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Data-driven methods need guarantees 
of stability, performance, robustness, safety
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Robust Control and Learning?

Can ML and RC be combined so that we safely achieve
more data à better performance?

uses data to 
reduce uncertainty

uses feedback to 
mitigate uncertainty

more data 
à better models/predictions

better models/predictions 
à better performance

Machine Learning Robust Control

probabilistic guarantees worst-case guarantees



3

Two main takeaways

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

Robustness is key
Robustness matters in practice and makes theory tractable

Robust and optimal control as optimization
System Level Synthesis
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Cooling a server farm

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]
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Cooling a server farm

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

min
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Cooling a server farm

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]
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feedback based
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robust control design

naive synthesis

melt 10%
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The Linear Quadratic Regulator
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ut = Kxt

autonomous 
dynamics

actuationsystem state

state-feedback

disturbance

Fundamental problem in control theory
(linearize nonlinear systems, MPC)

Closed form solution for known (A,B)

min
u

limT!1
1
T E

hPT
t=0 x

>
t Qxt + u>
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s.t. xt+1 = Axt +But + �t
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Obvious strategy:
run some experiments to estimate (A,B), then compute a controller

Question: how many samples are needed for near optimal control?

The offline learning LQR problem
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ut = Kxt

state-feedback

unknown

min
u

limT!1
1
T E
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s.t. xt+1 = Axt +But + �t
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Proposition 1.2. Let ( bA, bB) estimated via the independent data collection scheme used in Propo-

sition 1.1 and bK synthesized using robust SLS. Let bJ denote the infinite time horizon LQR cost

accrued by using the controller bK and J? denote the optimal LQR cost achieved when (A,B) are

known. Then the relative error in the LQR cost is bounded as

bJ � J?
J?

 O
 
C(A,B,Q,R, T )

r
(n+ p) log(1/�)

N

!
(1.7)

with probability 1� � provided N is su�ciently large.

The complexity term C only depends on the rollout length T , the true dynamics, and the
matrices (Q,R) which define the LQR cost. The 1 � � probability comes from the probability of
estimation error from Proposition 1.1. The particular form of C and concrete bounds on N are
both provided in Section 4.

We show via numerical experiments in Section 5 that the controllers synthesized by our opti-
mization do indeed provide stabilizing controllers with small relative error. We further show that
settings exist wherein a naive synthesis procedure that ignores the uncertainty in the state-space
parameter estimates produces a controller that performs poorly (or is unstable!) relative to that
synthesized using the SLS procedure.

1.2 Related work

We first describe related work in the estimation of unknown dynamical systems and then turn to
connections in the literature on robust control with uncertain models. We will end this review with
a discussion of a few works from the reinforcement learning community that have attempted to
address the LQR problem and related variants.

Estimation of unknown systems, especially linear dynamical systems, has a long history in the
system identification subfield of control theory. The text of Ljung [26] covers the classical asymptotic
results. Our interest, however, is primarily in non-asymptotic results. Early results [9, 41] on non-
asymptotic rates for parameter identification featured conservative bounds which are exponential
in the system degree and other relevant quantities. More recently, Bento et al. [4] show that when
the A matrix is stable and induced by a sparse graph, then one can recover the support of A from
a single trajectory using `1-penalized least-squares. Furthermore, Hardt et al. [19] provide the first
polynomial time guarantee for identifying general, but stable linear systems. Their guarantees,
however, are in terms of predictive output performance of the model, and require an assumption
on the true system that is more stringent than stability. It is not clear how their statistical risk
guarantee can be used in a downstream robust synthesis procedure.

Next, we turn our attention to system identification of linear systems in the frequency domain.
A comprehensive text on these methods (which di↵er from the aforementioned state-space methods)
is [10]. For stable systems, Helmicki et al. [20] propose to identify a finite impulse response (FIR)
approximation by directly estimating the first r impulse response coe�cients. Recently, Tu et
al. [37] analyze the method of Helmicki et al. [20], and prove that a polynomial number of samples
are su�cient to recover a FIR filter which approximates the true system in the H1-norm. While
Helmicki et al. were primarily concerned with adversarial disturbances, Tu et al. focus on the
probabilistic setting, resulting in nonasymptotic sample complexities. However, transfer function
method do not easily allow for optimal control with state variables, since they only model the
input/output behavior of the system.

5

Theorem
With probability 1� �, for N su�ciently large, the synthesized

controller is stabilizing and achieves the relative performance bound

Run N
experiments
of horizon T

Solve least-
squares problem

Solve robust
control problem

data estimates
error bounds

High-dimensional
statistics/bootstrapping

System Level Synthesis

The Coarse-ID control pipeline
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[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted] # of states # of inputs



Run N
experiments
of horizon T

Solve least-
squares problem

Solve robust
control problem

data estimates
error bounds

High-dimensional
statistics/bootstrapping

System Level Synthesis

The Coarse-ID control pipeline

11
[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

Proposition 1.2. Let ( bA, bB) estimated via the independent data collection scheme used in Propo-

sition 1.1 and bK synthesized using robust SLS. Let bJ denote the infinite time horizon LQR cost

accrued by using the controller bK and J? denote the optimal LQR cost achieved when (A,B) are

known. Then the relative error in the LQR cost is bounded as

bJ � J?
J?

 O
 
C(A,B,Q,R, T )

r
(n+ p) log(1/�)

N

!
(1.7)

with probability 1� � provided N is su�ciently large.

The complexity term C only depends on the rollout length T , the true dynamics, and the
matrices (Q,R) which define the LQR cost. The 1 � � probability comes from the probability of
estimation error from Proposition 1.1. The particular form of C and concrete bounds on N are
both provided in Section 4.

We show via numerical experiments in Section 5 that the controllers synthesized by our opti-
mization do indeed provide stabilizing controllers with small relative error. We further show that
settings exist wherein a naive synthesis procedure that ignores the uncertainty in the state-space
parameter estimates produces a controller that performs poorly (or is unstable!) relative to that
synthesized using the SLS procedure.

1.2 Related work

We first describe related work in the estimation of unknown dynamical systems and then turn to
connections in the literature on robust control with uncertain models. We will end this review with
a discussion of a few works from the reinforcement learning community that have attempted to
address the LQR problem and related variants.

Estimation of unknown systems, especially linear dynamical systems, has a long history in the
system identification subfield of control theory. The text of Ljung [26] covers the classical asymptotic
results. Our interest, however, is primarily in non-asymptotic results. Early results [9, 41] on non-
asymptotic rates for parameter identification featured conservative bounds which are exponential
in the system degree and other relevant quantities. More recently, Bento et al. [4] show that when
the A matrix is stable and induced by a sparse graph, then one can recover the support of A from
a single trajectory using `1-penalized least-squares. Furthermore, Hardt et al. [19] provide the first
polynomial time guarantee for identifying general, but stable linear systems. Their guarantees,
however, are in terms of predictive output performance of the model, and require an assumption
on the true system that is more stringent than stability. It is not clear how their statistical risk
guarantee can be used in a downstream robust synthesis procedure.

