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Proton size puzzle

! Charge radius of the nucleon 

!              discrepancy between µH and H / e-p scattering

Size of the Proton

2

FIG. 1: Extractions of the proton charge radius from muonic hydrogen measurements [1, 2], hydrogen
spectroscopy [3], electron scattering measurements at Mainz [6, 7], and a global analysis of earlier world
data [4]. The direct average shown is compared to the CODATA-2010 evaluation [3]. Figure courtesy of
Randolf Pohl.

warranted. While none of these appear likely to resolve to the discrepancy with muonic hydrogen

measurements, some issues remain which deserve more detailed examination.

II. GENERAL ISSUES IN THE EXTRACTION OF THE RADII

One obtains the charge and magnetic form factors, GE(Q2) and GM(Q2), from unpolarized

cross section measurements by performing a Rosenbluth separation [9] which uses the angle-

dependence at fixed Q2 to separate the charge and magnetic contributions. The cross section at

fixed Q2 is proportional to the ’reduced’ cross section σR = τG2
M + εG2

E, where τ = Q2/(4M2
p )

and ε−1 = [1 + 2(1 + τ) tan2(θ/2)]. At low Q2, the magnetic contribution is strongly suppressed

except for very small ε values, corresponding to large scattering angle. Because of the difficul-

ties in making very large angle scattering measurements at low Q2, a significant extrapolation to

ε = 0 is required and even sub-percent uncertainties on the cross sections can yield significant

uncertainties on small contribution from GM(Q2).

Because one often combines data from many experiments, each of which has an uncertainty in

its normalization uncertainty, the normalizations factors of the limited number of large-angle data

sets have a great impact on the extraction of GM . If these normalization factors are allowed to

vary in the fit, which is the most common approach, then a small shift in normalization between

large and small angle data sets can yield a significant shift of strength between GE and GM over

a range in Q2 values. Polarization observables are sensitive to the ratio GE/GM [10, 11] and can

thus provide not only direct information on the form factors, but also improve the determination
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q2 < 0

Proton-size puzzle

μ hydrogen 
Lamb shift ep scattering

Hydrongen Lamb shift

GE(q2) = 1 � q2

6
⇥r2⇤E +O(q4)

Slide from S. Sasaki in QCDdownunder2017

⟨r2⟩E differs in µ-proton and e-proton experiments.
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Proton size puzzle: recent status

 (fm)
p

Proton charge radius R
0.8 0.82 0.84 0.86 0.88 0.9 0.92

CODATA-2014

e-p scattering

H spectroscopy

p 2013m

p 2010m

H spectroscopy 2017

H spectroscopy 2018

PRad (Preliminary)

s5.6 

Proton Charge Radius “Problem”

13NSAC Meeting NSF  NP Overview                   NOV-2018

PRad Preliminary result:
Rp = 0.830  ± 0.008 (stat.) ± 0.018 (syst.) fm Nilanga Liyanage 2018 DNP Meeting

Slide from A. Opper, NSAC Meeting

Discrepancies in e-proton
recent e-proton agree with µ-proton

⇒ More complicated situation

Several experiments proposed to resolve this puzzle

e.g. ULQ2 Collaboration (Tohoku Univ., Japan)

Lattice QCD can calculate ⟨r2E⟩ from the first principle.
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Status of Lattice QCD at ∼2017
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Our goal of nucleon form factor calculation

near mphys
π = 0.135 GeV → reduce error ∼< 1% at mphys

π

⟨r2E⟩: judge two experiments

gA: calculation with 3-pt; cf) 2-pt calculation [CalLat, Nature:558:91(2018)]
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Calculation method

3

the Gaussian smearing operator with APE [18] smear-
ing, using 50 steps and ↵

APE

=0.5. An optimized ra-
tio [19–21] of the three-point function over a combination
of two-point functions is used to cancel time dependent
exponentials and overlaps, given by
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Contracting the quark fields in Eq. (8) gives rise to two

types of diagrams depicted in Fig. 1, namely the so-called
connected and disconnected contributions. In the case of

