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Optimal Power Flow
• Introduced in 1962

• The basis for many of the economic decisions 
made by modern grid operators

• Rising interest in solving AC OPF
• DOE ARPA-E Go Competition                    

https://gocompetition.energy.gov

• Generator dispatch, Unit commitment, Transmission 
switching, etc. 

• AC OPF is NP hard (Bienstock, Verma - 2006)

https://gocompetition.energy.gov


Optimal Power Flow

Minimize cost of generation

Kirchhoff ’s law

Ohm’s law

Engineering limits



Convex relaxations for OPF

SDP relaxations
– Bai, Wei, Fujisawa, Wang (2008)
– R. Madani, S. Sojoudi, J. Lavaei (2014) SOCQC
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SOC-based relaxations
– R. Jabr (2006)  
– B. Kocuk, S. S. Dey, and X. A. Sun (2016)

Convex quadratic (QC) relaxations
– H. Hijazi, C. Coffrin, and P. Van Hentenryck (2015)

Source: C. Coffrin, et. al. “The QC relaxation: 
A theoretical and computational study on 
optimal power flow”, 2016 

And many others



QC-relaxation overview
Wii = v2i i 2 N

<(Wij) = vivj cos(✓i � ✓j) 8(i, j) 2 E

=(Wij) = vivj sin(✓i � ✓j) 8(i, j) 2 E

(1)

‣ Key ideas
–  factorable-functions relaxation
–  exploit the narrow bounds in power systems
–  convexify transcendental functions (sin, cos)

‣ Resulting optimization model
–  quadratic and convex (computationally better)

H. Hijazi, C. Coffrin, P.V. Hentenryck, Convex Quadratic Relaxations for Mixed-Integer 
Nonlinear Programs in Power Systems, Math. Prog.-C, 2015
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Recursive McCormick relaxation

Trilinear 
monomials

Wii = hv2i iT i 2 N

<(Wij) = hhvivjiM hcos(✓i � ✓j)iCiM 8(i, j) 2 E

=(Wij) = hhvivjiM hsin(✓i � ✓j)iSiM 8(i, j) 2 E



QC-relaxation overview
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Trilinear 
monomials

H-representation
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Recursive McCormick relaxation



QC-relaxation overview
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Trilinear 
monomials

H-representation

Apply recursively on  

May not capture it’s 
convex hull 

(asymmetric bounds 
on voltage and phase-

angle variables)
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Recursive McCormick relaxation