Next, we turn our attention to system identification of linear systems in the frequency domain.
A comprehensive text on these methods (which di↵er from the aforementioned state-space methods)
is [10]. For stable systems, Helmicki et al. [20] propose to identify a finite impulse response (FIR)
approximation by directly estimating the first r impulse response coe�cients. Recently, Tu et
al. [37] analyze the method of Helmicki et al. [20], and prove that a polynomial number of samples
are su�cient to recover a FIR filter which approximates the true system in the H1-norm. While
Helmicki et al. were primarily concerned with adversarial disturbances, Tu et al. focus on the
probabilistic setting, resulting in nonasymptotic sample complexities. However, transfer function
method do not easily allow for optimal control with state variables, since they only model the
input/output behavior of the system.

5

Theorem
With probability 1� �, for N su�ciently large, the synthesized

controller is stabilizing and achieves the relative performance bound



How easy is it to identify a system?
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least 
excitable
mode

Run N experiments for T steps with random input.  Then 
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How easy is it to identify a stable system?
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⇤c = A⇤cA
⇤ +BB⇤
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Proposition 1.2. Let ( bA, bB) estimated via the independent data collection scheme used in Propo-

sition 1.1 and bK synthesized using robust SLS. Let bJ denote the infinite time horizon LQR cost

accrued by using the controller bK and J? denote the optimal LQR cost achieved when (A,B) are

known. Then the relative error in the LQR cost is bounded as

bJ � J?
J?

 O
 
C(A,B,Q,R, T )

r
(n+ p) log(1/�)

N

!
(1.7)

with probability 1� � provided N is su�ciently large.

The complexity term C only depends on the rollout length T , the true dynamics, and the
matrices (Q,R) which define the LQR cost. The 1 � � probability comes from the probability of
estimation error from Proposition 1.1. The particular form of C and concrete bounds on N are
both provided in Section 4.

We show via numerical experiments in Section 5 that the controllers synthesized by our opti-
mization do indeed provide stabilizing controllers with small relative error. We further show that
settings exist wherein a naive synthesis procedure that ignores the uncertainty in the state-space
parameter estimates produces a controller that performs poorly (or is unstable!) relative to that
synthesized using the SLS procedure.

1.2 Related work

We first describe related work in the estimation of unknown dynamical systems and then turn to
connections in the literature on robust control with uncertain models. We will end this review with
a discussion of a few works from the reinforcement learning community that have attempted to
address the LQR problem and related variants.

Estimation of unknown systems, especially linear dynamical systems, has a long history in the
system identification subfield of control theory. The text of Ljung [26] covers the classical asymptotic
results. Our interest, however, is primarily in non-asymptotic results. Early results [9, 41] on non-
asymptotic rates for parameter identification featured conservative bounds which are exponential
in the system degree and other relevant quantities. More recently, Bento et al. [4] show that when
the A matrix is stable and induced by a sparse graph, then one can recover the support of A from
a single trajectory using `1-penalized least-squares. Furthermore, Hardt et al. [19] provide the first
polynomial time guarantee for identifying general, but stable linear systems. Their guarantees,
however, are in terms of predictive output performance of the model, and require an assumption
on the true system that is more stringent than stability. It is not clear how their statistical risk
guarantee can be used in a downstream robust synthesis procedure.

Next, we turn our attention to system identification of linear systems in the frequency domain.
A comprehensive text on these methods (which di↵er from the aforementioned state-space methods)
is [10]. For stable systems, Helmicki et al. [20] propose to identify a finite impulse response (FIR)
approximation by directly estimating the first r impulse response coe�cients. Recently, Tu et
al. [37] analyze the method of Helmicki et al. [20], and prove that a polynomial number of samples
are su�cient to recover a FIR filter which approximates the true system in the H1-norm. While
Helmicki et al. were primarily concerned with adversarial disturbances, Tu et al. focus on the
probabilistic setting, resulting in nonasymptotic sample complexities. However, transfer function
method do not easily allow for optimal control with state variables, since they only model the
input/output behavior of the system.

5

Theorem
With probability 1� �, for N su�ciently large, the synthesized

controller is stabilizing and achieves the relative performance bound
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Working with system responses

xt+1 = Axt +But + �t
ut = Kxt

End-to-end (closed loop) system responses


xt

ut

�
=

tX

k=1


(A+BK)t�k

K(A+BK)t�k

�
�k�1 =:

tX

k=1


�x(t� k)
�u(t� k)

�
�k�1
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[Wang, Matni, Doyle TAC 2018, submitted]
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Working with system responses

E[x>
t Qxt] =

tX

k=1

Tr[(A+BK)t�k]>Q(A+BK)t�k =
tX

k=1

Tr�x(k)
>Q�x(k)
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tX

k=1
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Tr�u(k)
>R�u(k)
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finite dimensional but non-convex infinite dimensional 
but convex

how do we constrain system responses so
that they are achievable?

[Wang, Matni, Doyle TAC 2018, submitted]
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Working with system responses
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�x(t+ 1) = (A+BK)t

= (A+BK)�x(t)

= A�x(t) +BK�x(t)

= A�x(t) +B�u(t)
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A simple necessary condition
and sufficient

[Wang, Matni, Doyle TAC 2018, submitted]
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LQR via system responses

[Wang, Matni, Doyle TAC 2018, submitted]

min
u

limT!1
1
T E

hPT
t=0 x

>
t Qxt + u>

t Rut

i

s.t. xt+1 = Axt +But + �t
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LQR via system responses

[Wang, Matni, Doyle TAC 2018, submitted]

min
�x,�u

P1
t=0 Tr

⇥
�x(t)>Q�x(t) + �u(t)>R�u(t)

⇤

s.t. �x(t+ 1) = A�x(t) +B�u(t), �x(1) = I
<latexit sha1_base64="C+OUmP4AjkwM4CR7DH1MA6CGktU="></latexit><latexit sha1_base64="C+OUmP4AjkwM4CR7DH1MA6CGktU="></latexit><latexit sha1_base64="C+OUmP4AjkwM4CR7DH1MA6CGktU="></latexit><latexit sha1_base64="C+OUmP4AjkwM4CR7DH1MA6CGktU="></latexit>
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LQR via system responses

min
ut

limt!1 E
⇥
xT
t Qxt + uT

t Rut

⇤

s.t. xt+1 = Axt +But + wt

min
�x,�u

����


Q

1
2

R
1
2

� 
�x

�u

�����
H2

s.t.
⇥
zI �A �B

⇤ �x

�u

�
= I

Equivalent formulation: why bother?