0 0

j

0 0

j

FIG. 1. Connected (upper panel) and disconnected (lower
panel) contributions to the nucleon three-point function, with
the source at x0, the sink at xs and the current insertion (jµ)
at xins.

the connected diagram, the insertion operator couples to
a valence quark and an all-to-all propagator arises be-
tween sink and insertion. We use sequential inversions
through the sink that require keeping the sink-source
time separation t

s

, the projector, and the sink momen-
tum ~p

0 fixed. We perform additional sets of inversions
to compute the three-point function for several values
of t

s

, for both the unpolarized and polarized projectors,
setting ~p

0=~0. We use an appropriately tuned multigrid

algorithm [22–24] for the e�cient inversion of the Dirac
operator entering in the computation of the connected
diagram. The disconnected diagram involves the discon-
nected quark loop correlated with the nucleon two-point
correlator. The disconnected quark loop is given by
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where D
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) is the quark propagator which
starts and ends at the same point x

ins

and G is a general
�-structure, which for this work is the vector current.
A direct computation of quark loops would need inver-
sions from all-to-all spatial points on the lattice, making
the evaluation unfeasible for our lattice size. We there-
fore employ stochastic techniques to estimate it combined
with dilution schemes [25] that take into account the
sparsity of the Dirac operator and its decay properties.
Namely, in this work, we employ the hierarchical prob-

ing technique [10], which provides a partitioning scheme
that eliminates contributions from neighboring points in
the trace of Eq. 11 up to a certain distance 2k. Us-
ing Hadamard vectors as the basis vectors for the par-
titioning, one needs 2d⇤(k�1)+1 vectors, where d=4 for
a 4-dimensional partitioning. Note that the computa-
tional resources required are proportional to the number
of Hadamard vectors, and therefore in d=4 dimensions
increase 16-fold each time the probing distance increases
by one. Contributions entering from points beyond the
probing distance are expected to be suppressed due to
the exponential decay of the quark propagator and are
treated with standard noise vectors which suppress all
o↵-diagonal contributions by 1/

p
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where N

r

is the size of the stochastic ensemble. Hier-
archical probing has been employed with great success
in previous studies [26, 27] for an ensemble with a pion
mass of 317 MeV. For simulations at the physical point,
it is expected that a larger probing distance is required
since the light quark propagator decays more slowly at
smaller quark masses. We avoid the need of increasing
the distance by combining hierarchical probing with de-
flation of the low modes [11], namely we construct the low
mode contribution to the light quark loops by computing
exactly the 200 smallest eigenvalues and corresponding
eigenvectors of the squared Dirac operator and combine
with the contribution from the remaining modes which
are estimated using hierarchical probing. Additionally,
we employ the one-end trick [28], used in our previous
studies [29–32] and fully dilute in spin and color.

B. Gauge Ensembles and Statistics

For the extraction of the electromagnetic form fac-
tors we analyze one N

f

=2+1+1 ensemble [5] and one

Figure [ETM, arXiv:1812.10311]
Nucleon 3-point function

C3
jµ
(t, q) = ⟨0|N(0⃗, ts)jµ(q⃗, t)N(−q⃗, t0)|0⟩

t−t0≫1−−−−−→
ts−t≫1

⟨N |jµ|N⟩

jµ =



jEM
µ ; GE(q

2), GM(q2)

Aµ ; gA, FA(q
2), FP (q

2)

Tµν ; gT

S ; gS

• isovector form factors (mu = md) w/o disconnected diagrams

• large tsep = ts − t0 or investigation of tsep dependence

tune smearing parameters for early plateau

using wider smearing than other groups
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Simulation parameters

Nf = 2+ 1 Iwasaki gauge + stout smeared Wilson clover quarks

β = 1.82 corresponding to a−1 = 2.3 GeV
L3T 964 1284

La[fm] 8.1 10.8
mπ[MeV] 146 135
Smear Exp Exp Gauss
tsep 15 10 12 14 16 13 16

Nmeas 12800 2560 5120 6400 10240 2560 8960
Preliminary result

964 lattice [PRD98:7:074510(2018)]

generated by K computer (HPCI Strategic Program Field 5) [PoS(LATTICE2015):075(2016)]