Recursive vs. Convex hull relaxations
Symmetric bounds:
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xi 2 [�U,U ]
<latexit sha1_base64="DYw7mq4IFUNT1he+U9YaIKQdBiU=">AAAB9XicbZDNSsNAFIVv6l+tf1GXbgaL4EJLIoIui25cVjBtIY1lMp20QyeTMDNRS+h7uHGhiFvfxZ1v47TNQlsPDHycey/3zglTzpR2nG+rtLS8srpWXq9sbG5t79i7e02VZJJQjyQ8ke0QK8qZoJ5mmtN2KimOQ05b4fB6Um89UKlYIu70KKVBjPuCRYxgbaz7py5DHSaQf+qdeEHXrjo1Zyq0CG4BVSjU6NpfnV5CspgKTThWynedVAc5lpoRTseVTqZoiskQ96lvUOCYqiCfXj1GR8bpoSiR5gmNpu7viRzHSo3i0HTGWA/UfG1i/lfzMx1dBjkTaaapILNFUcaRTtAkAtRjkhLNRwYwkczcisgAS0y0CapiQnDnv7wIzbOaa/j2vFq/KuIowwEcwjG4cAF1uIEGeEBAwjO8wpv1aL1Y79bHrLVkFTP78EfW5w/md5F0</latexit><latexit sha1_base64="DYw7mq4IFUNT1he+U9YaIKQdBiU=">AAAB9XicbZDNSsNAFIVv6l+tf1GXbgaL4EJLIoIui25cVjBtIY1lMp20QyeTMDNRS+h7uHGhiFvfxZ1v47TNQlsPDHycey/3zglTzpR2nG+rtLS8srpWXq9sbG5t79i7e02VZJJQjyQ8ke0QK8qZoJ5mmtN2KimOQ05b4fB6Um89UKlYIu70KKVBjPuCRYxgbaz7py5DHSaQf+qdeEHXrjo1Zyq0CG4BVSjU6NpfnV5CspgKTThWynedVAc5lpoRTseVTqZoiskQ96lvUOCYqiCfXj1GR8bpoSiR5gmNpu7viRzHSo3i0HTGWA/UfG1i/lfzMx1dBjkTaaapILNFUcaRTtAkAtRjkhLNRwYwkczcisgAS0y0CapiQnDnv7wIzbOaa/j2vFq/KuIowwEcwjG4cAF1uIEGeEBAwjO8wpv1aL1Y79bHrLVkFTP78EfW5w/md5F0</latexit><latexit sha1_base64="DYw7mq4IFUNT1he+U9YaIKQdBiU=">AAAB9XicbZDNSsNAFIVv6l+tf1GXbgaL4EJLIoIui25cVjBtIY1lMp20QyeTMDNRS+h7uHGhiFvfxZ1v47TNQlsPDHycey/3zglTzpR2nG+rtLS8srpWXq9sbG5t79i7e02VZJJQjyQ8ke0QK8qZoJ5mmtN2KimOQ05b4fB6Um89UKlYIu70KKVBjPuCRYxgbaz7py5DHSaQf+qdeEHXrjo1Zyq0CG4BVSjU6NpfnV5CspgKTThWynedVAc5lpoRTseVTqZoiskQ96lvUOCYqiCfXj1GR8bpoSiR5gmNpu7viRzHSo3i0HTGWA/UfG1i/lfzMx1dBjkTaaapILNFUcaRTtAkAtRjkhLNRwYwkczcisgAS0y0CapiQnDnv7wIzbOaa/j2vFq/KuIowwEcwjG4cAF1uIEGeEBAwjO8wpv1aL1Y79bHrLVkFTP78EfW5w/md5F0</latexit><latexit sha1_base64="DYw7mq4IFUNT1he+U9YaIKQdBiU=">AAAB9XicbZDNSsNAFIVv6l+tf1GXbgaL4EJLIoIui25cVjBtIY1lMp20QyeTMDNRS+h7uHGhiFvfxZ1v47TNQlsPDHycey/3zglTzpR2nG+rtLS8srpWXq9sbG5t79i7e02VZJJQjyQ8ke0QK8qZoJ5mmtN2KimOQ05b4fB6Um89UKlYIu70KKVBjPuCRYxgbaz7py5DHSaQf+qdeEHXrjo1Zyq0CG4BVSjU6NpfnV5CspgKTThWynedVAc5lpoRTseVTqZoiskQ96lvUOCYqiCfXj1GR8bpoSiR5gmNpu7viRzHSo3i0HTGWA/UfG1i/lfzMx1dBjkTaaapILNFUcaRTtAkAtRjkhLNRwYwkczcisgAS0y0CapiQnDnv7wIzbOaa/j2vFq/KuIowwEcwjG4cAF1uIEGeEBAwjO8wpv1aL1Y79bHrLVkFTP78EfW5w/md5F0</latexit>



