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LANL-SWME Collaboration

LANL–SWME Collaboration I

Seoul National University (SWME):
Prof. Weonjong Lee
8 graduate students  [data analysis]

Yonsei University (SWME):
Dr. Jon Bailey (Lecturer)

University of Washington (SWME):
Prof. Stephen Sharpe

Brookhaven National Laboratory (SWME):
Dr. Chulwoo Jung (Sta↵ Scientist)
Dr. Yong-Chull Jang (Postdoc)  [data analysis]
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LANL–SWME Collaboration II

Los Alamos National Laboratory (LANL):
Dr. Rajan Gupta (Lab Fellow)
Dr. Tanmoy Bhattacharya (Sta↵ Scientist)
Dr. Boram Yoon (Sta↵ Scientist)
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Testing the Standard Model CKM matrix elements

CKM matrix elements

8 / 151



Testing the Standard Model CKM matrix elements

Charged Current Lagrangian in Quark Sector of the SM

LW =
gwp
2

X

i=1,2,3

X

k=1,2,3

⇥
Vjk ūjL�

µ
dkLW

+

µ + V

⇤
jk d̄kL�

µ
ujLW

�
µ

⇤
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@
u

c

t

1

A , dk =
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@
d

s

b

1

A
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Vjk =

0

@
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A
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Testing the Standard Model CKM matrix elements

CKM matrix elements

Standard Parametrization:
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Wolfenstein Parametrization:

s

12

= �, s

23

= A�2, s

13

= A�3
p
⇢2 + ⌘2,

V =

0

BBBB@

1� �2

2
� A�3(⇢� i⌘)

�� 1� �2

2
A�2

A�3(1� ⇢� i⌘) �A�2 1

1

CCCCA
+O(�4)

where � = |Vus | ⇠= 0.22, A

⇠= 0.83, ⇢ ⇠= 0.16, ⌘ ⇠= 0.35
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Testing the Standard Model M � ¯M Mixing

[Meson]–[Anti-Meson] Mixing
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Testing the Standard Model M � ¯M Mixing

M �M Mixing

It is possible only for the 4 neutral mesons.

K

0

⇠= s̄d  ! K

0

⇠= sd̄ 497.611(13)MeV ⇠= 0.5GeV

D

0

⇠= cū  ! D

0

⇠= c̄u 1864.83(5)MeV ⇠= 1.9GeV

Bd
⇠= b̄d  ! Bd

⇠= bd̄ 5279.64(13)MeV ⇠= 5.3GeV

Bs
⇠= b̄s  ! Bs

⇠= bs̄ 5366.88(17)MeV ⇠= 5.4GeV
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Testing the Standard Model M � ¯M Mixing

K0 � K 0 Mixing

s̄ q = u, c, t dVqs V ⇤
qd

K0 W W

d q0 = u, c, t s̄V ⇤
q0d Vq0s

K̄0

This is the main topic of the talk.

Hence, we will discuss it later.
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Testing the Standard Model M � ¯M Mixing

B
d

� B
d

Mixing

b̄ q = u, c, t dVqb V ⇤
qd

Bd W W

d q0 = u, c, t b̄V ⇤
q0d Vq0b

B̄d

t � t box ! xt(VtbV
⇤
td)

2 ⇠= xtA
2�6(1� ⇢+ i⌘)2 with xt = (mt/mW )2

c � c box ! xc(VcbV
⇤
cd)

2 ⇠= xcA
2�6 ⇠= 1

16000

⇥ [t � t box]
c � t box ! pxcxt(VcbV

⇤
cd · VtbV

⇤
td)
⇠= �pxcxtA2�6(1� ⇢+ i⌘)

�md =
G

2

F

6⇡2
MBd

f

2

Bd
B̂Bd

M

2

WS(xt)(VtbV
⇤
td)

2

14 / 151



Testing the Standard Model M � ¯M Mixing

B
s

� B
s

Mixing

b̄ q = u, c, t sVqb V ⇤
qs

Bs W W

s q0 = u, c, t b̄V ⇤
q0s Vq0b

B̄s

t � t box ! xt(VtbV
⇤
ts)

2 ⇠= xtA
2�4 with xt = (mt/mW )2

c � c box ! xc(VcbV
⇤
cs)

2 ⇠= xcA
2�4 ⇠= 1

16000

⇥ [t � t box]
c � t box ! pxcxt(VcbV

⇤
cs · VtbV

⇤
ts) ⇠= �

p
xcxtA

2�4

�ms =
G

2

F

6⇡2
MBs f

2

Bs
B̂BsM

2

WS(xt)(VtbV
⇤
ts)

2
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Testing the Standard Model M � ¯M Mixing

D0 � D0 Mixing

ū q = b, s, d cV ⇤
uq Vcq

D0 W W

c q0 = b, s, d ūVcq0 V ⇤
uq0

D̄0

b � b box ! xb(VcbV
⇤
ub)

2 ⇠= xbA
4�10(⇢+ i⌘)2 with xb = (mb/mW )2

s � s box ! xs(VcsV
⇤
us)

2 ⇠= xs�2 ⇠= 200 ⇥ [b � b box]
d � d box ! xd(VcdV

⇤
ud · VcdV

⇤
ud)
⇠= xd�2 ⇠= [b � b box]

Hence, the long distance e↵ect from the s � s box becomes dominant
and important. ! Very tough in lattice QCD.
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Testing the Standard Model M � ¯M Mixing

�M
K

: Real Part of K0 � K 0 Mixing
s̄ q = u, c, t dVqs V ⇤

qd

K0 W W

d q0 = u, c, t s̄V ⇤
q0d Vq0s

K̄0

t� t box! xt(VtsV
⇤
td)

2 ⇠= xtA
4�10(1�⇢+ i⌘)2 with xt = (mt/mW )2

c � c box ! xc(VcsV
⇤
cd)

2 ⇠= xc�2 ⇠= 25⇥ Re[t � t box]

u � u box ! xu(VusV
⇤
ud)

2 ⇠= xu�2 ⇠= 1

2800

⇥ Re[t � t box]

Hence, the c � c box becomes dominant. Hence, the long distance
e↵ect (⇡ 30%) becomes important.
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Testing the Standard Model M � ¯M Mixing

"
K

: Imaginary Part of K0 � K 0 Mixing

s̄ q = u, c, t dVqs V ⇤
qd

K0 W W

d q0 = u, c, t s̄V ⇤
q0d Vq0s

K̄0

t � t ! xtIm(VtsV
⇤
td)

2 ⇠= 2xtA4�10(1� ⇢)⌘ with xt = (mt/mW )2

c � c ! xcIm(VcsV
⇤
cd)

2 ⇠= �2xcA2�6⌘ ⇠= � 1

25

⇥ Re[t � t box]
c � t ! 2

p
xcxt Re(VcsV

⇤
cd)Im(VtsV

⇤
td)
⇠= 2
p
xcxtA

2�6⌘ ⇠= +1

5

⇥
Re[t � t box]
Hence, the t � t box is dominant (86%), the c � t box is
sub-dominant (17%), and the c � c box is small and negative
(�3.4%).
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Testing the Standard Model CP violation in Neutral Kaons

CP Violation in Neutral Kaons
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Testing the Standard Model CP violation in Neutral Kaons

Kaon Eigenstates and "

Flavor eigenstates, K 0 = (s̄d) and K̄

0 = (sd̄) mix via box diagrams.
W

W

s d

d s

u,c,t u,c,t

(a)

u,c,t

u,c,t

s d

d s

W W

(b)

CP eigenstates K
1

(even) and K

2

(odd).

K

1

=
1p
2
(K 0 � K̄

0) K

2

=
1p
2
(K 0 + K̄

0)

Neutral Kaon eigenstates KS and KL.

KS =
1p

1 + |"̄|2 (K1

+ "̄K
2

) KL =
1p

1 + |"̄|2 (K2

+ "̄K
1

)
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Testing the Standard Model CP violation in Neutral Kaons

Kaon Eigenstates and "

Flavor eigenstates, K 0 = (s̄d) and K̄

0 = (sd̄) mix via box diagrams.
W

W

s d

d s

u,c,t u,c,t

(a)

u,c,t

u,c,t

s d

d s

W W

(b)

CP eigenstates K
1

(even) and K
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1p
2
(K 0 � K̄

0) K

2

=
1p
2
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Neutral Kaon eigenstates KS and KL.