1284 lattice (PACS10 configuration) [PRD99:1:014510(2019)]

parameters of configuration [PRD99:1:014504(2019)]

PACS10 configuration: La > 10 fm at mphys
π

L3T = 1284,1604,2564 at a = 0.08,0.06,0.04 fm, respectively

remove main systematic uncertainties in lattice QCD calculation
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Simulation parameters

Nf = 2+ 1 Iwasaki gauge + stout smeared Wilson clover quarks
β = 1.82 corresponding to a−1 = 2.3 GeV

L3T 964 1284

La[fm] 8.1 10.8
mπ[MeV] 146 135
Smear Exp Exp Gauss
tsep 15 10 12 14 16 13 16

Nmeas 12800 2560 5120 6400 10240 2560 8960
Preliminary result

964 lattice [PRD98:7:074510(2018)] represented by PACS’18

Exponential smearing: parameters tuned for smear-local 2pt.

1284 lattice (PACS10 configuration) [PRD99:1:014510(2019)]

Cost reduction comparing 964 calculation
Exponential smearing: parameters tuned for 3pt. (∼ ×2)
all-mode-averaging method (∼ ×3) [Blum et al., PRD88:094503(2013);· · · ]

deflated low mode (∼ ×10) [Lüscher, JHEP0707:81(2007)]

Gaussian smearing (preliminary) ω = 8, N = 110 w/ APE step

6-a



Results



Axialvector coupling [PACS, PRD99:1:014510(2019)]

ZAC
3
A(t,0)/CN(ts), CN(t): 2-pt function, ZA calculated in SF scheme
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Axialvector coupling [PACS, PRD99:1:014510(2019)]

ZAC
3
A(t,0)/CN(ts), CN(t): 2-pt function, ZA calculated in SF scheme
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Bare Tensor and Scalar couplings

Tensor coupling Scalar coupling
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ZMS
T (2GeV) and ZMS

S (2GeV) calculated by N. Tsukamoto

RI/SMOM scheme in µ = 1–5 [GeV] → convert to MS scheme at 2 GeV

ZMS
T (2GeV) ZMS

S (2GeV)
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µ dependence is seen.

• lattice artifact at large µ

• non-perturbative effect at small µ

Remove µ dependence by fit with c0 + c1µ
2 + c2µ

4 + c−1/µ
2
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ZMS
T (2GeV) and ZMS

S (2GeV) calculated by N. Tsukamoto

RI/SMOM scheme in µ = 1–5 [GeV] → convert to MS scheme at 2 GeV
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Preliminary results

ZMS
T (2GeV) = 1.030(5)stat(X)sys

ZMS
S (2GeV) = 0.933(7)stat(Y )sys

9-a



gMS
T (2GeV) and gMS

S (2GeV) calculated by N. Tsukamoto

Preliminary results
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gS : small tsep dependence; large statistical error

Consistent with PACS’18 [PRD98:7:074510(2018)]

Consistent with FLAG19 average in gT and gS
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tsep dependence of Gv
M(q2) [PACS, PRD99:1:014510(2019)]

Exponential source, ZV calculated in SF scheme
Ratio of 3-pt to 2-pt functions
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Isovector EM form factors [PACS, PRD99:1:014510(2019)]
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Small tsep dependence

Consistent with PACS’18 [PRD98:7:074510(2018)] with much smaller error
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Isovector EM form factors [PACS, PRD99:1:014510(2019)]

Electric form factor Magnetic form factor
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Gauss, t
sep

/a=16, Preliminary

Small tsep dependence

Consistent with PACS’18 [PRD98:7:074510(2018)] with much smaller error

Discrepancy in GE with Gauss source

→ under investigation, will not discuss GE in the following
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Isovector EM form factors [PACS, PRD99:1:014510(2019)]

Magnetic form factor

0 0.05 0.1
q2 [GeV2]
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G
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Kelly
Exp, tsep/a={14,16}

Exp, tsep/a={12,14,16}

PACS’18, tsep/a=15

Gauss, t
sep

/a=16, Preliminary

Small tsep dependence

Consistent with PACS’18 [PRD98:7:074510(2018)] with much smaller error

Gv
M(q2) agrees with experimental curve.

