

i hL{F} Z {E E} k{s} Z {l 1} k{F} 7

{5} RG!
Vot =yt ST K £ ST 404
i=1 i=1

@L Multirate time integration. Linearly-implicit GARK. [37/51]
> TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v/|RGINIA TECH
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Multirate linearly implicit schemes for multiple scales:
MR-GARK-ROS(-W) |
{ GUnther and Sandu, BIT 2022}

((kF3 R (18 0 OV, 1= + P ekl 4 alfedg k{s})
(m x h) < +(IS{F}XS{F} X hL{F}) (’Y{F’F} @ kP9 4 ,Y{F,s,z} @ k{s}>’
| Yoot = Ynoage FREMT @S =1

(

k{S} — Hf{S} (18{3} ® Yn—l + Z a{S7F’E} @ k{FJ} _|_ a{S,S} @ k{s}>

(1x H) 4 =1

+ (Is{s} x s{8} ® H L{S}) Z ,Y{S,F,Z} @ k{Faf} + ,.Y{S,S} @ k{S}) ’
/=1

\

(full step) yn =yn—1+ > bTHT@ki"h 4 @ kisH,
/=1

Efficient F/S coupling: IMEX, compound-step, step-predictor-corrector.

Multirate time integration. Multirate linearly implicit schemes. [38/51] Q? 2;
TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v|RGINIA TECH
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Letting m — oo: Multirate “infinitesimal step” approach

Seminal paper of Knoth and Wolke {1998} proposed multirate “infinitesimal step”:
1. discretize the slow component with an ERK method, and

2. advance the solution between consecutive stages by solving a modified fast ODE
(original plus constant “slow tendency”).

Further developments:

» Wensch, Knoth, and Galant {2009} extend idea by adding linear combinations of
stages to both the initial condition and to the slow tendency term. They aptly
named the resulting schemes “multirate infinitesimal step” (MIS) methods.

» Schlegel, Knoth, Wolke, and Arnold {2012} cast MIS schemes as traditional
partitioned Runge-Kutta methods. Further work: {Knoth et al., 2014; Schlegel et
al., 2009, 2010, 2011}.

» Gulnther and Sandu {2013} explained the MIS schemes in the MR-GARK
framework.

» Sandu {2018} and Roberts, Sarshar, Sandu {2018} developed multirate
infinitesimal (MRI-GARK) framework.

» More recent work: Bremicker-Trubelhorn and Ortleb {2017}, Bauer and Knoth
{2018}, Reynolds and students {2018-}.

@L Multirate time integration. Multirate infinitesimal methods. [39/51] Q’ 2;
TIM 2023, Los Alamos, Aug. 8, 2023
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The concept via MRI-Adams-Bashforth schemes

FE(t, +7H) = Zf{S} ALy, P, +H) = Zf{F} (A8l (7

n—j "n—j njnj

v (0)] 'F{s}(tn +0] e 0, HI ooy [yl
> AB ’U{F}'(Q) a _F{F}(tn + 0) ) , 11]5 U{F}(O) {F}
{s} m{s} {s} f{s}
= (H)] = H (/ K[AB] )d > [
{F} o {F} {F} -+ Z o T {F}
{ [yn-i-l vt (H) i el
:BJ[AB]
© o) ) (s}
! £ 1(60),v7(9)) )] T |yl
> MRI'AB u{F} (O) — yq{%F}j yiil _ U{F}(H),
U{F} (0)/ — f{F} (t —|— 8 y{s} _|_ H Z;C é A[nAB‘]y (Q/H) fiS}] : U{F} <9>)
v = v pe

» Properties: Slow AB, Fast modified ODE, fif} = 0, fi8} = 0.

@L Multirate time integration. Multirate infinitesimal methods. [40/51]
TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v/
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MRI-LMM schemes

General MRI-LMM schemes can be developed similarly.

|:| S':' Multirate time integration. Multirate infinitesimal methods. [41/51]
> TIM 2023, Los Alamos, Aug. 8, 2023 .