KS =
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1 + |"̄|2 (K1

+ "̄K
2

) KL =
1p

1 + |"̄|2 (K2
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)
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Testing the Standard Model CP violation in Neutral Kaons

Kaon Eigenstates and "

Flavor eigenstates, K 0 = (s̄d) and K̄

0 = (sd̄) mix via box diagrams.
W

W

s d

d s

u,c,t u,c,t

(a)

u,c,t

u,c,t

s d

d s

W W

(b)

CP eigenstates K
1

(even) and K

2

(odd).

K

1

=
1p
2
(K 0 � K̄

0) K

2

=
1p
2
(K 0 + K̄

0)

Neutral Kaon eigenstates KS and KL.

KS =
1p

1 + |"̄|2 (K1

+ "̄K
2

) KL =
1p

1 + |"̄|2 (K2

+ "̄K
1

)
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Testing the Standard Model CP violation in Neutral Kaons

Indirect CP violation and direct CP violation

�KL
⇠= 500⇥ �KS

! only for neutral Kaons.

It is possible to produce a high quality beam of KL.

|"K | = |"| ⇠= 2.2⇥ 10�3.

|"0/"| ⇠= 1.7⇥ 10�3.
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Testing the Standard Model CP violation in Neutral Kaons

"
K

and B̂
K

, |V
cb

| I

Definition of "K

"K ⌘ A[KL ! (⇡⇡)I=0

]

A[KS ! (⇡⇡)I=0

]
, |"K | = 2.228(11)⇥ 10�3

Master formula for "K in the Standard Model.

"K = exp(i✓)
p
2 sin(✓)

✓
C" X

SD

B̂K +
⇠
0p
2
+ ⇠

LD

◆

+O(!"0) +O(⇠
0

�
2

/�
1

)

X

SD

= Im�t
h
Re�c ⌘cc S

0

(xc)� Re�t ⌘tt S0(xt)

� (Re�c � Re�t) ⌘ct S0(xc , xt)
i
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Testing the Standard Model CP violation in Neutral Kaons

"
K

and B̂
K

, |V
cb

| II

�i = V

⇤
isVid , xi = m

2

i /M
2

W , C" =
G

2

FF
2

KmKM
2

W

6
p
2 ⇡2�MK

⇠
0p
2
=

1p
2

ImA

0

ReA
0

⇡ �5% ! Absorptive Long Distance E↵ect

⇠
LD

= Dispersive Long Distance E↵ect ⇡ 2% ! explain it later.

Inami-Lim functions:

S

0

(xi ) = xi


1

4
+

9

4(1� xi )
� 3

2(1� xi )2
� 3x2i ln xi

2(1� xi )3

�
,

S

0

(xi , xj) =

(
xixj

xi � xj


1

4
+

3

2(1� xi )
� 3

4(1� xi )2

�
ln xi

� (i $ j)

)
� 3xixj

4(1� xi )(1� xj)
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Testing the Standard Model CP violation in Neutral Kaons

"
K

and B̂
K

, |V
cb

| III

t � t �! S

0

(xt) �! +72.4%

c � t �! S

0

(xc , xt) �! +45.4%

c � c �! S

0

(xc) �! �17.8%

Dominant contribution (⇡72%) comes with |Vcb|4.

�i ⌘ V

⇤
isVid

Im�t · Re�t = ⌘̄�2|Vcb|4(1� ⇢̄)

Re�c = ��(1� �2

2
) +O(�5)

Re�t = �(1� �2

2
)A2�5(1� ⇢̄) +O(�7)

Im�t = ⌘A2�5 +O(�7)
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Testing the Standard Model CP violation in Neutral Kaons

"
K

and B̂
K

, |V
cb

| IV

Im�c = �Im�t

Definition of B̂K in standard model.

BK =
hK̄

0

|[s̄�µ(1� �5)d ][s̄�µ(1� �5)d ]|K0

i
8

3

hK̄
0

|s̄�µ�5d |0ih0|s̄�µ�5d |K0

i
B̂K = C (µ)BK (µ), C (µ) = ↵s(µ)

� �
0

2b
0 [1 + ↵s(µ)J3]

Experiment:

"K = (2.228± 0.011)⇥ 10�3 ⇥ e

i�"

�" = 43.52(5)�
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Testing the Standard Model CP violation in Neutral Kaons

B̂
K

on the lattice

This is one of the 1 number of the Feynman diagrams that we need
to calculate using lattice QCD tools.
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Testing the Standard Model CP violation in Neutral Kaons

|V
cb

| on the lattice

B̄ ! D

⇤`⌫̄ decay form factors:

 ௝ܣ

 

݀ 

 ∗ܦ തܤ

ܾ ܿ 
 ௙ݐ ݐ 0

B̄ ! D`⌫̄ decay form factors:
𝑡0 𝑡𝑓

𝑉𝜇

ℓ

𝑐 𝑏

𝐷  𝐵
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"K Input Parameters

"K with lattice QCD inputs
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"K Input Parameters

Unitarity Triangle ! (⇢̄, ⌘̄)

 

𝑽𝑽𝒖𝒖𝒖𝒖𝑽𝑽𝒖𝒖𝒖𝒖∗  
𝑽𝑽𝒕𝒕𝒖𝒖𝑽𝑽𝒕𝒕𝒖𝒖∗  

𝑽𝑽𝒄𝒄𝒖𝒖𝑽𝑽𝒄𝒄𝒖𝒖∗  

𝜶𝜶 = 𝝓𝝓𝟐𝟐 

𝜷𝜷 = 𝝓𝝓𝟏𝟏 𝜸𝜸 = 𝝓𝝓𝟑𝟑 

(a)

 

�
𝑽𝑽𝒖𝒖𝒖𝒖𝑽𝑽𝒖𝒖𝒖𝒖∗

𝑽𝑽𝐜𝐜𝒖𝒖𝑽𝑽𝒄𝒄𝒖𝒖∗
� 

𝜶𝜶 = 𝝓𝝓𝟐𝟐 

𝜷𝜷 = 𝝓𝝓𝟏𝟏 𝜸𝜸 = 𝝓𝝓𝟑𝟑 

�
𝑽𝑽𝒕𝒕𝒖𝒖𝑽𝑽𝒕𝒕𝒖𝒖∗

𝑽𝑽𝐜𝐜𝒖𝒖𝑽𝑽𝒄𝒄𝒖𝒖∗
� 

(𝝆𝝆�,𝜼𝜼�) 

(𝟎𝟎,𝟎𝟎) (𝟏𝟏,𝟎𝟎) 

(b)
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"K Input Parameters

Global UT Fit and Angle-Only-Fit (AOF)

Global UT Fit

Input: |Vub|/|Vcb|, �md ,
�ms/�md , "K , and sin(2�).

Determine the UT apex (⇢̄, ⌘̄).

Take � from

|Vus | = �+O(�7) ,

which comes from Kl3 and Kµ2.

Disadvantage: unwanted correlation
between (⇢̄, ⌘̄) and "K .

AOF

Input: sin(2�), cos(2�), sin(�),
cos(�), sin(2� + �), cos(2� + �),
and sin(2↵).

Determine the UT apex (⇢̄, ⌘̄).

Take � from |Vus | = �+O(�7) ,
which comes from Kl3 and Kµ2.

Use |Vcb| to determine A.

|Vcb| = A�2 +O(�7)

Advantage: NO correlation between
(⇢̄, ⌘̄) and "K .
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"K Input Parameters

Inputs of Angle-Only-Fit (AOF)

A

CP

(J/ Ks)! S Ks = sin(2�) with assumption of S Ks o C Ks .

(B ! DK ) + (B ! [K⇡]DK ) + (Dalitz method) give sin(�) and
cos(�).

S(D�⇡+) and S(D+⇡�) give sin(2� + �) and cos(2� + �).