Dipole form fit works. dipole form: Gv
M(q2) =

Gv
M(0)

(1 + ⟨r2M⟩vq2/[12Gv
M(0)])2
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Comparison of ⟨r2M⟩v and µv [PACS, PRD99:1:014510(2019)]

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
<rM

2>v
1/2 [fm]

2.8 3.2 3.6 4 4.4 4.8
µv

This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

Hasan et al.

ETMC’18
ETMC’18

statistical and systematic errors (fit form and tsep dependences) added in quadrature

Much smaller error than PACS’18

Consistent with experiment and recent lattice results
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Axialvector form factor FA(q
2) [PACS, PRD99:1:014510(2019)]

ZA calculated in SF scheme
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Green et al.
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PACS’18

This work

Hasan et al.

This work

PACS’18

Green et al.

PNDME’17

CalLat

CLS-Mainz

PNDME’17

ETMC

Experiment
√

⟨r2A⟩ = 0.67(1) fm [Bernard et al., JPG28:R1(2002)]

small tsep dependence; Consistent with Gauss source

Consistent with PACS’18 with much smaller error

gA and
√
⟨r2A⟩ agree with experiment
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Induced pseudoscalar form factor FP(q
2) [PACS, PRD99:1:014510(2019)]
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mπ=0.135 GeV, 128c, tsep/a=14

significantly smaller than experiments and PPD

Pion pole dominance (PPD): 2MNFP (q
2) =

4M2
NFA(q

2)

m2
π + q2
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Induced pseudoscalar form factor FP(q
2) [PACS, PRD99:1:014510(2019)]

0 0.02 0.04 0.06 0.08 0.1

q
2
 [(GeV)2]

0

20

40

60

80

100

120

140

160

2M
N

F P(q
2 )

2MNFP
PPD(q)

experiment (muon capture)
experiment (pion-electroproduction)
mπ=0.146 GeV, 96c, tsep/a=15

mπ=0.135 GeV, 128c, tsep/a=16

mπ=0.135 GeV, 128c, tsep/a=14

Q1

Q2 Q3 Q4

8 9 10 11 12 13 14 15 16 17 18
tsep/a

20

30

40

50

60

70

80

90

100

2M
N

F P(
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clear tsep dependence → large excited state contribution

Several discussions of excited state contribution
quark mass shift in Axial Ward-Takahashi identity

[Sasaki and TY, PRD78:014510(2008); PACS, PRD98:7:074510(2018)]

πN scattering contribution in HBChPT [Bär, PRD99:5:054506(2018)]

projection using ⟨N |Ai|N⟩ and ⟨N |A4|N⟩ [Bali et al., PLB789:666(2019)]

multi-exponential fits of 3-pt function [PNDME, Lattice2019]
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Excited state contamination in Ai matrix elements

RAi
=

CAi
(t, q)

e−MN(t−tsrc)e−EN(tsink−t)
∝ FA(q

2)δi3 −
qiq3

EN +MN
FP (q

2)

CAµ
(t, q) = Tr

[
P53⟨0|N(tsink,0)Aµ(t, q)N(tsrc,−q)|0⟩

]
, P53 =

1+ γ4

2
γ5γ3
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mπ=0.135 GeV, 128c, tsep/a=14

not significant contamination significant contamination

Significant excited state contamination is observed only in FP (q
2).
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Excited state contamination in Ai matrix elements

RAi
=

CAi
(t, q)

e−MN(t−tsrc)e−EN(tsink−t)
∝ FA(q

2)δi3 −
qiq3

EN +MN
FP (q

2)

CAµ
(t, q) = Tr

[
P53⟨0|N(tsink,0)Aµ(t, q)N(tsrc,−q)|0⟩

]
, P53 =

1+ γ4

2
γ5γ3

R0
A3

∝ FA(q
2) (q3 = 0)