Compute the Future!

k—1 k—1
o) = - ;v H S oy (0/H) £,
=0 =0
k—1
o) =y for =Y ey |
§=0

7 9) = £ (tn + 0,0 (9), U{F}(e)) . 6clo H;

yil, = v{F}<H>

ngsil = ZO‘J y;g, }g + H Zﬁj f{S}

i
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Multirate infinitesimal (MRI-GARK) schemes |

MIS {Knoth and Wolke, 1998}: m — oo
—> MRI-GARK {S., SINUM 2019; Roberts et al, SISC 2020}:

/
y{S} B gis} (t, y{ } y{F})
y _ f{F}< ’y{ } y{F})

—_—— — — .y

@L Multirate time integration. Multirate infinitesimal GARK methods. [42/51]
> TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu)
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Multirate infinitesimal (MRI-GARK) schemes ||
Decoupled MRI-GARK step:

Y =y, viP =y,
Foreachstagei=1,...,s :
(0:(0) =Y,
1+1
vl = Act £iF (Ti + AT 0, v, Y+ H DY |7 (4) f{8}>, 0 < [0, H]:

N\

J

j=1

( i+1
J Y =Y +H > 175 (1) fj{s};

j=1

\fi{j}i — f{S}(T’H—la Yz{JFr}la in}l );
YEL = Yo 11, yoﬁl - Y§E§}+1'

|:| 5 |:| Multirate time integration. Multirate infinitesimal GARK methods. [43/51] Q’ 2;
> TIM 2023, Los Alamos, Aug. 8, 2023 .
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Examples of explicit and implicit MRI-GARK methods

0 0 O 0 0 0

{fsy _ 1|1 {s} _ 11
Agvipp = 5|12 0, Afrrap = 1 5 5
1 1

1 0 1 1 5 5

The implicit trapezoidal method:

v(0) =y, v =fT (o) +f8(y,), 8€[0,H]; Y,=uv(H),
Ynt+1 = Yo — %f{S} (Yn) + %f{S} (Yn+1)-

@L Multirate time integration. Multirate infinitesimal GARK methods. [44/51] Q’ 2;
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Coupled implicit MRI-GARK: Step predictor-corrector

-
-
—e
—
i

y;gs} _ Yis} Y«2{s} Y?«Es}

—3 . . E m $—
YiF} YéF} YéF} : YiF} YéF}
y ;gF} v y7{1F—|}—1

'|' v = 17 (Ua yu! + H > =175 (0) fj{s}) T

|:| S |:| Multirate time integration. Multirate infinitesimal GARK methods. [45/51] Q’ 2;
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Scalar linear stability analysis

Model problem for additively partitioned systems:
y = My 4 \SHy, M e .
Example: Stability functions of second order methods.
REVIOP (247 218H) = oo (217) + (% po(3217) — %) P1(321H) 21 + 1 o (321 21 2,

RITRAP<Z{F} Z{S}) _ SOO(Z{F}) + (901(z{F}) — %) ~{s}
’ 1— 120

Y

1
po(z) =e*, ¢r(z) :=/ e? (1=t) k=1 q¢
0

1.05 |

1.00

0.95

0.90 [ U |RITRAP(Z{F} f— iw, Z{S} — _Oo)l

AAAAAAAAAAAAAAAA

Multirate time integration. MRl GARK stability. [46/51] Q’ 2;
TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v|RGINIA TECH
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Matrix linear stability analysis

Model problem for component partitioned systems:

g NG, _1€ (30 2] [yt
y{s} o Oéf ()\{F} — A{S}) A{S} y{s} !

\ . 7

9

eig(Q) = {5/\“} - oAl [ 11T}, {(1—@ INCRTIPNC I i £]T}-

(8% «

Example: Stability matrices.

o potwepa(z1h) A28 (AT ) (o) (21421 oy (1))
M - a& (z{F}—z{S}) 2_|_Z{S}
2215 21

@L Multirate time integration. MRl GARK stability. [47/51]
TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) /R
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MRI-GARK schemes as (generalized) exponential
methods: integrate exactly a non-linear component

Semi-linear additive system partitioning:

y'=f(y)= Ly + f(y)—Ly.
-~ z

flirt(y)  £ls} (yTZg(y)

MRI-GARK leads to an exponential Runge-Kutta method:

Yés} = ¥Yn, Cés} =0,
1—2

Y = Y A B A BL EYE) +H S 0:,(HL) g(Y )
j=1

FH 1 (HL) g(Y ™), i=1,... 5"

S
Ynt+1 = Yi{i} 3

|:| S |:| Multirate time integration. Exponential methods as MRI-GARK. [48/51] Q’ 2;
7 TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v|RGINIA TECH

Compute the Future!