(B0 ! ⇡+⇡�) + (B0 ! ⇢+⇢�) + (B0 ! (⇢⇡)0) give sin(2↵).

Combining all of these gives �, �, and ↵, which leads to the UT apex
(⇢̄, ⌘̄).
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"K Input Parameters

Wolfenstein Parameters
Input Parameters for Angle-Only-Fit (AOF)

"K , B̂K , and |Vcb| are used as
inputs to determine the UT angles
in the global fit of UTfit and
CKMfitter.

Instead, we can use angle-only-fit
result for the UT apex (⇢̄, ⌘̄).

Then, we can take � independently
from

|Vus | = �+O(�7) ,

which comes from Kl3 and Kµ2.

Use |Vcb| instead of A.

|Vcb| = A�2 +O(�7)

�

0.22475(25) [1] CKMfitter 2018

0.22500(100) [2] UTfit 2018

0.2243(5) [3] |Vus | (AOF)

⇢̄

0.1577(96) [1] CKMfitter 2018

0.148(13) [2] UTfit 2018

0.146(22) [4] UTfit (AOF)

⌘̄

0.3493(95) [1] CKMfitter 2018

0.348(10) [2] UTfit 2018

0.333(16) [4] UTfit (AOF)
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"K Input Parameters

Input Parameter: B̂
K

(FLAG 2019)

B̂K in lattice QCD with Nf = 2 + 1.

Collaboration Ref. B̂K

SWME 15 [5] 0.735(5)(36)

RBC/UKQCD 14 [6] 0.7499(24)(150)

Laiho 11 [7] 0.7628(38)(205)

BMW 11 [8] 0.7727(81)(84)

FLAG 19 [9] 0.7625(97)
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"K Input Parameters

Input Parameter: Exclusive |V
cb

| in units of 1.0⇥ 10�3

(a) HFLAV 2017 (CLN)

channel value Ref.

B ! D

⇤`⌫̄ 39.05(47)(58) [10, 11]

B ! D`⌫̄ 39.18(94)(36) [10, 12]

|Vub|/|Vcb| 0.080(4)(4) [10, 13]

HFLAV 2017 39.13(59) [10]

HFLAV 2019 39.25(56) Web

(b) BABAR and BELLE 2019

channel value Ref.

CLN 38.4(8) BABAR 19 [14]

BGL 38.4(9) BABAR 19 [14]

CLN 38.4(6) BELLE 19 [15]

BGL 38.3(8) BELLE 19 [15]

There is no di↵erence between the CLN and BGL analyses.

Refer to BABAR 2019 [14] and BELLE 2019 [15].

Hence, the CLN method turns out to be consistent with BGL within
our limited knowledge.
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"K Input Parameters

B̄ ! D⇤`⌫̄ Form Factor Parametrization: CLN vs. BGL I

Consider the B̄ ! D

⇤`⌫̄ decays:

d�(B̄ ! D

⇤`⌫̄)

dw

=
G

2

Fm
3

D⇤

48⇡3
(mB �mD⇤)2 �(w) ⌘2

EW

F2(w) |Vcb|2

In order that the experiments determine |F(w)| · |Vcb|, they must
know a specific functional form of F(w).

The theory provides the functional form and parametrization for
F(w).

Popular parametrizations are CLN and BGL.

CLN depends on the HQET, but BGL does NOT.

HQET is the heavy quark e↵ective theory, as if the chiral perturbation
theory is the low energy e↵ective theory of QCD.
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"K Input Parameters

B̄ ! D⇤`⌫̄ Form Factor Parametrization: CLN vs. BGL II

CLN: Caprini, Lellouch, and Neubert [16]

F(w) = hA
1

(w)⇥ 1

Y (w)
⇥ X (w)

hA
1

(w) = hA
1

(1)
h
1� 8⇢2z + (53⇢2 � 15)z2 � (231⇢2 � 91)z3

i

z =

p
w + 1�p2p
w + 1 +

p
2
, w ⌘ vB · vD⇤ =

ED⇤

mD⇤

where z is a conformal mapping variable. ! z expansion.

BGL: Boyd, Grinstein, and Lebed [17]

F(w) =
1

�(z)P(z)

1X

n=0

anz
n(z)
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"K Input Parameters

CLN vs. BGL in B̄ ! D⇤`⌫̄ decays

 35

 36

 37

 38

 39

 40

 41

 42

 43

 44

 45

 2017  2018  2019  2020

|V
cb

| ×
 1

03

Time (year)

CLN
BGL

FLAG 2019 SWME 2019

Gambino
Grinstein
BELLE-17
BELLE-18
BELLE-19
BABAR

At present, we find that BGL is consistent with CLN.
=) Resolved ???
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"K Input Parameters

CLN vs. BGL: Martin Jung’s claim in 19/08 INT workshop

BELLE 2019 used BGL
(102)

fit (6 parameters).

Martin used BGL
(222)

fit (8 parameters) [PLB795 (2019) 386].

�2/d.o.f. = 32.5/35 (BGL
(102)

) and 31.2/32 (BGL
(222)

).
! No distinction !!!

Martin claims that the correct error for |Vcb| is 50% larger than that
of BELLE 2019.

Martin also suggested that the slope and curvature of R
1

(w) and
R

2

(w) at zero recoil should be calculated in lattice QCD.
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"K Input Parameters

Input Parameter: Inclusive |V
cb

| in units of 1.0⇥ 10�3

|Vcb| in units of 1.0⇥ 10�3.

(a) Exclusive |Vcb|

channel value Ref.

CLN 38.4(8) BABAR 2019 [14]

BGL 38.4(9) BABAR 2019 [14]

CLN 38.4(6) BELLE 2019 [15]

BGL 38.3(8) BELLE 2019 [15]

CLN 39.13(59) HFLAV 2017 [10]

CLN 39.25(56) HFLAV 2019 [Web]1

(b) Inclusive |Vcb|

channel value Ref.

kinetic scheme 42.19(78) [10]

1S scheme 41.98(45) [10]

There is 3� ⇠ 4� di↵erence in |Vcb| between the exclusive and
inclusive decay channels.

This issue remains unresolved yet.
1Preliminary !!!
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"K Input Parameters

Current Status of |V
cb

| in 2019

34 36 38 40 42 44
]-3| [10cb|V

2.5

3

3.5

4

4.5

5]
-3

| [
10

ub
|V

ν D* l →B 
ν D l →B 
ν l π →B 
ν µ p → bΛ

Average 68% C.L.
=12χ∆Average 

) = 7.7%2χP(

Inclusive
|: GGOUub |V
|: global fit in KScb |V

HFLAVSpring 2019

HFLAV
Spring 2019
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"K Input Parameters

Input Parameter: ⇠0
Indirect Method

⇠
0

=
ImA

0

ReA
0

, ⇠
2

=
ImA

2

ReA
2

. ⇠
0

�1.63(19)⇥ 10�4 RBC-UK-2015 [18]

where A(K
0

! ⇡⇡(I )) ⌘ AI e
i�I = |AI |e i⇠I e i�I

RBC-UKQCD calculated ImA

2

: ImA

2

! ⇠
2

! "0K/"K ! ⇠
0

Re
⇣"0K
"K

⌘
=

1p
2|"K |

!
⇣
⇠
2

� ⇠
0

⌘
.

Other inputs !, "K and "0K/"K are taken from the experimental values.

Here, we choose an approximation of cos(�✏0 � �✏) ⇡ 1.

�✏ = 43.52(5), �✏0 = 42.3(1.5)

Isopspin breaking e↵ect: (at most 15% of ⇠
0

) ! (1% in "K ) ! neglected!
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"K Input Parameters

Input Parameter: ⇠0
Direct Method

RBC-UKQCD calculated ImA

0

. ImA

0

! ⇠
0

.

⇠
0

=
ImA

0

ReA
0

= �0.57(49)⇥ 10�4

Other input ReA
0

is taken from the experimental value.

RBC-UKQCD also calculated �
0

�
0

= 23.8(49)(12)�[2015]! 23.8(49)(112)�[2018]

This value is within 2� from the experimental value: �
0

= 39.1(6)�.