[Wang, Matni, Doyle TAC 2018, submitted]

u = �u�
�1
x xTo achieve desired response set
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achievability
⇥
zI �A �B

⇤ �x

�u

�
= I


x
u

�
=


�x

�u

�
�

response

Robust system responses

u = �u�
�1
x x

[Wang, Matni, Doyle TAC 2018, submitted]
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achievability
⇥
zI �A �B

⇤ �x

�u

�
= I

robust

+�

�̂x

�̂u

�

Robust system responses

unknown

A ⇡ Â, B ⇡ B̂ actual
response

x
u

�
=


�̂x

�̂u

�
(I +�)�1�

effect of
uncertainty

u = �̂u�̂
�1
x x

[Matni, Wang, Anderson CDC 2017]
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A = Â+�A, B = B̂ +�B , k�Ak2  ✏A, k�Bk2  ✏B

Then K achieves the following cost on the true system (A,B):

�̂

Robust SLS LQR problem

nominal performance effect of 
uncertainty

Stable if k�̂k < 1

Let K stabilize (Â, B̂), and (�x,�u) be its system response.(�̂x, �̂u)

Theorem 3.2 (Robust Stability [27]). Suppose that the transfer matrices {�x,�u} 2 1
z
RH1

satisfy

⇥
zI �A �B

⇤ �x

�u

�
= I +�. (3.5)

Then the controller K = �u�
�1
x stabilizes the system described by (A,B) if and only if (I+�)�1 2

RH1. Further, the resulting system response is given by


x

u

�
=


�x

�u

�
(I +�)�1

w. (3.6)

Corollary 3.3. Under the assumptions of Theorem 3.2, if k�k < 1 for any induced norm k · k,
then the controller K = �u�

�1
x stabilizes the system described by (A,B).

Proof. Follows immediately from the small gain theorem.

do we need to cite something about small gain theorem (for ML people) ToDo

3.2 Robust LQR Synthesis

We return to the problem setting where estimates ( bA, bB) of a true system (A,B) satisfy

k�Ak2  ✏A, k�Bk2  ✏B

where �A := bA�A and �B := bB �B.
We begin with a simple su�cient condition under which any controller K that stabilizes ( bA, bB)

also stabilizes the true system (A,B). To state the theorem, we introduce one additional piece of
notation. For a matrix M , we let �M denote the resolvant

�M = (zI �M)�1 . (3.7)

We now can state our robustness lemma.

Lemma 3.4. Let the controller K stabilize ( bA, bB) and (�x,�u) be its corresponding system re-

sponse (3.2) on system ( bA, bB). Then if K stabilizes (A,B), it achieves the following LQR cost

J(A,B,K) :=

�����

"
Q

1
2 0

0 R
1
2

# 
�x

�u

�✓
I +

⇥
�A �B

⇤ �x

�u

�◆�1
�����
H2

. (3.8)

Further, letting

�̂ :=
⇥
�A �B

⇤ �x

�u

�
= (�A +�BK)� bA+ bBK . (3.9)

a su�cient condition for K to stabilize (A,B) is that k�̂k < 1.

what does resolvant mean when subscripted by tf? (in (3.9)) ToDo

14


�̂x

�̂u

� 
�̂x

�̂u

�
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Theorem 3.2 (Robust Stability [27]). Suppose that the transfer matrices {�x,�u} 2 1
z
RH1

satisfy

⇥
zI �A �B

⇤ �x

�u

�
= I +�. (3.5)

Then the controller K = �u�
�1
x stabilizes the system described by (A,B) if and only if (I+�)�1 2

RH1. Further, the resulting system response is given by


x

u

�
=


�x

�u

�
(I +�)�1

w. (3.6)

Corollary 3.3. Under the assumptions of Theorem 3.2, if k�k < 1 for any induced norm k · k,
then the controller K = �u�

�1
x stabilizes the system described by (A,B).

Proof. Follows immediately from the small gain theorem.

do we need to cite something about small gain theorem (for ML people) ToDo

3.2 Robust LQR Synthesis

We return to the problem setting where estimates ( bA, bB) of a true system (A,B) satisfy

k�Ak2  ✏A, k�Bk2  ✏B

where �A := bA�A and �B := bB �B.
We begin with a simple su�cient condition under which any controller K that stabilizes ( bA, bB)

also stabilizes the true system (A,B). To state the theorem, we introduce one additional piece of
notation. For a matrix M , we let �M denote the resolvant

�M = (zI �M)�1 . (3.7)

We now can state our robustness lemma.

Lemma 3.4. Let the controller K stabilize ( bA, bB) and (�x,�u) be its corresponding system re-

sponse (3.2) on system ( bA, bB). Then if K stabilizes (A,B), it achieves the following LQR cost

J(A,B,K) :=

�����

"
Q

1
2 0

0 R
1
2

# 
�x

�u

�✓
I +

⇥
�A �B

⇤ �x

�u

�◆�1
�����
H2

. (3.8)

Further, letting

�̂ :=
⇥
�A �B

⇤ �x

�u

�
= (�A +�BK)� bA+ bBK . (3.9)

a su�cient condition for K to stabilize (A,B) is that k�̂k < 1.

what does resolvant mean when subscripted by tf? (in (3.9)) ToDo
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robust stability

nominal 
performance

 min
�x,�u

J(Â, B̂,K)f(k�̂k)

effect of 
uncertainty

nominal
achievabilitys.t. Â(�) = 0

Proof. Follows immediately from Theorems 3.1, 3.2 and Corollary 3.3. (todo we may want to flesh
this out a bit more).

We can therefore recast the robust LQR problem (1.6) in the following equivalent form

min
�x,�u

max
�A,�B

J(A,B,K)

s.t.
h
zI � bA � bB

i 
�x

�u

�
= I, �x,�u 2 1

z
RH1

(3.10)

The resulting robust control problem is one subject to real-parametric uncertainty, a class of
problems known to be computationally intractable [7]. Although e↵ective computational heuristics
(i.e., DK iteration) exist, the performance of the resulting controller on the true system is di�cult
to characterize analytically in terms of the size of the perturbations.

To circumvent this issue, we take a slightly conservative approach and find an upper-bound to
the cost J(A,B,K) that is independent of the pertubations �A and �B.

First, note that if k�̂k < 1, we can write

J(A,B,K)  k(I + �̂)�1kJ( bA, bB,K)  1

1� k�̂k
J( bA, bB,K). (3.11)

Next, we will bound k�̂k using the following fact.