RNZ
A3

∝ FA(q
2)−

q23
EN +MN

FP (q
2) (q3 ̸= 0)

RAj
∝ −

q3qj

EN +MN
FP (q

2) (q3, qj ̸= 0, j = 1,2)

Determination of FA(q
2) and FP (q

2)

(q⃗L/2π)2 q⃗L/2π example FA(q
2) FP (q

2)

1 (1,0,0) R0
A3

RNZ
A3

, R0
A3

2 (1,1,0) R0
A3

RAj

3 (1,1,1) RNZ
A3

, RAj
RAj

4 (2,0,0) R0
A3

RNZ
A3

, R0
A3
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Excited state contamination in Ai matrix elements

label (q⃗L/2π)2 q⃗L/2π example FA(q2) FP(q2)

Q1 1 (1,0,0) R0
A3

RNZ
A3

, R0
A3

Q2 2 (1,1,0) R0
A3

RAj

Q3 3 (1,1,1) RNZ
A3

, RAj
RAj

Q4 4 (2,0,0) R0
A3

RNZ
A3

, R0
A3
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mπ=0.135 GeV, 128c, tsep/a=14

Q1

Q2 Q3 Q4

not significant contamination significant contamination

Excited state contamination proportional to q3

Contamination canceled in proper combination of RNZ
A3

and RAj
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Excited state contamination in Ai matrix elements

Expected properties of excited state contamination

Excited state contamination proportional to q3
Contamination canceled in proper combination of RNZ

A3
and RAj

Same properties are predicted in HBChPT.

LO HBChPT [Bär, PRD99:5:054506(2018)]

Leading πN contribution proportional to q3
Cancellation of leading πN contributions can be shown

using PPD assumption

Pion pole dominance (PPD): FP(q
2) =

2MNFA(q2)

m2
π + q2

Expected properties useful to develop new analysis method

Similar cancellation may happen in A4 and Ai matrix elements.
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Summary

Nucleon form factors by PACS Collaboration

large volume > (8 fm)3 (near) at physical pion mass

964 [PRD98:7:074510(2018)] and PACS10 [PRD99:1:014510(2019)] configurations

Isovector couplings and form factors

– gA agrees with experiment, and gT , gS agree with FLAG19 average

– GM(q2), FA(q
2) agree well with experiment

– FP (q
2) has large tsep dependence (new analysis method necessary)

Future works

– investigate discrepancy in GE(q
2)

– continuum extrapolation

PACS10 configuration 1604 and 2564

– disconnected diagram calculation
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Back up



Isovector form factors

• Vector and induced tensor form factors
(elastic proton-electron scattering)

⟨N, p|Vµ(q)|N, p′⟩ = uN(p)

(
F1(q

2)γµ + iσµνqν
F2(q

2)

2MN

)
uN(p′)

F1(q
2), F2(q

2) → GE(q
2) = F1(q

2)−
q2

4MN
F2(q

2)

GM(q2) = F1(q
2) + F2(q

2)

• Axialvector and induced pseudoscalar form factors
(β decay; muon capture on proton; neutrino-nucleon scattering; pion electropro-

duction)

⟨N, p|Aµ(q)|N, p′⟩ = uN(p)
(
FA(q

2)iγ5γµ + iγ5qµFP (q
2)
)
uN(p′)

• Pseudoscalar form factor
⟨N, p|P (q)|N, p′⟩ = uN(p)

(
GP (q

2)γ5
)
uN(p′)

• Axial Ward-Takahashi identity
2MNFA(q

2)− q2FP (q
2) = 2mqGP (q

2)
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Effective mass on 1284 lattice

0 5 10 15 20
t
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Exp-Local
Exp-Exp
Gauss-Local
Gauss-Gauss

Gauss source preliminary

Exponential and Gauss sources : plateau starts in t ∼ 10

Exponential : easy to tune parameter

error of 3pt at the same tsep: exponential > Gauss

→ error of 2pt : Exp-Exp > Gauss-Gauss, e.g., t = 16
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