This puzzle might be resolved by multi-state fitting with new
operators: RBC-UKQCD, Tianle Wang [Lattice 2019].

Here, we use the indirect method to determine ⇠
0

.
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"K Input Parameters

Input Parameter: ⇠0
Summary

Input Parameters: ⇠
0

Method Value Ref.

Indirect �1.63(19)⇥ 10�4 RBC-UK-2015 [18]

Direct �0.57(49)⇥ 10�4 RBC-UK-2015 [19]

Here, we use the results for ⇠
0

obtained using the indirect method.
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"K Input Parameters

Input Parameter: ⇠LD

⇠
LD

=
m

0
LDp

2 �MK

m

0
LD

= �Im
"
P
X

C

hK 0|H
w

|C ihC |H
w

|K 0i
mK0

� EC

#

RBC-UKQCD rough estimate [PRD 88, 014508] gives

⇠
LD

= (0± 1.6)% of |"K |

BGI estimate [PLB 68, 309, 2010] gives

⇠
LD

= �0.4(3)⇥ ⇠
0p
2

Precision measurement of lattice QCD is not available yet.
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"K Input Parameters

Input Parameter: charm quark mass m
c

(m
c

)

mc(mc) in lattice QCD.

Collaboration Nf mc(mc) Ref.

FLAG 2019 2 + 1 1.275(5) [9]

FLAG 2019 2 + 1 + 1 1.280(13) [9]

The results for mc(mc) with Nf = 2 + 1 + 1 are inconsistent with
each other.

Hence, we use the results for mc(mc) with Nf = 2 + 1.
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"K Input Parameters

Input Parameter: top quark mass m
t

(m
t

)

mt(mt) in the MS scheme in units of GeV.

Collaboration Mt mt(mt) Ref.

PDG 2016 173.5± 1.1 163.65± 1.05± 0.17 [20]

PDG 2018 173.0± 0.4 163.17± 0.38± 0.17 [3]

Mt is the pole mass of top quarks.

CMS and ATLAS have done a great job in reducing the error.

Here, we use the results for mt(mt) obtained from PDG 2018.
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"K Input Parameters

Input Parameter: top quark pole mass M
t

 171

 172

 173

 174

 175

 2011  2012  2013  2014  2015  2016  2017  2018  2019  2020

M
t (

Ge
V)

T (year)

Mtop

CMS and ATLAS have done a great job in reducing the error !!!
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"K Input Parameters

Other Input Parameters

Input Value Ref.

GF 1.1663787(6)⇥ 10�5GeV�2 PDG 18 [3]

MW 80.379(12)GeV PDG 18 [3]

✓ 43.52(5)� PDG 18 [3]

mK0

497.611(13)MeV PDG 18 [3]

�MK 3.484(6)⇥ 10�12MeV PDG 18 [3]

FK 155.7(3)MeV FLAG 19 [9]

Higher order QCD corrections: ⌘ij .

Input Value Ref.

⌘cc 1.72(27) [21]

⌘tt 0.5765(65) [22]

⌘ct 0.496(47) [23]
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"K Input Parameters

Comment on ⌘
cc

Poor convergence in ⌘cc :

⌘cc = 1
(LO)

+ 0.37
(NLO)

+ 0.36
(NNLO)

+ (NNNLO)

= 1.72± 0.27

We do not know the size of NNNLO but know that the sign is very
likely to be positive.

Then, it will decrease |"K |SM
Latt

further, and increase the gap �"K
more.

Ultimately, it would be nice to calculate ⌘cc using tools in lattice
QCD.

51 / 151



"K Results for "K

Results for "K
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"K Results for "K

"
K

from AOF, Exclusive |V
cb

| (BELLE 19, CLN)
RBC-UKQCD estimate for ⇠

LD

1 1.5 2 2.5

2σ 3σ 4σ 5σ

Exclusive |Vcb|, BELLE 19, CLN

1.5 2 2.5 3

2σ 3σ 4σ 5σ

Inclusive |Vcb| (1S)
With exclusive |Vcb| (BELLE 19, CLN), it has 4.5� tension.

|"K |Exp = (2.228± 0.011)⇥ 10�3

|"K |SM
excl

= (1.457± 0.173)⇥ 10�3

53 / 151



"K Results for "K

"
K

from AOF, Exclusive |V
cb

| (BELLE 19, CNL vs. BGL)
RBC-UKQCD estimate for ⇠

LD

1 1.5 2 2.5

2σ 3σ 4σ 5σ

Exclusive |Vcb| (BELLE 19, CNL)

1 1.5 2 2.5

2σ 3σ 4σ 5σ

Exclusive |Vcb| (BELLE 19, BGL)

CLN has 4.5� tension, and BGL has 4.3� tension.

|"K |SM
excl

= (1.457± 0.173)⇥ 10�3 (CLN)

|"K |SM
excl

= (1.444± 0.181)⇥ 10�3 (BGL)
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"K Results for "K

"
K

from AOF, Exclusive |V
cb

| (BELLE 19, CLN)
RBC-UKQCD vs. BGI estimate for ⇠

LD

1 1.5 2 2.5

2σ 3σ 4σ 5σ

RBC-UKQCD estimate for ⇠
LD

1 1.5 2 2.5

2σ 3σ 4σ 5σ

BGI estimate for ⇠
LD

RBC-UK estimate ! 4.5� tension, and BGI estimate ! 4.2� tension.

|"K |SM
excl

= (1.457± 0.173)⇥ 10�3 (RBC-UKQCD estimate for ⇠
LD

)

|"K |SM
excl

= (1.502± 0.174)⇥ 10�3 (BGI estimate for ⇠
LD

)
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"K Results for "K

Current Status of "
K

FLAG 2019 + PDG 2018: (in units of 1.0⇥ 10�3, AOF)

|"K |SM
excl

= 1.457± 0.173 for Exclusive |Vcb| (Lattice QCD + CLN)

|"K |SM
incl

= 2.021± 0.176 for Inclusive |Vcb| (Heavy Quark Expansion)

Experiments:
|"K |Exp = 2.228± 0.011

Hence, we observe 4.5� ⇠ 4.2� di↵erence between the SM theory
(Lattice QCD) and experiments.

What does this mean? �! Breakdown of SM ?
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"K Results for "K

Time Evolution of �"
K

on the Lattice

2.0

2.5

3.0

3.5

4.0

4.5

2012 2013 2014 2015 2016 2017 2018 2019

∆
ε

K
/σ

T

RBC/UKQCD ξ0

LLV Avg. B̂K

updated Vcb

FLAG B̂K

NNLO ηct

NNLO ηcc

updated Vcb

RBC-UK ξ0

FLAG B̂K

updated Vcb

UTfit ρ̄, η̄, λ
updated FK ,

mK0 , mt

updated Vcb, mt

�"K ⌘ |"K |Exp � |"K |SM
excl

(= |Vcb| (CLN) & ⇠
LD

(RBC-UK)
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"K Results for "K

Time Evolution of Average and Error for �"
K

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

2012 2013 2014 2015 2016 2017 2018 2019

T

∆εK

σ∆εK

The average �"K has increased by 49% with some fluctuations.

The error �
�"K has decreased by 17% with some fluctuations: HFLAV

2017 ! BELLE 2019.
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"K Results for "K

Error Budget of �"
K

: |V
cb

| (CLN), ⇠LD (RBC-UK)

source error (%) memo
|Vcb| 50.2 Exclusive (CLN)
⌘̄ 19.1 AOF
⌘ct 16.3 c � t Box
⌘cc 6.9 c � c Box
⇢̄ 2.8 AOF
⇠
LD

1.7 Long-distance
B̂K 1.3 FLAG
⇠
0

0.58 Indirect
⌘tt 0.54 t � t Box
� 0.16 |Vus | (PDG)
...

...
...

The error from |Vcb| is dominant.
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"K Results for "K

To Do List

It would be nice to reduce overall errors on |Vcb|: 1.9%! 1.0%.
[OK action project: LANL-SWME report in Lattice 2019]

It would be nice to reduce overall errors on ⌘̄. [BELLE2]

It would be nice to reduce overall errors on ⇠
0

and ⇠
2

in lattice QCD.
[RBC-UKQCD]

It would be nice to reduce overall errors on |Vus |, mc(mc), fK in
lattice QCD.