Proposition 3.5. For any p 2 (0, 1) and �̂ as defined in (3.9)

k�̂kH1 

�����

"
✏Ap
p
�x

✏Bp
1�p

�u

#�����
H1

=: Hp(�x,�u) (3.12)

Proof. Note that for any block matrix of the form
⇥
M1 M2

⇤
, we have

��⇥M1 M2
⇤��

2


⇣
kM1k2 + kM2k2

⌘1/2
. (3.13)

To verify this assertion, note that

��⇥M1 M2
⇤��2

2
= �max(M1M

⇤

1 +M2M
⇤

2 )  �max(M1M
⇤

1 ) + �max(M2M
⇤

2 ) = kM1k2 + kM2k2 .

With (3.13) in hand, we have

����
⇥
�A �B

⇤ �x

�u

�����
H1

=

�����

hp
p

✏A
�A

p
1�p

✏B
�B

i " ✏Ap
p
�x

✏Bp
1�p

�u

#�����
H1


���
hp

p

✏A
�A

p
1�p

✏B
�B

i���
2

�����

"
✏Ap
p
�x

✏Bp
1�p

�u

#�����
H1



�����

"
✏Ap
p
�x

✏Bp
1�p

�u

#�����
H1

completing the proof.

The following corollary is then immediate.

15

s.t.
achievability

A(�,�A,�B) = 0

Robust SLS LQR problem
A = Â+�A, B = B̂ +�B , k�Ak2  ✏A, k�Bk2  ✏B

robust
performance
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Robust SLS LQR problem
nominal LQR cost

min
�2(0,1),�x,�u

1

1� �

����


Q1/2 0
0 R1/2

� 
�x

�u

�����
H2

s.t.

h
zI � bA � bB

i �x

�u

�
= I ,

p

2

����


"A�x

"B�u

�����
H1

 � ,

�x,�u 2
1

z
RH1

<latexit sha1_base64="DyXVO20kStNRL9rS/WpjVylH9LU="></latexit><latexit sha1_base64="DyXVO20kStNRL9rS/WpjVylH9LU="></latexit><latexit sha1_base64="DyXVO20kStNRL9rS/WpjVylH9LU="></latexit><latexit sha1_base64="DyXVO20kStNRL9rS/WpjVylH9LU="></latexit>

effect of
uncertainty

nominal
achievability

robust stability

But this is infinite dimensional!
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Option 1: FIR truncation
�x =

TX

t=1

�x(t), �u =
TX

t=1

�u(t)
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Theorem: Gap between FIR and infinite dimensional solution
decays as O(!T)

SDP

Frobenius norm

affine
constraint

min
�2(0,1),�x,�u
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����
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�����
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kA�x(T ) +B�u(T )k  C⇢T
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T large enough
O(T 3) complexity
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Option 2: Common Lyapunov heuristic
minimizeX,Z,W,�

1
(1��)2 {Trace(QW11) + Trace(RW22)}

subject to

2

4
X X Z⇤

X W11 W12
Z W21 W22

3

5 ⌫ 0

2

664

X� I ÂX+ B̂Z 0 0
(ÂX+ B̂Z)⇤ X ✏AX ✏BZ⇤

0 ✏AX ↵�2I 0
0 ✏BZ 0 (1� ↵)�2I

3

775 ⌫ 0 .

No provable guarantees, but works well in practice
and is much faster to solve
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Robust SLS LQR problem
nominal LQR cost

min
�2(0,1),�x,�u

1
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effect of
uncertainty

nominal
achievability

robust stability

infinite dimensional with tractable solutions
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End-to-end sample complexity bounds

⇤c ⇡ A⇤cA
⇤ +BB⇤

Controllability Gramian

Ĵ � J?
J?

 C�cl

⇣
�min(⇤c)

� 1
2 + kK?k2

⌘r
�2(n+ p) log(1/�)

N

�cl := k(zI �A�BK?)
�1kH1

Closed Loop Robustness

excitability difficulty to controlrobustness

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

Theorem
With probability 1� �, for N su�ciently large, the synthesized

controller is stabilizing and achieves the relative performance bound
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End-to-end sample complexity bounds

Hard to estimate
Control insensitive to mismatch

Easy to estimate
Control very sensitive to mismatch

Ĵ � J?
J?

 C�cl

⇣
�min(⇤c)

� 1
2 + kK?k2

⌘r
�2(n+ p) log(1/�)

N
difficulty to controlrobustness

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

excitability

Theorem
With probability 1� �, for N su�ciently large, the synthesized

controller is stabilizing and achieves the relative performance bound
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Cooling a server farm

Slightly unstable system, system ID tends to think 
some nodes are stable

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

xt+1 =

2

4
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0.01 1.01 0.01
0 0.01 0.01

3

5xt +

2

4
1 0 0
0 1 0
0 0 1

3

5ut + wt�t
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Least-squares estimate may yield unstable controller
Robust synthesis yields stable controller
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[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

melt 10%
of the time

robust control design

naive synthesis
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Robust synthesis reduces variance

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]
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Two main takeaways

[Dean, Mania, Matni, Recht, Tu, FoCM 2018, submitted]

Robustness is key
Robustness matters in practice and makes theory tractable

Robust and optimal control as optimization
System Level Synthesis
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Extensions: LQR++

Safety
state/input constraints can be incorporated naturally

Large-scale adaptive control
Structure can be exploited and enforced 

Adaptive online algorithm
can be incorporated into online algorithm with O(T2/3) regret

Nonlinear?
Still looking for the right approach/parameterization…
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An aside on distributed control

C C C CC
C C C C

C C C C CC
C C C C

System Level Synthesis:
maximally exploit system structure

System Level Synthesis provides, for the first time, a unified framework for customized controller synthesis that is
applicable to large-scale distributed systems.

1 End-to-End Sample Complexity Guarantees for Optimal Control

Given the dramatic successes in machine learning and reinforcement learning (RL) over the past half decade,
there has been a resurgence of interest in applying these techniques to continuous control problems in robotics,
self-driving cars, and unmanned aerial vehicles. Though such applications appear to be straightforward gen-
eralizations of standard RL, few fundamental baselines have been established prescribing how well one must
know a system in order to control it. In [5], we describe a contemporary view that merges techniques from
statistical learning theory and robust control to derive baselines for a “Learning LQR” optimal control prob-
lem wherein the system model to be controlled is unknown. We propose a simple 3-step strategy: (i) use
least-squares to estimate a model based on experiments, (ii) use bootstrapping techniques to build probabilis-
tic guarantees about the distance between the estimated and true model, and (iii) solve an optimal control
problem that robustly optimizes the performance of the system while guaranteeing stable and robust execu-
tion for any realization of the estimated model uncertainty. We provide characterizations of the complexity
of learning a linear-time-invariant systems and identify tradeoffs based on how easily controlled a system is,
and further provide sub-optimality guarantees for the robustly stabilizing controller synthesized using the
aforementioned procedure. These results represent a modern take on robust, adaptive and RL based control,
and to the best of our knowledge, establish the first end-to-end baselines for learning in an LQR problem that
do not require restrictive or unrealistic assumptions. This is of course just a first step towards the broader
goal of bringing rigor to RL based control, with the end-goal being to guarantee the safe, efficient and robust
execution of learning systems as applied to continuous control problems: I outline these future plans in §4.

