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Short Abstract — We study the information processing
abilities of noisy gene regulatory cascades by optimizing the
mutual information between the input and output protein
concentrations of systems of various lengths over the
parameters of the regulatory functions and input
distribution. We find, for threshold regulation, that a
cascade of strong regulations converts a unimodal input to a
bimodal output and that multimodal inputs are no more
informative than bimodal inputs. The capacity to transmit
information of up-regulating and down-regulating cascades
is the same. However down-regulation is a more costly form
of regulation, in terms of the produced number of protein
copies.
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I. PURPOSE
Genetic signaling cascades regulate many cellular processes
[1] from development [2] to quorum sensing [3].
Downstream genes respond to concentrations of
transcription factors produced by upstream genes. Such
many gene systems transmit signals by progressive
accumulation of transcription factors, translating the
concentration of the input protein into the concentration of
the output protein. Gene regulatory cascades are composed
of genes and proteins, both of which are present in small
numbers in the cell. The noise due to small molecule counts
adds to the randomness of chemical reactions. Probabilistic
approaches have proven necessary to fully account for the
variability of molecule numbers within a homogenous
population of cells.
We use mutual information between the input and output
protein concentrations as a quantitative measure to study the
ability of gene regulatory cascades to process signals. We
present a study of the properties of the most informative
noisy cascades of various lengths.
II. THE MODEL
We describe a cascade using a joint probability
distribution of the copy count of proteins produced by each
gene in the system. Within the model, we use a birth-death
process to describe protein synthesis and degradation. The
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synthesis rate of the downstream gene depends on the copy
count of the proteins produced by the gene directly upstream
in the cascade. For concreteness, we focus on the specific
case of discontinuous threshold regulation: the downstream
species is created at a high or low rate depending on the
concentration of the upstream gene.
We find the steady state joint probability distributions of
the cascade using an eigenfunction decomposition [4],
within the approximation that the behaviour of upstream
nodes depends weakly on downstream nodes. We exploit the
computational efficiency of this method of evaluating the
steady state distributions, to optimize the mutual information
between the input and output of cascades, with Poisson input
distributions, over the parameters of the model.
III. RESULTS
We find that in the case of threshold regulation with a
unimodal input, both unimodal and bimodal output
distributions can be the most informative. Both in the case of
cascades where the proteins act as repressors (downregulation) and as activators (up-regulation), for large
difference in the synthesis rates between the low and high
states, the bimodal output is most informative, whereas for
small difference in the synthesis rates between the low and
high states the output distribution is unimodal. Larger
discontinuities in the production rates guarantee stable
bimodality of the input for shorter cascades. Curiously, the
capacity of a cascade to transmit information is the same for
up-regulating and down-regulating cascades, and depends
only on the value of the discontinuity between the
production rates. However the production cost for the
proteins in the system is different: down-regulating cascades
produce more proteins to achieve the optimal capacity
compared to up-regulating cascades. We find that, in the
case of threshold regulation, the most optimal input for a
cascade of any length is always bimodal; a multimodal input
offers no further processing power.
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