Recursive vs. Convex hull relaxations
Asymmetric bounds:
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hhx1x2ix3ix4
<latexit sha1_base64="qFmyxzyQ0NanKf/EVexK2WRqTF0=">AAACFXicbZBNSwMxEIaz9avWr1WPXoJF8CBltxb0WPTisYL9gHZZsulsG5rNLklWLKV/wot/xYsHRbwK3vw3pu2K2jow5Mk7MyTzBglnSjvOp5VbWl5ZXcuvFzY2t7Z37N29hopTSaFOYx7LVkAUcCagrpnm0EokkCjg0AwGl5N68xakYrG40cMEvIj0BAsZJdpIvn3S4UT0OGQHvvNdk+WO/L6e/mDFt4tOyZkGXgQ3gyLKoubbH51uTNMIhKacKNV2nUR7IyI1oxzGhU6qICF0QHrQNihIBMobTbca4yOjdHEYS5NC46n6e2JEIqWGUWA6I6L7ar42Ef+rtVMdnnsjJpJUg6Czh8KUYx3jiUW4yyRQzYcGCJXM/BXTPpGEamNkwZjgzq+8CI1yyTV8XSlWLzI78ugAHaJj5KIzVEVXqIbqiKJ79Iie0Yv1YD1Zr9bbrDVnZTP76E9Y719qDZ5R</latexit><latexit sha1_base64="qFmyxzyQ0NanKf/EVexK2WRqTF0=">AAACFXicbZBNSwMxEIaz9avWr1WPXoJF8CBltxb0WPTisYL9gHZZsulsG5rNLklWLKV/wot/xYsHRbwK3vw3pu2K2jow5Mk7MyTzBglnSjvOp5VbWl5ZXcuvFzY2t7Z37N29hopTSaFOYx7LVkAUcCagrpnm0EokkCjg0AwGl5N68xakYrG40cMEvIj0BAsZJdpIvn3S4UT0OGQHvvNdk+WO/L6e/mDFt4tOyZkGXgQ3gyLKoubbH51uTNMIhKacKNV2nUR7IyI1oxzGhU6qICF0QHrQNihIBMobTbca4yOjdHEYS5NC46n6e2JEIqWGUWA6I6L7ar42Ef+rtVMdnnsjJpJUg6Czh8KUYx3jiUW4yyRQzYcGCJXM/BXTPpGEamNkwZjgzq+8CI1yyTV8XSlWLzI78ugAHaJj5KIzVEVXqIbqiKJ79Iie0Yv1YD1Zr9bbrDVnZTP76E9Y719qDZ5R</latexit><latexit sha1_base64="qFmyxzyQ0NanKf/EVexK2WRqTF0=">AAACFXicbZBNSwMxEIaz9avWr1WPXoJF8CBltxb0WPTisYL9gHZZsulsG5rNLklWLKV/wot/xYsHRbwK3vw3pu2K2jow5Mk7MyTzBglnSjvOp5VbWl5ZXcuvFzY2t7Z37N29hopTSaFOYx7LVkAUcCagrpnm0EokkCjg0AwGl5N68xakYrG40cMEvIj0BAsZJdpIvn3S4UT0OGQHvvNdk+WO/L6e/mDFt4tOyZkGXgQ3gyLKoubbH51uTNMIhKacKNV2nUR7IyI1oxzGhU6qICF0QHrQNihIBMobTbca4yOjdHEYS5NC46n6e2JEIqWGUWA6I6L7ar42Ef+rtVMdnnsjJpJUg6Czh8KUYx3jiUW4yyRQzYcGCJXM/BXTPpGEamNkwZjgzq+8CI1yyTV8XSlWLzI78ugAHaJj5KIzVEVXqIbqiKJ79Iie0Yv1YD1Zr9bbrDVnZTP76E9Y719qDZ5R</latexit><latexit sha1_base64="qFmyxzyQ0NanKf/EVexK2WRqTF0=">AAACFXicbZBNSwMxEIaz9avWr1WPXoJF8CBltxb0WPTisYL9gHZZsulsG5rNLklWLKV/wot/xYsHRbwK3vw3pu2K2jow5Mk7MyTzBglnSjvOp5VbWl5ZXcuvFzY2t7Z37N29hopTSaFOYx7LVkAUcCagrpnm0EokkCjg0AwGl5N68xakYrG40cMEvIj0BAsZJdpIvn3S4UT0OGQHvvNdk+WO/L6e/mDFt4tOyZkGXgQ3gyLKoubbH51uTNMIhKacKNV2nUR7IyI1oxzGhU6qICF0QHrQNihIBMobTbca4yOjdHEYS5NC46n6e2JEIqWGUWA6I6L7ar42Ef+rtVMdnnsjJpJUg6Czh8KUYx3jiUW4yyRQzYcGCJXM/BXTPpGEamNkwZjgzq+8CI1yyTV8XSlWLzI78ugAHaJj5KIzVEVXqIbqiKJ79Iie0Yv1YD1Zr9bbrDVnZTP76E9Y719qDZ5R</latexit>