A key enabling technical tool in deriving these results is the System Level Approach to Controller Synthesis
[1, 2, 3, 4], which for the first time allows for clean and interpretable bounds on the performance of a robust
controller to be obtained in terms of the size of the uncertainties of the system estimates. As we describe
next, the SLA also represents a major breakthrough in the scalability of distributed optimal control methods.

2 A System Level Approach to Controller Synthesis
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SLA-LQR (serial)
SLA-LQR (parallel)
Centralized LQR
Distributed (QI)

Figure 1: Computational time needed for the
synthesis of centralized, distributed (QI) and lo-
calized (SLA) LQR controllers as a function of
system size.

As modern CPS become increasingly dynamic and decentralized,
feedback control systems will be essential in guaranteeing their
reliable and robust behavior – indeed robust and predictable be-
havior at the component level of a system allows higher system-
level tasks, such as resource allocation, learning and exploration,
and optimizing social/economic welfare, to be made simpler and
more efficient. However, even seemingly simple decentralized
optimal control problems are intractable (e.g., Witsenhausen’s
counterexample), making it a challenge to extend foundational
results of the field (e.g., the Youla parameterization and DGKF
state-space solutions) to the distributed setting. A recent break-
through was the identification of a broad class of tractable (con-
vex) distributed optimal control problems by Rotkowitz and Lall
in 2006. These systems satisfy a quadratic invariance (QI) prop-
erty, and allow classical (Youla) based synthesis methods to be
used to compute structured controllers. Although QI was an im-
portant step forward, the resulting controllers were not scalable
to synthesize or implement. This lack of scalability has prevented the adoption of these methods in practice,
limiting their scope to systems with at most a few hundred states.

We address this issue by developing the System Level Approach to Controller Synthesis [1, 2, 3, 4], in which
we present an alternative to the Youla parameterization that is naturally suited to distributed (structured)
controller synthesis. By rethinking and generalizing this foundational pillar of modern control theory, we are
able to identify the broadest known class of convex constrained linear optimal control problems, of which QI

2

Figure 2: Computational time needed
to synthesize centralized, distributed
(QI), and localized (SLS) controllers as
a function of system state size.

Future Work

Robustness and Safety for Networked Systems: I believe it is
essential to develop a theory of robustness, akin to that from the 90s
centered around H1 optimal control and µ-synthesis, that is applicable
to large-scale distributed systems. In addition to these methods being
poised to have significant impact on emerging areas such as smart-grids
and intelligent transportation systems, they are key to the principled
integration of learning enabled components. The key in this setting will
be identifying appropriate structural constraints on model uncertainty
(to capture the spatially distributed nature of the system) to impose
in order to ensure robust, but not overly conservative, behavior. SLS
is ideally suited for tackling this problem as it provides a transparent
mapping between system uncertainty and its e↵ect on system perfor-
mance. Similarly, SLS provides a straightforward avenue for extending
MPC (and its ability to include state and input constraints) to the distributed large-scale setting – this is an
avenue that we are actively pursuing and expect to have preliminary results for shortly.

Figure 3: Production Wide Area Net-
work (WAN) used to validate our High
Frequency Tra�c Control algorithm.

Distributed Learning and Control: Consider a fleet of similar (but
not quite identical) self-driving vehicles navigating through a city and
collecting camera, lidar, and other telemetry data. How can the data
collected by the entire fleet be leveraged to improve the safety and per-
formance of each individual vehicle, despite di↵erences in individual ve-
hicle dynamics, operating conditions, etc. Answering this question will
involve drawing on tools from distributed learning and robust control in
order to develop learning and control algorithms that leverage the col-
lective data of the fleet to improve the behavior of an individual vehicle.
As a concrete first step in this direction, I am currently collaboration
with Somayeh Sojoudi’s group at UC Berkeley to integrate our localized
optimal control paradigm with structured inference (namely LASSO) to
extend the results of [1] to the large-scale distributed setting.

Learning and Control in Computer Networks: An exciting de-
velopment in the world of computer networking is the introduction of
Software Defined Networking (SDN), which provides an abstraction be-
tween the traditional forwarding (data) plane and the control plane of a
network. This abstraction allows for an explicit separation between data
forwarding and data control, and provides an interface through which network applications can programmatically
control the network. This in turn allows for diverse, distributed application software to be run using diverse,
distributed hardware in a seamless way. With this increased design freedom comes the opportunity to design more
sophisticated, dynamic, and reactive learning-based network control algorithms.

As a concrete example of progress made in this area, I have developed and implemented (in collaboration with
Ao (Kevin) Tang and his group at Cornell University) a novel approach to in-network congestion management,
which we call High Frequency Tra�c Control (HFTraC) [15], that operates at the network layer at the timescale
of round-trip time. HFTraC’s objective is to minimize a weighted sum of queue length and flow rate fluctuation by
utilizing available bu↵er space in routers network-wide, allowing for the principled exploration and optimization
of the tradeo↵ between packet loss % and queueing length. Another key component of this work is quantifying
how the achievable performance of HFTraC is determined by the network architecture used to implement it (e.g.,
whether router service rate decisions are computed in a decentralized, distributed or centralized manner). Finally,

4

I can’t find good 
dynamics models!

[Wang, Matni, Doyle, ACC 2017, TAC 2019]
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• Learning Linear Systems
- Hardt, Ma, Recht, 2016: descent learns stable linear systems, strong assumptions

- Hazan, Singh, Zhang, 2017: polynomial time algorithm, symmetry assumption

• Probably Approximately Correct (PAC)
- Fietcher 1997: discounted costs, many assumptions on contractivity, some bugs in proof.

• Optimism in the Face of Uncertainty (OFU)
- Abbas-Yadkori and Szepesvári, 2011: regret exponential in the dimension, no guarantee 

of parameter convergence, OFU NP-hard subroutine.

- Faradonbeh, Tewari, Michailidis, 2017: address issues mentioned above except for OFU 

NP-hard subroutine.