60 / 151



Summary and Conclusion

Summary and Conclusion
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Summary and Conclusion

Summary

1 We find that

�"exclK = 4.5(3)� (Lattice QCD, CLN/BGL) (1)

�"inclK = 1.2� (HQE, QCD Sum Rules) (2)

2 It is too early to conclude that there might be something wrong with
the SM yet.

3 It appears to me that the results of CLN are consistent with those of
BGL for the B̄ ! D

⇤`⌫̄ decays at present. (Good news !!!)

4 Meanwhile, it would be very helpful to reduce the errors for |Vcb|,
|Vus |, ⌘̄, ⇠0, ⇠2, mc(mc), fK , B̂K , and ⇠LD in lattice QCD.
⌘̄  � ⇠, fBd

, fBs , BBd
, BBs , · · ·

5 Please stay tuned for the update.
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R(D) and R(D⇤
) Other Anomalies in SM

R(D) and R(D⇤)
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R(D) and R(D⇤
) Other Anomalies in SM

R(D) and R(D⇤)

Definition:

R(D) ⌘ B(B ! D⌧⌫⌧ )

B(B ! D`⌫`)
, R(D⇤) ⌘ B(B ! D

⇤⌧⌫⌧ )

B(B ! D

⇤`⌫`)

Results of HFLAV 2017

channel SM (Lattice QCD) Experiment Di↵erence
R(D) 0.300(8) 0.403(40)(24) 2.2�
R(D⇤) 0.252(3) 0.310(15)(8) 3.4�

Results of HFLAV 2019 (Preliminary)

channel SM (Lattice QCD) Experiment Di↵erence
R(D) 0.299(3) 0.340(27)(13) 1.4�
R(D⇤) 0.258(5) 0.295(11)(8) 2.5�
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R(D) and R(D⇤
) Other Anomalies in SM

Calculation of R(D⇤) and R(D) I

We can calculate the semi-leptonic form factors of the B̄ ! D

(⇤)`⌫̄
decays using tools in lattice QCD.

Then, we can obtain the form factors F(w) and G(w) for the full
range of w (the recoil parameter) using CLN, BGL, and BCL.

The recoil parameter w is

w = vB · vD =
m

2

B +m

2

D � q

2

2mBmD
=
q
1 + v

2

D

q

2 2 [m2

` , (mB �mD)2] ! w 2 [1, x`], where x` =
m

2

B +m

2

D �m

2

`

2mBmD
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R(D) and R(D⇤
) Other Anomalies in SM

Calculation of R(D⇤) and R(D) II

How to calculate R(D⇤):

R(D⇤) =
B(B ! D

⇤⌧⌫⌧ )

B(B ! D

⇤`⌫`)
=

Z x⌧

1

dw


d�

dw

(w ,m⌧ )

�

Z x`

1

dw


d�

dw

(w ,m`)

� ,

where ` = {e, µ} , x⌧ = 1.355 , xµ = 1.503 , and

d�

dw

=
G

2

FM
3

D⇤

4⇡3
(MB �MD⇤)2

p
w

2 � 1 |⌘
EM

|2 |Vcb|2 �(w) |F(w)|2
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R(D) and R(D⇤
) Other Anomalies in SM

R(D) and R(D⇤) (2017)

R(D)
0.2 0.3 0.4 0.5 0.6

R(
D

*)

0.2

0.25

0.3

0.35

0.4

0.45

0.5
BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, PRL118,211801(2017)
Average

SM Predictions

 = 1.0 contours2χ∆

R(D)=0.300(8) HPQCD (2015)
R(D)=0.299(11) FNAL/MILC (2015)
R(D*)=0.252(3) S. Fajfer et al. (2012)

HFLAV

Moriond 2017
) = 67.4%2χP(

HFLAV
Moriond 2017
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R(D) and R(D⇤
) Other Anomalies in SM

R(D) and R(D⇤) (2019, preliminary)
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|Vcb| |Vcb| on the lattice

|Vcb| on the lattice
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|Vcb| Why the OK action?

Why the OK action?
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|Vcb| Why the OK action?

Calculation of |V
cb

| on the lattice

1 Exclusive B̄ ! D⇤`⌫̄ at zero recoil [Fermilab-MILC (2014), HPQCD (2018)]

Gold-plated: most precise in experimental and lattice errors.
Form factor calculation using the 3-point function hD⇤|Aµ|Bi on the lattice.

2 Exclusive B̄ ! D`⌫̄ at non-zero recoil [Fermilab-MILC (2015), HPQCD (2015)]

Near the zero recoil, the experimental precision is poor due to to the phase
space suppression.
Form factor calculation using the 3-point function hD|V µ|Bi on the lattice.

3 Inclusive B ! Xc`⌫̄ [S. Hashimoto (2017)]

Preliminary, Calculate the 4-point function on the lattice,

hB|T{J†
µ(q)J⌫(0)}|Bi, where Jµ = c̄�µ(1� �

5

)b.

Decay mode Method |Vcb|⇥ 103 [HFLAV (2017)]
B̄ ! D⇤`⌫̄ Lattice 39.05(47)(58)
B̄ ! D`⌫̄ Lattice 39.18(94)(36)
B ! Xc`⌫̄ QCD sum rule 42.03(39)
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|Vcb| Why the OK action?

Limitation of Fermilab action calculation

On the lattice, we have discretization error by construction.

For the B̄ ! D

(⇤)`⌫̄ study, the heavy quark discretization error
(HQDE) for charm quark is dominant. (� ⇠ ⇤/2mQ)

The Fermilab action calculation of hA
1

(B̄ ! D

⇤`⌫̄ semileptonic form
factor) has O(↵s�2) and O(�3) ⇠ 1% discretization error.

To achieve a sub-percent (< 1%) precision, we have to use new
action: Oktay-Kronfeld action, O(�3) improved action where its
discretization error appears at O(�4) ⇠ 0.2%.
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|Vcb| Why the OK action?

Limitation of Fermilab action calculation

We expect the improvement in charm quark discretization error from the
Fermilab/MILC results [PRD89, 114504 (2014) and PRD92, 034506 (2015)]
for the B̄ ! D

(⇤)`⌫̄ semileptonic form factors.

form factor hA
1

f

+

decay channel B̄ ! D

⇤`⌫̄ B̄ ! D`⌫̄

statistics 0.4 0.7

matching 0.4 0.7

�PT 0.5 0.6

gD⇤D⇡ 0.3 -

c discretization 1.0! (0.2)
OK

0.4! (0.1)
OK

others 0.1 0.2

total 1.4! (0.8)
OK

1.2! (1.1)
OK

BELLE2 has been running since April, 2019, and the target statistics is 50
times larger than BELLE.
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|Vcb| The OK action

The OK action
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|Vcb| The OK action

OK Action (mass form)

SOK = SFermilab + Snew , SFermilab = S

0

+ SB + SE

S

0

= m

0

X

x

 ̄(x) (x) +
X

x

 ̄(x)�
4

D

4

 (x)� 1

2

a

X

x

 ̄(x)4
4

 (x)

+ ⇣
X

x

 ̄(x)�!� ·�!D (x)� 1

2

rs⇣a
X

x

 ̄(x)4(3) (x)

= O(1) +O(�) [� ⇠ a⇤, ⇤/mQ ]

SB = �1

2

cB⇣a
X

x

 ̄(x)i
�!
⌃ ·�!B  (x)! O(�)

SE = �1

2

cE ⇣a
X

x

 ̄(x)�!↵ ·�!E  (x)! O(�2) (cE 6= cB : OK action)

m

0

=
1

2t
� (1 + 3rs⇣ + 18c

4

)

[M. B. Oktay and A. S. Kronfeld, PRD 78, 014504 (2008)]

[A. El-Khadra, A. S. Kronfeld and P. B. Mackenzie, PRD 55, 3933 (1997)] .
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|Vcb| The OK action

OK Action (mass form)