hx1x2ihx3x4i
<latexit sha1_base64="5UMGEnPYKyovYrDRNVwaksyAD60=">AAACFnicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpBT0WvXisYFuhDWGz3bRLN5uwuxFL6K/w4l/x4kERr+LNf+O2DaitDwbevjfD7Lwg4Uxpx/myCkvLK6trxfXSxubW9o69u9dScSoJbZKYx/I2wIpyJmhTM83pbSIpjgJO28HwcuK376hULBY3epRQL8J9wUJGsDaSb590ORZ9TtG975qqduXs+SOfmqrlsm+XnYozBVokbk7KkKPh25/dXkzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn0rDE6MkoPhbE0JTSaqr8nMhwpNYoC0xlhPVDz3kT8z+ukOjz3MiaSVFNBZovClCMdo0lGqMckJZqPDMFEMvNXRAZYYqJNkiUTgjt/8iJpVSuu4de1cv0ij6MIB3AIx+DCGdThChrQBAIP8AQv8Go9Ws/Wm/U+ay1Y+cw+/IH18Q3BXZ57</latexit><latexit sha1_base64="5UMGEnPYKyovYrDRNVwaksyAD60=">AAACFnicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpBT0WvXisYFuhDWGz3bRLN5uwuxFL6K/w4l/x4kERr+LNf+O2DaitDwbevjfD7Lwg4Uxpx/myCkvLK6trxfXSxubW9o69u9dScSoJbZKYx/I2wIpyJmhTM83pbSIpjgJO28HwcuK376hULBY3epRQL8J9wUJGsDaSb590ORZ9TtG975qqduXs+SOfmqrlsm+XnYozBVokbk7KkKPh25/dXkzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn0rDE6MkoPhbE0JTSaqr8nMhwpNYoC0xlhPVDz3kT8z+ukOjz3MiaSVFNBZovClCMdo0lGqMckJZqPDMFEMvNXRAZYYqJNkiUTgjt/8iJpVSuu4de1cv0ij6MIB3AIx+DCGdThChrQBAIP8AQv8Go9Ws/Wm/U+ay1Y+cw+/IH18Q3BXZ57</latexit><latexit sha1_base64="5UMGEnPYKyovYrDRNVwaksyAD60=">AAACFnicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpBT0WvXisYFuhDWGz3bRLN5uwuxFL6K/w4l/x4kERr+LNf+O2DaitDwbevjfD7Lwg4Uxpx/myCkvLK6trxfXSxubW9o69u9dScSoJbZKYx/I2wIpyJmhTM83pbSIpjgJO28HwcuK376hULBY3epRQL8J9wUJGsDaSb590ORZ9TtG975qqduXs+SOfmqrlsm+XnYozBVokbk7KkKPh25/dXkzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn0rDE6MkoPhbE0JTSaqr8nMhwpNYoC0xlhPVDz3kT8z+ukOjz3MiaSVFNBZovClCMdo0lGqMckJZqPDMFEMvNXRAZYYqJNkiUTgjt/8iJpVSuu4de1cv0ij6MIB3AIx+DCGdThChrQBAIP8AQv8Go9Ws/Wm/U+ay1Y+cw+/IH18Q3BXZ57</latexit><latexit sha1_base64="5UMGEnPYKyovYrDRNVwaksyAD60=">AAACFnicbVBNS8NAEJ3Ur1q/oh69LBbBiyWpBT0WvXisYFuhDWGz3bRLN5uwuxFL6K/w4l/x4kERr+LNf+O2DaitDwbevjfD7Lwg4Uxpx/myCkvLK6trxfXSxubW9o69u9dScSoJbZKYx/I2wIpyJmhTM83pbSIpjgJO28HwcuK376hULBY3epRQL8J9wUJGsDaSb590ORZ9TtG975qqduXs+SOfmqrlsm+XnYozBVokbk7KkKPh25/dXkzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn0rDE6MkoPhbE0JTSaqr8nMhwpNYoC0xlhPVDz3kT8z+ukOjz3MiaSVFNBZovClCMdo0lGqMckJZqPDMFEMvNXRAZYYqJNkiUTgjt/8iJpVSuu4de1cv0ij6MIB3AIx+DCGdThChrQBAIP8AQv8Go9Ws/Wm/U+ay1Y+cw+/IH18Q3BXZ57</latexit>