• Thompson Sampling
- Ouyang, Gagrani, Jain, 2017: replace OFU subroutine with random sampling approach, 

strong assumptions on uniform stability (contractivity).

A brief (and incomplete) review
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Adaptive control as regret minimization

minimizeR(T ) :=
TX

t=1

⇥
xT
t Qxt + uT

t Rut � J?
⇤

[Dean, Mania, Matni, Recht, Tu, NIPS 2018]

Solve least-
squares problem

Solve robust
control problem

estimates
error bounds

Adapt, collect data, and repeat

Line of work initiated by Abbasi-Yadkori and Szepesvari in 2011
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Adaptive control as regret minimization

minimizeR(T ) :=
TX

t=1

⇥
xT
t Qxt + uT

t Rut � J?
⇤

[Dean, Mania, Matni, Recht, Tu, NIPS 2018]

Theorem: With probability at least 1� �,

R(T ) = Õ(T
2
3 )

Guaranteed stability throughout and 
identification of true system parameters
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Adaptive control as regret minimization
Approach Regret Type “Cheat”

Robust SLS O(T2/3) High probability “Small” initial
uncertainty

Thompson Sampling
[Abeille, Lazariz 17]

O(T2/3) High probability Contractivity

Thompson Sampling
[Ouyang, Gagrani, Jain 17]

O(T1/2) Expectation Pair-wise stability
(contractivity)

OFU
[Farabondeh, Tewari, 

Michalidis, 17]
O(T1/2) High probability NP-hard subroutine

LSTD
[Abbasi-Yadkori, Lazic, 

Szepesvari, 18]
O(T3/4) High probability Contractivity

[Dean, Mania, Matni, Recht, Tu, NIPS 2018]
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time0 T1 T2

Epoch 1 Epoch 2

(Â(i), B̂(i)) = argmin
(A,B)

X

t2Ei

kxt+1 �Axt �Butk22•

K(i) = RobustSLS(Â(i), B̂(i), ✏(i))• sharp bounds 
from time-series data?

u(i) = K(i)x+ ⌘(i)• explore vs. exploit?

At every Ti do:

[Dean, Mania, Matni, Recht, Tu, NIPS 2018]

Adaptive control as regret minimization
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Sharp bounds  from time-series data:

Explore vs. exploit:

⌘t
i.i.d.⇠ N (0,�2

⌘I)Set

[Simchowitz, Mania, Tu, Jordan, Recht, arXiv 2018]
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Excitation

[Dean, Mania, Matni, Recht, Tu, NIPS 2018]
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minimizeR(T ) :=
TX

t=1

⇥
xT
t Qxt + uT

t Rut � J?
⇤

[Dean, Mania, Matni, Recht, Tu, NIPS 2018]

Theorem: With probability at least 1� �,

R(T ) = Õ(T
2
3 )

Guaranteed stability throughout and 
identification of true system parameters

Adaptive control as regret minimization
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Lower bounds for epsilon-greedy approach
u(i) = K(i)x+ ⌘(i)

exploit vs. explore
⌘(i)t ⇠ N (0,�2

⌘,iI)
<latexit sha1_base64="uaTfLTTUQCegFpWzD2WlQxbU96c=">AAACHXicbVBNS8NAFNz4bf2qevSyWIQKUpJS0IOHghe9iIK1QlPDy3ZbF3eTsPsilJA/4sW/4sWDIh68iP/GTe1BqwMLw8w89r0JEykMuu6nMzU9Mzs3v7BYWlpeWV0rr29cmjjVjLdYLGN9FYLhUkS8hQIlv0o0BxVK3g5vjwq/fce1EXF0gcOEdxUMItEXDNBKQbnhc4QAr7Oq2M2pb4SivgK8YSCz07zq7llpoCDIityeyK/r9GQ3KFfcmjsC/Uu8MamQMc6C8rvfi1mqeIRMgjEdz02wm4FGwSTPS35qeALsFga8Y2kEiptuNroupztW6dF+rO2LkI7UnxMZKGOGKrTJYnMz6RXif14nxf5BNxNRkiKP2PdH/VRSjGlRFe0JzRnKoSXAtLC7UnYDGhjaQku2BG/y5L/ksl7z3Jp33qg0D8d1LJAtsk2qxCP7pEmOyRlpEUbuySN5Ji/Og/PkvDpv39EpZzyzSX7B+fgC5FWhHA==</latexit><latexit sha1_base64="uaTfLTTUQCegFpWzD2WlQxbU96c=">AAACHXicbVBNS8NAFNz4bf2qevSyWIQKUpJS0IOHghe9iIK1QlPDy3ZbF3eTsPsilJA/4sW/4sWDIh68iP/GTe1BqwMLw8w89r0JEykMuu6nMzU9Mzs3v7BYWlpeWV0rr29cmjjVjLdYLGN9FYLhUkS8hQIlv0o0BxVK3g5vjwq/fce1EXF0gcOEdxUMItEXDNBKQbnhc4QAr7Oq2M2pb4SivgK8YSCz07zq7llpoCDIityeyK/r9GQ3KFfcmjsC/Uu8MamQMc6C8rvfi1mqeIRMgjEdz02wm4FGwSTPS35qeALsFga8Y2kEiptuNroupztW6dF+rO2LkI7UnxMZKGOGKrTJYnMz6RXif14nxf5BNxNRkiKP2PdH/VRSjGlRFe0JzRnKoSXAtLC7UnYDGhjaQku2BG/y5L/ksl7z3Jp33qg0D8d1LJAtsk2qxCP7pEmOyRlpEUbuySN5Ji/Og/PkvDpv39EpZzyzSX7B+fgC5FWhHA==</latexit><latexit sha1_base64="uaTfLTTUQCegFpWzD2WlQxbU96c=">AAACHXicbVBNS8NAFNz4bf2qevSyWIQKUpJS0IOHghe9iIK1QlPDy3ZbF3eTsPsilJA/4sW/4sWDIh68iP/GTe1BqwMLw8w89r0JEykMuu6nMzU9Mzs3v7BYWlpeWV0rr29cmjjVjLdYLGN9FYLhUkS8hQIlv0o0BxVK3g5vjwq/fce1EXF0gcOEdxUMItEXDNBKQbnhc4QAr7Oq2M2pb4SivgK8YSCz07zq7llpoCDIityeyK/r9GQ3KFfcmjsC/Uu8MamQMc6C8rvfi1mqeIRMgjEdz02wm4FGwSTPS35qeALsFga8Y2kEiptuNroupztW6dF+rO2LkI7UnxMZKGOGKrTJYnMz6RXif14nxf5BNxNRkiKP2PdH/VRSjGlRFe0JzRnKoSXAtLC7UnYDGhjaQku2BG/y5L/ksl7z3Jp33qg0D8d1LJAtsk2qxCP7pEmOyRlpEUbuySN5Ji/Og/PkvDpv39EpZzyzSX7B+fgC5FWhHA==</latexit><latexit sha1_base64="uaTfLTTUQCegFpWzD2WlQxbU96c=">AAACHXicbVBNS8NAFNz4bf2qevSyWIQKUpJS0IOHghe9iIK1QlPDy3ZbF3eTsPsilJA/4sW/4sWDIh68iP/GTe1BqwMLw8w89r0JEykMuu6nMzU9Mzs3v7BYWlpeWV0rr29cmjjVjLdYLGN9FYLhUkS8hQIlv0o0BxVK3g5vjwq/fce1EXF0gcOEdxUMItEXDNBKQbnhc4QAr7Oq2M2pb4SivgK8YSCz07zq7llpoCDIityeyK/r9GQ3KFfcmjsC/Uu8MamQMc6C8rvfi1mqeIRMgjEdz02wm4FGwSTPS35qeALsFga8Y2kEiptuNroupztW6dF+rO2LkI7UnxMZKGOGKrTJYnMz6RXif14nxf5BNxNRkiKP2PdH/VRSjGlRFe0JzRnKoSXAtLC7UnYDGhjaQku2BG/y5L/ksl7z3Jp33qg0D8d1LJAtsk2qxCP7pEmOyRlpEUbuySN5Ji/Og/PkvDpv39EpZzyzSX7B+fgC5FWhHA==</latexit>