Snew = O(�3) = c

1

a

2

X

x

 ̄(x)
X

i

�iDi4i (x)

+ c

2

a

2

X

x

 ̄(x){�!� ·�!D ,4(3)} (x)

+ c

3

a

2

X

x

 ̄(x){�!� ·�!D , i
�!
⌃ ·�!B } (x)

+ cEEa
2

X

x

 ̄(x){�
4

D

4

,�!↵ ·�!E } (x)

+ c

4

a

3

X

x

 ̄(x)
X

i

4i
2 (x)

+ c

5

a

3

X

x

 ̄(x)
X

i

X

j 6=i

{i⌃iBi ,4j} (x)
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|Vcb| Inconsistency Parameter

Inconsistency Parameter
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|Vcb| Inconsistency Parameter

Improvement Test: Inconsistency Parameter

I ⌘ 2�MQq � (�MQQ + �Mqq)

2M
2Qq

=
2�BQq � (�BQQ + �Bqq)

2M
2Qq

M

1Qq = m

1Q +m

1q + B

1Qq �MQq = M

2Qq �M

1Qq

M

2Qq = m

2Q +m

2q + B

2Qq �BQq = B

2Qq � B

1Qq

[S. Collins et al., NPB 47, 455 (1996) , A. S. Kronfeld, NPB 53, 401 (1997)]

Inconsistency parameter I can be used to examine the improvements by
O(p4) terms in the action. The OK action is designed to improve these
terms and matched at tree-level.

Binding energies B
1

and B

2

are of order O(p2). Because the kinetic meson
mass M

2

appears with a factor p

2, the leading contribution of binding
energy B

2

is generated by O(p4) terms in the action.

E = M

1

+
p

2

2M
2

+ · · · = M

1

+
p

2

2(m
2Q +m

2q)

"
1� B

2Qq

(m
2Q +m

2q)
+ · · ·

#
+ · · ·
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|Vcb| Inconsistency Parameter

Improvement Test: Inconsistency Parameter

I

⇠=
2�MQq � �MQQ

2M
2Qq

⇠=
2�BQq � �BQQ

2M
2Qq

Considering non-relativistic limit of quark and anti-quark system, for S-wave
case (µ�1

2

= m

�1

2Q
+m

�1

2q ),

�BQq =
5

3

hp2i
2µ

2

h
µ
2

⇣
m

2

2Q

m

3

4Q

+
m

2

2q

m

3

4q

⌘
� 1
i

(m
4

: c
1

, c
3

)

+
4

3
a

3

hp2i
2µ

2

µ
2

(w
4Qm

2

2Q
+ w

4qm
2

2q) (w
4

: c
2

, c
4

)

+O(p4)

[A. S. Kronfeld, NPB 53, 401 (1997) , C. Bernard et al., PRD 83, 034503 (2011)]

Leading contribution of O(p2) in �B vanishes when w

4

= 0, m
2

= m

4

, not
only for S-wave states but also for higher harmonics.

This condition is satisfied exactly at tree-level, and we expect I is close to 0.
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|Vcb| Inconsistency Parameter

Improvement by the OK action: Inconsistency

I ⌘ 2�M
¯Qq � (�M

¯QQ + �Mq̄q)

2M
2

¯Qq

=
2�B

¯Qq � (�B
¯QQ + �Bq̄q)

2M
2

¯Qq

−0.8

−0.6

−0.4

−0.2

 0

 0.2

 1  2  3  4

I

aM2Q
−

q
PS

OK action
Fermilab action

Ds Bs
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|Vcb| Inconsistency Parameter

Inconsistency

a12m310, 
crit

= 0.051211 (nonperturbative)

−0.1

−0.05

 0

 0.05

 0.1

 1  1.1  1.2  1.3  1.4  1.5

I

aM2Q
−

q
PS

Ds

−0.1

−0.05

 0

 0.05

 0.1

 2.8  3  3.2  3.4  3.6  3.8
I

aM2Q
−

q
PS

Bs

[Yong-Chull Jang et al., EPJC 77:768]
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|Vcb| ¯B ! D⇤`⌫̄ Form Factors

B̄ ! D⇤`⌫̄ Form Factors
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|Vcb| ¯B ! D⇤`⌫̄ Form Factors

|V
cb

| from the exclusive B̄ ! D⇤`⌫̄ I

1

B̄ ! D

⇤`⌫̄ HQET form factors: hA
1

(w), hA
2

(w), hA
3

(w), and hV (w)

hD⇤(pD⇤ , ✏)|Aµ|B̄(pB)ip
mBmD⇤

= ihA
1

(w)(w + 1)✏⇤µ � ihA
2

(w)(✏⇤ · vB)vµ
B

� ihA
3

(w)(✏⇤ · vB)vµ
D⇤

hD⇤(pD⇤ , ✏)|V µ|B̄(pB)ip
mBmD⇤

= "µ⌫⇢�✏
⇤
⌫v

⇢
Bv

�
D⇤hV (w)

2

Ri (w) form factor ratios:

R

1

(w) ⌘ hV (w)

hA
1

(w)

R

2

(w) ⌘ hA
3

(w) + r hA
2

(w)

hA
1

(w)
with r = MD⇤/MB
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|Vcb| ¯B ! D⇤`⌫̄ Form Factors

|V
cb

| from the exclusive B̄ ! D⇤`⌫̄ II

3 Experiment: determine
d�

dw

as a function of w (= recoil parameter).

d�

dw

=
G

2

FM
3

D⇤

4⇡3

(MB �MD⇤)2
p
w

2 � 1 |⌘
EM

|2 |Vcb|2 �(w) |F(w)|2

where w = vB · vD⇤ , r = MD⇤/MB , and

�(w) = (1 + w)2�(w)

�(w) =
1

12

✓
1 +

4w

w + 1
t

2(w)

◆

t

2(w) =
1� 2wr + r

2

(1� r)2

F(w) = hA
1

(w)

s
H

2

0

(w) + H

2

+

(w) + H

2

�(w)

�(w)
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|Vcb| ¯B ! D⇤`⌫̄ Form Factors

|V
cb

| from the exclusive B̄ ! D⇤`⌫̄ III

H

0

(w) =
w � r � X

3

(w)� rX

2

(w)

1� r

=
w � r � R

2

(w)

1� r

H±(w) = t(w)(1⌥ XV (w))

X

2

(w) = (w � 1)
hA

2

(w)

hA
1

(w)

X

3

(w) = (w � 1)
hA

3

(w)

hA
1

(w)

XV (w) =

r
w � 1

w + 1

hV (w)

hA
1

(w)
=

r
w � 1

w + 1
· R

1

(w)

85 / 151



|Vcb| ¯B ! D⇤`⌫̄ Form Factors

|V
cb

| from the B̄ ! D⇤`⌫̄ decays at zero recoil (w = 1)

1 Lattice QCD: Calculate F(1) = hA
1

(1) from the following matrix
element

 ௝ܣ

 

݀ 

 ∗ܦ തܤ

ܾ ܿ 
 ௙ݐ ݐ 0

2 Determine |Vcb| by combining experiment with lattice QCD
results for F(1)
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

B̄ ! D⇤`⌫̄ Form Factor: hA1(w = 1)
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

B̄ ! D⇤`⌫̄ at zero recoil: h
A

1

(1) on the lattice

|hA
1

(1)|2 = hD
⇤|Aj

cb|B̄ihB̄ |Aj
bc |D⇤i

hD⇤|V 4

cc |D⇤ihB̄ |V 4

bb|B̄i
⇥ ⇢2Aj

, with ⇢2Aj
=

Z

cb
Aj

Z

bc
Aj

Z

cc
V
4

Z

bb
V
4

First, we calculate 2-point correlation functions on the lattice:

C

2pt

X (t) = hO†
X (t)OX (0)i

= |A
0

|2e�M
0

t
⇣
1 +

����
A

2

A
0

����
2

e

��M
2

t +

����
A

4

A
0

����
2

e

�(�M
2

+�M
4

)t + · · ·

� (�1)t
����
A

1

A
0

����
2

e

��M
1

t � (�1)t
����
A

3

A
0

����
2

e

�(�M
1

+�M
3

)t + · · ·
⌘
+ (t $ T � t)

where X = B ,D⇤, An ⌘ hn|OX |⌦i, and
�Mn ⌘ Mn �Mn�2

with �M

1

= M

1

�M

0

and n � 2.
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

Multi-state fitting (3+2 fit)