x1hx2hx3x4ii
<latexit sha1_base64="Uuxciw8UsOTqwiKW0JPmWWCD2UA=">AAACFnicbZBNSwMxEIZn61etX6sevQSL4MWyWwt6LHrxWMG2Qrss2TTbhmazS5IVy9Jf4cW/4sWDIl7Fm//GtF1QWweGPHlnhmTeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqCW2SmMfyNsCKciZoUzPN6W0iKY4CTtvB8HJSb99RqVgsbvQooV6E+4KFjGBtJN8+Qfe+2+VY9Dk1WP3BU5O1rpxd89O3y07FmQZaBDeHMuTR8O3Pbi8maUSFJhwr1XGdRHsZlpoRTselbqpogskQ92nHoMARVV42XWuMjozSQ2EsTQqNpurviQxHSo2iwHRGWA/UfG0i/lfrpDo89zImklRTQWYPhSlHOkYTj1CPSUo0HxnARDLzV0QGWGKijZMlY4I7v/IitKoV1/B1rVy/yO0owgEcwjG4cAZ1uIIGNIHAAzzBC7xaj9az9Wa9z1oLVj6zD3/C+vgGuv6eew==</latexit><latexit sha1_base64="Uuxciw8UsOTqwiKW0JPmWWCD2UA=">AAACFnicbZBNSwMxEIZn61etX6sevQSL4MWyWwt6LHrxWMG2Qrss2TTbhmazS5IVy9Jf4cW/4sWDIl7Fm//GtF1QWweGPHlnhmTeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqCW2SmMfyNsCKciZoUzPN6W0iKY4CTtvB8HJSb99RqVgsbvQooV6E+4KFjGBtJN8+Qfe+2+VY9Dk1WP3BU5O1rpxd89O3y07FmQZaBDeHMuTR8O3Pbi8maUSFJhwr1XGdRHsZlpoRTselbqpogskQ92nHoMARVV42XWuMjozSQ2EsTQqNpurviQxHSo2iwHRGWA/UfG0i/lfrpDo89zImklRTQWYPhSlHOkYTj1CPSUo0HxnARDLzV0QGWGKijZMlY4I7v/IitKoV1/B1rVy/yO0owgEcwjG4cAZ1uIIGNIHAAzzBC7xaj9az9Wa9z1oLVj6zD3/C+vgGuv6eew==</latexit><latexit sha1_base64="Uuxciw8UsOTqwiKW0JPmWWCD2UA=">AAACFnicbZBNSwMxEIZn61etX6sevQSL4MWyWwt6LHrxWMG2Qrss2TTbhmazS5IVy9Jf4cW/4sWDIl7Fm//GtF1QWweGPHlnhmTeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqCW2SmMfyNsCKciZoUzPN6W0iKY4CTtvB8HJSb99RqVgsbvQooV6E+4KFjGBtJN8+Qfe+2+VY9Dk1WP3BU5O1rpxd89O3y07FmQZaBDeHMuTR8O3Pbi8maUSFJhwr1XGdRHsZlpoRTselbqpogskQ92nHoMARVV42XWuMjozSQ2EsTQqNpurviQxHSo2iwHRGWA/UfG0i/lfrpDo89zImklRTQWYPhSlHOkYTj1CPSUo0HxnARDLzV0QGWGKijZMlY4I7v/IitKoV1/B1rVy/yO0owgEcwjG4cAZ1uIIGNIHAAzzBC7xaj9az9Wa9z1oLVj6zD3/C+vgGuv6eew==</latexit><latexit sha1_base64="Uuxciw8UsOTqwiKW0JPmWWCD2UA=">AAACFnicbZBNSwMxEIZn61etX6sevQSL4MWyWwt6LHrxWMG2Qrss2TTbhmazS5IVy9Jf4cW/4sWDIl7Fm//GtF1QWweGPHlnhmTeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqCW2SmMfyNsCKciZoUzPN6W0iKY4CTtvB8HJSb99RqVgsbvQooV6E+4KFjGBtJN8+Qfe+2+VY9Dk1WP3BU5O1rpxd89O3y07FmQZaBDeHMuTR8O3Pbi8maUSFJhwr1XGdRHsZlpoRTselbqpogskQ92nHoMARVV42XWuMjozSQ2EsTQqNpurviQxHSo2iwHRGWA/UfG0i/lfrpDo89zImklRTQWYPhSlHOkYTj1CPSUo0HxnARDLzV0QGWGKijZMlY4I7v/IitKoV1/B1rVy/yO0owgEcwjG4cAZ1uIIGNIHAAzzBC7xaj9az9Wa9z1oLVj6zD3/C+vgGuv6eew==</latexit>