�
2
⌘,i = Õ(T�↵

i )
<latexit sha1_base64="w23I122929IL+MbNureaT8O3R2k=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIKChl0R9KAgePFmhESFbFx6J51kcPbBTK8Qlv0JL/6KFw+KeBW8+TdOYg6+ChqKqm66u8JUSUOu++GMjU9MTk3PzJbm5hcWl8rLKxcmybTAhkhUoq9CMKhkjA2SpPAq1QhRqPAyvDkZ+Je3qI1M4jr1U2xF0I1lRwogKwXlbd/IbgRB7iPBtiyud/kR90mqNuZnxWY9kNf5jg8q7UGxFZQrbtUdgv8l3ohU2Ai1oPzutxORRRiTUGBM03NTauWgSQqFRcnPDKYgbqCLTUtjiNC08uFXBd+wSpt3Em0rJj5Uv0/kEBnTj0LbGQH1zG9vIP7nNTPqHLRyGacZYSy+FnUyxSnhg4h4W2oUpPqWgNDS3spFDzQIskGWbAje75f/kovdqudWvfO9yvHhKI4ZtsbW2Sbz2D47ZqesxhpMsDv2wJ7Ys3PvPDovzutX65gzmlllP+C8fQKFmJ5g</latexit><latexit sha1_base64="w23I122929IL+MbNureaT8O3R2k=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIKChl0R9KAgePFmhESFbFx6J51kcPbBTK8Qlv0JL/6KFw+KeBW8+TdOYg6+ChqKqm66u8JUSUOu++GMjU9MTk3PzJbm5hcWl8rLKxcmybTAhkhUoq9CMKhkjA2SpPAq1QhRqPAyvDkZ+Je3qI1M4jr1U2xF0I1lRwogKwXlbd/IbgRB7iPBtiyud/kR90mqNuZnxWY9kNf5jg8q7UGxFZQrbtUdgv8l3ohU2Ai1oPzutxORRRiTUGBM03NTauWgSQqFRcnPDKYgbqCLTUtjiNC08uFXBd+wSpt3Em0rJj5Uv0/kEBnTj0LbGQH1zG9vIP7nNTPqHLRyGacZYSy+FnUyxSnhg4h4W2oUpPqWgNDS3spFDzQIskGWbAje75f/kovdqudWvfO9yvHhKI4ZtsbW2Sbz2D47ZqesxhpMsDv2wJ7Ys3PvPDovzutX65gzmlllP+C8fQKFmJ5g</latexit><latexit sha1_base64="w23I122929IL+MbNureaT8O3R2k=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIKChl0R9KAgePFmhESFbFx6J51kcPbBTK8Qlv0JL/6KFw+KeBW8+TdOYg6+ChqKqm66u8JUSUOu++GMjU9MTk3PzJbm5hcWl8rLKxcmybTAhkhUoq9CMKhkjA2SpPAq1QhRqPAyvDkZ+Je3qI1M4jr1U2xF0I1lRwogKwXlbd/IbgRB7iPBtiyud/kR90mqNuZnxWY9kNf5jg8q7UGxFZQrbtUdgv8l3ohU2Ai1oPzutxORRRiTUGBM03NTauWgSQqFRcnPDKYgbqCLTUtjiNC08uFXBd+wSpt3Em0rJj5Uv0/kEBnTj0LbGQH1zG9vIP7nNTPqHLRyGacZYSy+FnUyxSnhg4h4W2oUpPqWgNDS3spFDzQIskGWbAje75f/kovdqudWvfO9yvHhKI4ZtsbW2Sbz2D47ZqesxhpMsDv2wJ7Ys3PvPDovzutX65gzmlllP+C8fQKFmJ5g</latexit><latexit sha1_base64="w23I122929IL+MbNureaT8O3R2k=">AAACFXicbVDLSgNBEJz1bXxFPXoZDIKChl0R9KAgePFmhESFbFx6J51kcPbBTK8Qlv0JL/6KFw+KeBW8+TdOYg6+ChqKqm66u8JUSUOu++GMjU9MTk3PzJbm5hcWl8rLKxcmybTAhkhUoq9CMKhkjA2SpPAq1QhRqPAyvDkZ+Je3qI1M4jr1U2xF0I1lRwogKwXlbd/IbgRB7iPBtiyud/kR90mqNuZnxWY9kNf5jg8q7UGxFZQrbtUdgv8l3ohU2Ai1oPzutxORRRiTUGBM03NTauWgSQqFRcnPDKYgbqCLTUtjiNC08uFXBd+wSpt3Em0rJj5Uv0/kEBnTj0LbGQH1zG9vIP7nNTPqHLRyGacZYSy+FnUyxSnhg4h4W2oUpPqWgNDS3spFDzQIskGWbAje75f/kovdqudWvfO9yvHhKI4ZtsbW2Sbz2D47ZqesxhpMsDv2wJ7Ys3PvPDovzutX65gzmlllP+C8fQKFmJ5g</latexit>

TX

t=1

E
⇥
x>
t Qxt + u>

t Rut � J?
⇤
� ⌦̃(T 1�↵)

<latexit sha1_base64="f4LOd4cFct4gQAax+NrxhvShmq0="></latexit><latexit sha1_base64="f4LOd4cFct4gQAax+NrxhvShmq0="></latexit><latexit sha1_base64="f4LOd4cFct4gQAax+NrxhvShmq0="></latexit><latexit sha1_base64="f4LOd4cFct4gQAax+NrxhvShmq0="></latexit>

Regret lower bounded by:

����
Â�A?