MRI-GARK-ROS(-W) methods

Base slow scheme (b{s}, alS:8F ~18:51) MRI-GARK-ROS(-W) step:

in—l = Yn-1;
For¢=1,...,s:

~

(

VE(O) — yn_l_{_%a
SVi(0) = At 11 (vo(0) + 25 [rey () [KI), 0o, ],
\yn—l—i-% - VE(H)7

rkés}:Hf{S}( e A YTl s}k{s})
+HL{S} (qee (yn 1+£ —yn 1+£ 1)—|—ZL7 1 {Ss}kjS})7
Yn =¥+ @kl

) ) vy Fey) v )
l . L 1 1 I
| N ' | | - —t |
t t 1 n tn+l
! L + | ] " : + | ]
L] | | | | | |
Y, Y Yn Yo+

Coupling coefficients: r(6) = >, . s 0" € R, q, e R*"™

Multirate time integration. MRl GARK-ROS. [49/51] Q’ 2;
TIM 2023, Los Alamos, Aug. 8, 2023 . Computational Science Lab (http://csl.cs.vt.edu) v|RGINIA TECH
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Step predictor-corrector MRI-GARK-ROS(-W) |

Step predictor:
k = H(EP £l (18 ® Y1 +a5S @ k)
+ (sts © H (LI + L{S})) (7{578} @ k) ,
K = S (Lo ©yn+aBF ok) + I, e HLE) (69 e k).

Step corrector:

V(O) = Yn-1,
v = f{F}<V—|— pt () @k{s}>, 0<6<H.
yn = v(H)+DbST@kish

Multirate infinitesimal RODAS, order 4: pu(t) = po + pq t:

6, i i —26; +4.061e-01
0, —265 + 5.932358823451654e-01
. —1.9236; + 2.44e-01 05 + 4.509e-02 . 3.847 60, — 4.892e-01 65 — 3.657e-01
Ho = 1.405 0, — 2.181 0 - 1.289e-01 B = —2.8100; + 4.363 0 + 5.008-02
—4.812e-016; + 9.371e-01 65 — 1.740e-01 — 65 9.625e-01 6, — 1.8741 65 + 3.162e-01 — 0,
0 | I 0,
Multirate time integration. MRl GARK-ROS. [50/51] Q’ 2;
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Multirating, closing remarks

» Long history: MR variants of many families of methods developed

» New algorithmic and analysis developments power modern MR era

» MRI approach very flexible, promising

» Toward a wide(r) adoption of MR schemes:
» Split the system, dynamically

>
>
» Ensure special solution properties
>

» Develop general MR time integration software
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Telescopic algorithms for any number of levels
Adapt time steps at all levels to control overall error

Factor codes to work with individual partitions efficiently.

DOI: 10.1007/s10915-020-01400-z, Roberts et al., SISC 2021

@L Multirate time integration. Conclusions. [51/51]
TIM 2023, Los Alamos, Aug. 8, 2023

Compute the Future!

Computational Science Lab (http://csl.cs.vt.edu)

i


https://doi.org/10.1137/20M1386281
https://doi.org/10.1007/s10543-021-00898-5
https://doi.org/10.1007/s10915-020-01400-z
https://doi.org/10.1016/j.apnum.2020.11.014
https://doi.org/10.1137/19M1266952
https://doi.org/10.1137/18M1205492
https://doi.org/10.1137/18M1182875

	Title
	Introduction
	Multirate schemes
	Multirate Euler methods
	Multirate LMM
	Multirate extrapolation schemes
	Generalized Additive Runge-Kutta (GARK) schemes
	Multirate GARK schemes
	Error estimation and adaptive MR-GARK methods
	New multirate GARK methods
	Linearly-implicit GARK
	Practical schemes
	Multirate linearly implicit schemes
	Multirate infinitesimal methods
	Multirate infinitesimal GARK methods
	Order conditions
	Order conditions
	MRI GARK stability
	Exponential methods as MRI-GARK
	MRI GARK-ROS
	Conclusions