hx1hx2x3iix4
<latexit sha1_base64="GV0nnRieEiA8w6Kt1HFqSIjTB3c=">AAACF3icbZBLSwMxEMez9VXrq+rRS7AInspuLeix6MVjBfuA7rJk09k2NJtdkqy0LP0WXvwqXjwo4lVvfhvTh6itA0N++c8MyfyDhDOlbfvTyq2srq1v5DcLW9s7u3vF/YOmilNJoUFjHst2QBRwJqChmebQTiSQKODQCgZXk3rrDqRisbjVowS8iPQECxkl2kh+sexyInoc8NB3frBi8gy7cnb/Pod+1S+W7LI9DbwMzhxKaB51v/jhdmOaRiA05USpjmMn2suI1IxyGBfcVEFC6ID0oGNQkAiUl033GuMTo3RxGEuTQuOp+nsiI5FSoygwnRHRfbVYm4j/1TqpDi+8jIkk1SDo7KEw5VjHeGIS7jIJVPORAUIlM3/FtE8kodpYWTAmOIsrL0OzUnYM31RLtcu5HXl0hI7RKXLQOaqha1RHDUTRPXpEz+jFerCerFfrbdaas+Yzh+hPWO9fKEWepQ==</latexit><latexit sha1_base64="GV0nnRieEiA8w6Kt1HFqSIjTB3c=">AAACF3icbZBLSwMxEMez9VXrq+rRS7AInspuLeix6MVjBfuA7rJk09k2NJtdkqy0LP0WXvwqXjwo4lVvfhvTh6itA0N++c8MyfyDhDOlbfvTyq2srq1v5DcLW9s7u3vF/YOmilNJoUFjHst2QBRwJqChmebQTiSQKODQCgZXk3rrDqRisbjVowS8iPQECxkl2kh+sexyInoc8NB3frBi8gy7cnb/Pod+1S+W7LI9DbwMzhxKaB51v/jhdmOaRiA05USpjmMn2suI1IxyGBfcVEFC6ID0oGNQkAiUl033GuMTo3RxGEuTQuOp+nsiI5FSoygwnRHRfbVYm4j/1TqpDi+8jIkk1SDo7KEw5VjHeGIS7jIJVPORAUIlM3/FtE8kodpYWTAmOIsrL0OzUnYM31RLtcu5HXl0hI7RKXLQOaqha1RHDUTRPXpEz+jFerCerFfrbdaas+Yzh+hPWO9fKEWepQ==</latexit><latexit sha1_base64="GV0nnRieEiA8w6Kt1HFqSIjTB3c=">AAACF3icbZBLSwMxEMez9VXrq+rRS7AInspuLeix6MVjBfuA7rJk09k2NJtdkqy0LP0WXvwqXjwo4lVvfhvTh6itA0N++c8MyfyDhDOlbfvTyq2srq1v5DcLW9s7u3vF/YOmilNJoUFjHst2QBRwJqChmebQTiSQKODQCgZXk3rrDqRisbjVowS8iPQECxkl2kh+sexyInoc8NB3frBi8gy7cnb/Pod+1S+W7LI9DbwMzhxKaB51v/jhdmOaRiA05USpjmMn2suI1IxyGBfcVEFC6ID0oGNQkAiUl033GuMTo3RxGEuTQuOp+nsiI5FSoygwnRHRfbVYm4j/1TqpDi+8jIkk1SDo7KEw5VjHeGIS7jIJVPORAUIlM3/FtE8kodpYWTAmOIsrL0OzUnYM31RLtcu5HXl0hI7RKXLQOaqha1RHDUTRPXpEz+jFerCerFfrbdaas+Yzh+hPWO9fKEWepQ==</latexit><latexit sha1_base64="GV0nnRieEiA8w6Kt1HFqSIjTB3c=">AAACF3icbZBLSwMxEMez9VXrq+rRS7AInspuLeix6MVjBfuA7rJk09k2NJtdkqy0LP0WXvwqXjwo4lVvfhvTh6itA0N++c8MyfyDhDOlbfvTyq2srq1v5DcLW9s7u3vF/YOmilNJoUFjHst2QBRwJqChmebQTiSQKODQCgZXk3rrDqRisbjVowS8iPQECxkl2kh+sexyInoc8NB3frBi8gy7cnb/Pod+1S+W7LI9DbwMzhxKaB51v/jhdmOaRiA05USpjmMn2suI1IxyGBfcVEFC6ID0oGNQkAiUl033GuMTo3RxGEuTQuOp+nsiI5FSoygwnRHRfbVYm4j/1TqpDi+8jIkk1SDo7KEw5VjHeGIS7jIJVPORAUIlM3/FtE8kodpYWTAmOIsrL0OzUnYM31RLtcu5HXl0hI7RKXLQOaqha1RHDUTRPXpEz+jFerCerFfrbdaas+Yzh+hPWO9fKEWepQ==</latexit>
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Term-wise convex hull representation
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V-representation (Bilinear)
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Meyer, C.A. and Floudas, C.A. “Trilinear monomials 
with mixed sign domains: Facets of the convex and 
concave envelopes” 
Journal of Global Optimization - 2004H-representation 