B̂ �B?

����  ✏ =) T � ⌦̃
⇣
✏�

2
1�↵

⌘

<latexit sha1_base64="v7eXkHF4W41rCpy4GNeZrtPC++w="></latexit><latexit sha1_base64="v7eXkHF4W41rCpy4GNeZrtPC++w="></latexit><latexit sha1_base64="v7eXkHF4W41rCpy4GNeZrtPC++w="></latexit><latexit sha1_base64="v7eXkHF4W41rCpy4GNeZrtPC++w="></latexit>

R(T ) � ⌦̃
�
✏�2

�
<latexit sha1_base64="yjks82vQrHz0c581uFthgp3YXNo=">AAACG3icbVDLSgNBEJz1bXxFPXoZDEI8GHaDYI6CF28+MFHIxjA76d0Mzs6uM71CWPIfXvwVLx4U8SR48G+cPA6aWNBQVHXT3RWkUhh03W9nZnZufmFxabmwsrq2vlHc3GqYJNMc6jyRib4JmAEpFNRRoISbVAOLAwnXwd3JwL9+AG1Eoq6wl0IrZpESoeAMrdQuVi/LV/vUj+Ce+ihkB3L/LIaI9X0JIZZ9SI2QibrND6p9X4uoi/vtYsmtuEPQaeKNSYmMcd4ufvqdhGcxKOSSGdP03BRbOdMouIR+wc8MpIzfsQialioWg2nlw9/6dM8qHRom2pZCOlR/T+QsNqYXB7YzZtg1k95A/M9rZhjWWrlQaYag+GhRmEmKCR0ERTtCA0fZs4RxLeytlHeZZhxtnAUbgjf58jRpVCueW/EuDkvHtXEcS2SH7JIy8cgROSan5JzUCSeP5Jm8kjfnyXlx3p2PUeuMM57ZJn/gfP0AQvWg7Q==</latexit><latexit sha1_base64="yjks82vQrHz0c581uFthgp3YXNo=">AAACG3icbVDLSgNBEJz1bXxFPXoZDEI8GHaDYI6CF28+MFHIxjA76d0Mzs6uM71CWPIfXvwVLx4U8SR48G+cPA6aWNBQVHXT3RWkUhh03W9nZnZufmFxabmwsrq2vlHc3GqYJNMc6jyRib4JmAEpFNRRoISbVAOLAwnXwd3JwL9+AG1Eoq6wl0IrZpESoeAMrdQuVi/LV/vUj+Ce+ihkB3L/LIaI9X0JIZZ9SI2QibrND6p9X4uoi/vtYsmtuEPQaeKNSYmMcd4ufvqdhGcxKOSSGdP03BRbOdMouIR+wc8MpIzfsQialioWg2nlw9/6dM8qHRom2pZCOlR/T+QsNqYXB7YzZtg1k95A/M9rZhjWWrlQaYag+GhRmEmKCR0ERTtCA0fZs4RxLeytlHeZZhxtnAUbgjf58jRpVCueW/EuDkvHtXEcS2SH7JIy8cgROSan5JzUCSeP5Jm8kjfnyXlx3p2PUeuMM57ZJn/gfP0AQvWg7Q==</latexit><latexit sha1_base64="yjks82vQrHz0c581uFthgp3YXNo=">AAACG3icbVDLSgNBEJz1bXxFPXoZDEI8GHaDYI6CF28+MFHIxjA76d0Mzs6uM71CWPIfXvwVLx4U8SR48G+cPA6aWNBQVHXT3RWkUhh03W9nZnZufmFxabmwsrq2vlHc3GqYJNMc6jyRib4JmAEpFNRRoISbVAOLAwnXwd3JwL9+AG1Eoq6wl0IrZpESoeAMrdQuVi/LV/vUj+Ce+ihkB3L/LIaI9X0JIZZ9SI2QibrND6p9X4uoi/vtYsmtuEPQaeKNSYmMcd4ufvqdhGcxKOSSGdP03BRbOdMouIR+wc8MpIzfsQialioWg2nlw9/6dM8qHRom2pZCOlR/T+QsNqYXB7YzZtg1k95A/M9rZhjWWrlQaYag+GhRmEmKCR0ERTtCA0fZs4RxLeytlHeZZhxtnAUbgjf58jRpVCueW/EuDkvHtXEcS2SH7JIy8cgROSan5JzUCSeP5Jm8kjfnyXlx3p2PUeuMM57ZJn/gfP0AQvWg7Q==</latexit><latexit sha1_base64="yjks82vQrHz0c581uFthgp3YXNo=">AAACG3icbVDLSgNBEJz1bXxFPXoZDEI8GHaDYI6CF28+MFHIxjA76d0Mzs6uM71CWPIfXvwVLx4U8SR48G+cPA6aWNBQVHXT3RWkUhh03W9nZnZufmFxabmwsrq2vlHc3GqYJNMc6jyRib4JmAEpFNRRoISbVAOLAwnXwd3JwL9+AG1Eoq6wl0IrZpESoeAMrdQuVi/LV/vUj+Ce+ihkB3L/LIaI9X0JIZZ9SI2QibrND6p9X4uoi/vtYsmtuEPQaeKNSYmMcd4ufvqdhGcxKOSSGdP03BRbOdMouIR+wc8MpIzfsQialioWg2nlw9/6dM8qHRom2pZCOlR/T+QsNqYXB7YzZtg1k95A/M9rZhjWWrlQaYag+GhRmEmKCR0ERTtCA0fZs4RxLeytlHeZZhxtnAUbgjf58jRpVCueW/EuDkvHtXEcS2SH7JIy8cgROSan5JzUCSeP5Jm8kjfnyXlx3p2PUeuMM57ZJn/gfP0AQvWg7Q==</latexit>

Estimation error of ✏ incurs ⌦̃(✏�2) regret
<latexit sha1_base64="GOu3TvYUcNbm/cChaSjXPzP2cNA="></latexit><latexit sha1_base64="GOu3TvYUcNbm/cChaSjXPzP2cNA="></latexit><latexit sha1_base64="GOu3TvYUcNbm/cChaSjXPzP2cNA="></latexit><latexit sha1_base64="GOu3TvYUcNbm/cChaSjXPzP2cNA="></latexit>
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Adaptive control as regret minimization