1

1.2

1.4

1.6

0 5 10 15 20

D⇤ 3+2 multistate fit
5  t  18

MD⇤
0 = 1.1280(43)

m
e↵

t

(a) E↵ective mass

0

0.2

0.4

0.6

0.8

1

�M1 �M2 �M3 �M4

D

⇤
3+2 multistate fit

�

2
/dof = 0.91

Prior

(b) Multi-state fit

m

e↵

(t) =
1

2
ln

✓
C

2pt(t)

C

2pt(t + 2)

◆

�Mn = Mn �Mn�2

for n � 2

�M

1

= M

1

�M

0
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

3-point correlation function

 ௝ܣ

 

݀ 

 ∗ܦ തܤ

ܾ ܿ 
 ௙ݐ ݐ 0

C

B!D⇤
Aj

(t, tf ) =
X

~x ,~y

hO†
D⇤(0)Acb

j (~y , t)OB(~x , tf )i (0 < t < tf )

Interpolating operators for mesons

OB =  ̄b�5 l , OD⇤ =  ̄c�j l

Improved axial current operator

A

cb
j =  ̄c�j�5 b,
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

3-point correlation function: current improvement

 ௝ܣ

 

݀ 

 ∗ܦ തܤ

ܾ ܿ 
 ௙ݐ ݐ 0

A

cb
j =  ̄c�j�5 b,

The O(�3) improved field with 11 parameters (di ): [Jaehoon Leem, Lattice 2017]

 (x) = e

M
1

/2
h
1 + d

1

� · D ! O(�1)

+ d

2

�(3) + dB i⌃ · B + dE↵ · E ! O(�2)

+ drE{� · D,↵ · E}+ d

3

X

i

�iDi�i + d

4

{� · D,�(3)}

+ d

5

{� · D, i⌃ · B}+ dEE{�4D4

,↵ · E} ! O(�3)

+ d

6

[�
4

D

4

,�(3)] + d

7

[�
4

D

4

, i⌃ · B]
i
 (x).
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

Calculate R = |h
A

1

(1)/⇢
Aj
|2 using two di↵erent analysis

1 Direct analysis on C

X!Y

J

C

B!D⇤
Aj

(t, tf ) = B

B!D⇤
e

�M⇤
Dt
e

�MB(tf �t)(1 + ĉ

B!D⇤
(t, tf ))

where B

B!D⇤
= AD⇤

0

hD⇤|Acb
j |BiAB

0

, and ĉ

B!D⇤
represents the

contamination from the excited states of B and D

⇤ mesons.

R =
B

B!D⇤ · BD⇤!B

B

B!B · BD⇤!D⇤

2 Analysis on R

R(t, tf ) ⌘
C

B!D⇤
A
1

(t, tf )CD⇤!B
A
1

(t, tf )

C

B!B
V
4

(t, tf )CD⇤!D⇤
V
4

(t, tf )

=
B

B!D⇤ · BD⇤!B

B

B!B · BD⇤!D⇤ [1 + ĉ

B!D⇤
(t, tf ) + ĉ

D⇤!B(t, tf )

� ĉ

B!B(t, tf )� ĉ

D⇤!D⇤
(t, tf ) · · · ].
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

Direct analysis on CX!Y

J

C

B!D⇤
Aj

(t, ⌧) = hO†
D⇤(0)Acb

j (t)OB(⌧)i (0 < t < ⌧)

= AD⇤
0

AB
0

hD⇤
0

|Acb
j |B

0

ie�MB
0

(⌧�t)
e

�MD⇤
0

t

�AD⇤
0

AB
1

hD⇤
0

|Acb
j |B

1

i(�1)⌧�t
e

�MB
1

(⌧�t)
e

�MD⇤
0

t

�AD⇤
1

AB
0

hD⇤
1

|Acb
j |B

0

i(�1)te�MB
0

(⌧�t)
e

�MD⇤
1

t

+AD⇤
1

AB
1

hD⇤
1

|Acb
j |B

1

i(�1)⌧e�MB
1

(⌧�t)
e

�MD⇤
1

t

+AD⇤
2

AB
0

hD⇤
2

|Acb
j |B

0

ie�MB
0

(⌧�t)
e

�MD⇤
2

t

+AD⇤
0

AB
2

hD⇤
0

|Acb
j |B

2

ie�MB
2

(⌧�t)
e

�MD⇤
0

t

�AD⇤
2

AB
1

hD⇤
2

|Acb
j |B

1

i(�1)⌧�t
e

�MB
1

(⌧�t)
e

�MD⇤
2

t

�AD⇤
1

AB
2

hD⇤
1

|Acb
j |B

2

i(�1)te�MB
2

(⌧�t)
e

�MD⇤
1

t

+AD⇤
2

AB
2

hD⇤
2

|Acb
j |B

2

ie�MB
2

(⌧�t)
e

�MD⇤
2

t
+ · · · .

We take AD⇤
i , AB

j , MD⇤
i
and MBj

from the 2-point fitting.
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

Fitting results for the 3-point correlation functions (1)

G(t, ⌧) ⌘
C

X!Y
Aj

(t, ⌧)

AY
0

AX
0

e

�MX
0

(⌧�t)
e

�MY
0

t
= hY

0

|Acb
j |X

0

i+ · · · ,

3.0

3.2

3.4

3.6

3.8

4.0

4.2

4.4

4.6

�8 �6 �4 �2 0 2 4 6 8

B!B, a12m310

G(
t,
⌧
)

t� ⌧/2

⌧ ! 1
⌧ = 10

⌧ = 11
⌧ = 12

⌧ = 13
⌧ = 14

⌧ = 15

3.0

3.2

3.4

3.6

3.8

4.0

4.2

4.4

4.6

�8 �6 �4 �2 0 2 4 6 8

(c) B ! B

6.5

7.0

7.5

8.0

8.5

�8 �6 �4 �2 0 2 4 6 8

D⇤!D⇤, a12m310

G(
t,
⌧
)

t� ⌧/2

⌧ ! 1
⌧ = 10

⌧ = 11
⌧ = 12

⌧ = 13
⌧ = 14

⌧ = 15

6.5

7.0

7.5

8.0

8.5

�8 �6 �4 �2 0 2 4 6 8

(d) D⇤ ! D⇤
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

Fitting results for the 3-point correlation functions (2)

G(t, ⌧) ⌘
C

X!Y
Aj

(t, ⌧)

AY
0

AX
0

e

�MX
0

(⌧�t)
e

�MY
0

t
= hY

0

|Acb
j |X

0

i+ · · · ,

3.5

4.0

4.5

5.0

5.5

6.0

6.5

�8 �6 �4 �2 0 2 4 6 8

B!D⇤, a12m310

G(
t,
⌧
)

t� ⌧/2

⌧ ! 1
⌧ = 10

⌧ = 11
⌧ = 12

⌧ = 13
⌧ = 14

⌧ = 15

3.5

4.0

4.5

5.0

5.5

6.0

6.5

�8 �6 �4 �2 0 2 4 6 8

(e) B ! D⇤

3.5

4.0

4.5

5.0

5.5

6.0

6.5

�8 �6 �4 �2 0 2 4 6 8

D⇤!B, a12m310

G(
t,
⌧
)

t� ⌧/2

⌧ ! 1
⌧ = 10

⌧ = 11
⌧ = 12

⌧ = 13
⌧ = 14

⌧ = 15

3.5

4.0

4.5

5.0

5.5

6.0

6.5

�8 �6 �4 �2 0 2 4 6 8

(f) D⇤ ! B
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

B̄ ! D⇤`⌫̄ Form Factor at Zero Recoil : h
A

1

(w = 1)

0.85

0.90

0.000 0.005 0.010 0.015

h
A
1
(1
)

a2 [fm2]

ρA1 is blinded.