(Trilinear)

Convex combination of extreme points



Improved QC-relaxation gaps

Without Bound Tightening

Instances QCrmc (�) QCconv (�)

case�_lmbd �.�� �.��
case��_ieee ��.�� ��.��
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case�_lmbd_sad �.�� �.��
case�_gs_sad �.�� �.��
case�_pjm_sad �.�� �.��
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case��_ieee_rts_sad �.�� �.��
case���_ieee_sad �.�� �.��
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Instances: C. Coffrin et. al,  “NESTA, the NICTA energy system test archive,” 2014



Comparison of trilinear envelopes on OPF 
relaxations
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Narimani, M.R,  Molzahn, D.K,  Nagarajan, H,  Crow, M.L. “Comparison of Various Trilinear 
Monomial Envelopes for Convex Relaxations of Optimal Power Flow Problems”. IEEE 
Global Conference on Signal and Information Processing (GlobalSIP). IEEE, 2018.
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Local-solver (Ipopt)

Global optimum - 80% of hard instances



Global optimization: Tight piecewise relaxations
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Tight piecewise formulations
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Tight piecewise formulations
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Tight piecewise formulations

SOS-2 type constraints: Extreme points of the lifted-variable 
polytope are integral 



Tight piecewise formulations

Uniformly spaced partitions induce too many binaries. Hence, 
formulating tractable mixed-integer convex programs are crucial



Adaptive variable partitioning: Tightening  gaps 
using mixed-integer convex programs
Local solvers (IPOPT) are amazing on ACOPF
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local and lower-bounding solutions

H. Nagarajan, M. Lu, E. Yamangil, R. Bent,  “Tightening McCormick Relaxations for Nonlinear 
Programs via Dynamic Multivariate Partitioning,” Constraint Programming, 2016

H. Nagarajan, M. Lu, S. Wang, R. Bent, K. Sundar,  “An Adaptive, Multivariate Partitioning Algorithm for 
Global Optimization of Nonconvex Programs,” Journal of Global Optimization, 2018



Adaptive variable partitioning

Was found useful in many 
applications  



POD.jl: An open-source global MINLP solver
https://github.com/lanl-ansi/POD.jl

https://github.com/lanl-ansi/POD.jl


POD.jl: An open-source global MINLP solver
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Numerical results on ACOPF

3 hours time limit for 
piecewise, dynamic 

partitioning algorithm 
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Global optimum - 80% 
of hard instances

Global optimum - 95% 
of hard instances (N <= 300)

Challenging 
Instances

case89_pegase_api (4.5%)
case118_ieee_api (1.1%)
case9_bgm_nco (3.5%)
case39_1_bgm_nco (3.3%)



Revisiting extreme-point formulation
Instances QC

rmc

(%) QC

conv

(%)

case3 lmbd 1.21 0.96

case30 ieee 15.64 15.20

case3 lmbd api 1.79 1.59

case24 ieee rts api 11.88 8.78

case73 ieee rts api 10.97 9.64

case3 lmbd sad 1.42 1.37

case4 gs sad 1.53 0.96

case5 pjm sad 0.99 0.77

case24 ieee rts sad 2.93 2.77

case73 ieee rts sad 2.53 2.38

case118 ieee sad 4.61 4.14

case179 goc api 7.18 7.21

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Unexpected



Revisiting extreme-point formulation

´gijvivj qcsij ´ bijvivj|snij
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Extreme point captures the 
convex hull locally on trilinear 

monomials

´gijvivj qcsij ´ bijvivj|snij
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Recursive McCormick shares the 
lifted variable across the trilinear 

monomials

´gijvivj qcsij ´ bijvivj|snij
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

But neither captures the 
convex hull of



Tying 
constraint

'pvi, vj , qcsij , |snijq “ ´gij vivj qcsij
looomooon

�c

´bij vivj|snij
looomooon

�s
<latexit sha1_base64="Hdggllwa4zy3Y4qG1H2U9Rk6UMk="></latexit><latexit sha1_base64="Hdggllwa4zy3Y4qG1H2U9Rk6UMk="></latexit><latexit sha1_base64="Hdggllwa4zy3Y4qG1H2U9Rk6UMk="></latexit><latexit sha1_base64="Hdggllwa4zy3Y4qG1H2U9Rk6UMk="></latexit>

Computational results on bound tightening with improved relaxations
https://arxiv.org/abs/1809.04565 

Revisiting extreme-point formulation

https://arxiv.org/abs/1809.04565


Revisiting extreme-point formulation

Instances QC

rmc

(%) QC

conv

(%)

case3 lmbd 1.21 0.96

case30 ieee 15.64 15.20

case3 lmbd api 1.79 1.59

case24 ieee rts api 11.88 8.78

case73 ieee rts api 10.97 9.64

case3 lmbd sad 1.42 1.37

case4 gs sad 1.53 0.96

case5 pjm sad 0.99 0.77

case24 ieee rts sad 2.93 2.77

case73 ieee rts sad 2.53 2.38

case118 ieee sad 4.61 4.14

case179 goc api 7.18 7.21

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

6.98%
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

QC-RMC

QC-
LMAC

QC-TLM

https://arxiv.org/abs/1809.04565 

https://arxiv.org/abs/1809.04565


Future directions

✦ Extension of tying constraints to the partitioned case

✦ Other OPF formulations (Rectangular, Current-Voltage-based, 
Tangent) 

✦ Incorporating SDP-based cuts by exploiting graph sparsity

✦ Scaling to large-scale networks?



Thank you! 

Questions? 