λ0
λ0 + λ1
λ0 + λ1 + λ2
HPQCD ’18
FNAL/MILC ’14

⇢Aj is blinded: ⇢
2

Aj
=

Z

bc
Aj
Z

cb
Aj

Z

bb
V
4

Z

cc
V
4

! 1.

Non-perturbative calculation of ⇢Aj is underway.

Preliminary results!!!
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|Vcb| ¯B ! D⇤`⌫̄ Form Factor: hA
1

(w = 1)

Summary

This is the first numerical study with the OK action using the
currents improved up to O(�3).

We have obtained preliminary results for
|hA

1

(1)|
⇢Aj

of B̄ ! D

⇤`⌫̄

decays.

[ To do list ]

Non-perturbative calculation of matching factor ⇢Aj
.

Extending measurement to superfine and ultrafine ensembles.

Chiral-continuum extrapolation

Accumulate more statistics
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

B̄ ! D`⌫̄ Form Factors: h±(w)
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

B̄ ! D`⌫̄ Form Factors: h±(w) on the lattice

hD(MD ,p0)|Vµ|B(MB , 0)ip
2MD

p
2MB

=
1

2
{h

+

(w)(v + v

0)µ + h�(w)(v � v

0)µ} ,

B meson is at rest: v =
p

MB
= (1, 0).

D meson is moving with velocity: v 0 =
p

0

MD
= (

ED

MD
,

p

0

MD
).

Recoil parameter: w = v · v 0.
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

3-point correlation function

𝑡0 𝑡𝑓

𝑉𝜇

ℓ

𝑐 𝑏

𝐷  𝐵

C

B!D
Vµ

(t, tf ) =
X

~x ,~y

hO†
D(0)V

cb
µ (~y , t)OB(~x , tf )i (0 < t < tf )

Interpolating operators for mesons

OB =  ̄b�5 `, OD =  ̄c�5 `

Improved vector current operator

V

cb
µ =  ̄c�µ b,
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

B̄ ! D`⌫̄ Form Factors h±(w)
a ⇠= 0.09 fm & m⇡

⇠= 220MeV

0.9

1.0

1.1

1.2

1.3

1.0 1.1 1.2 1.3

h
+
(w
)

w

a09m220
ZV : blinded

λ0

λ0 + λ1
λ0 + λ1 + λ2

−0.1

0.0

0.1

0.2

0.3

1.0 1.1 1.2 1.3

h
−
(w
)

w

a09m220
ZV : blinded

λ0

λ0 + λ1
λ0 + λ1 + λ2

MILC HISQ lattice at a ⇠= 0.09 fm and m⇡
⇠= 220MeV.

ZV is blinded. ! Preliminary results!!!
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

B̄ ! D`⌫̄ Form Factors h±(w)

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.0 1.1 1.2 1.3

h
+
(w
)

w

Vµ : λ2-improved, ZV : blinded
a12m310
a12m220
a09m310
a09m220

−0.1

0.0

0.1

0.2

0.3

0.4

1.0 1.1 1.2 1.3

h
−
(w
)

w

Vµ : λ2-improved, ZV : blinded
a12m310
a12m220
a09m310
a09m220

MILC HISQ lattices at a ⇠= 0.12 fm and a

⇠= 0.09 fm

ZV is blinded. (NPR is underway.)

The vector current is improved up to the �2 order.

Preliminary results!!!
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

Summary

This is the first numerical study with the OK action using the
currents improved up to O(�3).

We produced 3-point correlation functions, and obtained preliminary

results for
h±(w)

ZV
of the B̄ ! D`⌫̄ decays.

[ To do list ]

Non-perturbative (NPR) calculation of matching factors: ZV .

Extending measurement to superfine, ultrafine, and anker-point
ensembles.

Chiral-continuum extrapolation

Accumulate more statistics
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|Vcb| ¯B ! D`⌫̄ Form Factors: h±(w)

Current status of measurements and data analysis

label 2–point 3–point NPR meson mass analysis

a12m299 � � ⇥ 4 4
a12m216 � � ⇥ ⇥ 4
a12m133 ⇥ ⇥ ⇥ ⇥ ⇥
a09m301 � � ⇥ ⇥ 4
a09m215 � � ⇥ ⇥ 4
a09m130 ⇥ ⇥ ⇥ ⇥ ⇥
a06m304 � � ⇥ ⇥ ⇥
a06m224 4 ⇥ ⇥ ⇥ ⇥
a06m135 ⇥ ⇥ ⇥ ⇥ ⇥
a042m294 ⇥ ⇥ ⇥ ⇥ ⇥
a042m134 ⇥ ⇥ ⇥ ⇥ ⇥
a03m294 ⇥ ⇥ ⇥ ⇥ ⇥

label = Nf = 2 + 1 + 1 MILC HISQ ensemble ID
example: a12m299 ! a = 0.12 fm and m⇡ = 299MeV
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Thanks to God

My personal opinion

The Scripture says in [Isaiah 55:8-9] that
8. ”For my thoughts are not your thoughts, neither are your ways my
ways,” declares the LORD.
9. ”As the heavens are higher than the earth, so are my ways higher
than your ways and my thoughts than your thoughts.”

I suspect that some of the fundamental postulates of the standard
model (SM) might be wrong even in quark sector,

even though we do not know yet which one of them may disappear
out of the orbit.
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Thanks to God

Thank God for your help !!!
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Backup Slides

Backup Slides
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MILC HISQ Ensembles

MILC HISQ Ensembles

label a( fm) geometry m⇡(MeV) am` ams amc

a12m299 0.12 243 ⇥ 64 299 0.0102 0.0509 0.635
a12m216 0.12 323 ⇥ 64 216 0.00507 0.0507 0.628
a12m133 0.12 483 ⇥ 64 133 0.00184 0.0507 0.628

a09m301 0.09 323 ⇥ 96 301 0.0074 0.037 0.440
a09m215 0.09 483 ⇥ 96 215 0.00363 0.0363 0.430
a09m130 0.09 643 ⇥ 96 130 0.0012 0.0363 0.432

a06m304 0.06 483 ⇥ 144 304 0.0048 0.024 0.286
a06m224 0.06 643 ⇥ 144 224 0.0024 0.024 0.286
a06m135 0.06 963 ⇥ 192 135 0.0008 0.022 0.260

a042m294 0.042 643 ⇥ 192 294 0.00316 0.0158 0.188
a042m134 0.042 1443 ⇥ 288 134 0.000569 0.01555 0.1827

a03m294 0.03 963 ⇥ 288 294 0.00223 0.01115 0.1316

label = MILC HISQ ensemble ID
example: a12m299 ! a = 0.12 fm and m⇡ = 299MeV
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CLN and BGL CLN

CLN
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CLN and BGL CLN

CLN: Caprini, Lellouch, Neubert I

Consider B̄ ! D

⇤`⌫̄ decays.

d�(B̄ ! D

⇤`⌫̄)

dw

=
G

2

Fm
3

D⇤

48⇡3
(mB �mD⇤)2 �(w) ⌘2

EW

F2(w) |Vcb|2

Here, GF is Fermi constant, ⌘
EW

is a small electroweak correction,
and F(w) is the form factor.

The kinematic factor �(w) is

�(w) =
p

w

2 � 1(w + 1)2 ⇥ Y (w)

Y (w) =


1 +

4w

w + 1

1� 2wr + r

2

(1� r)2

�
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CLN and BGL CLN

CLN: Caprini, Lellouch, Neubert II

The form factor can be rewritten as follows,

F2(w) =h

2

A
1

(w)⇥ 1

Y (w)
⇥
⇢
2
1� 2wr + r

2

(1� r)2


1 +

w � 1

w + 1
R

2

1

(w)

�
+


1 +

w � 1

1� r

⇣
1� R

2

(w)
⌘�2�

So far the formalism is quite general.
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CLN and BGL CLN

CLN: Caprini, Lellouch, Neubert III

CLN method [16]: (⇡ model-dependent approximation)

hA
1

(w) =hA
1

(1)
h
1� 8⇢2z + (53⇢2 � 15)z2 � (231⇢2 � 91)z3

i
(3)

R

1

(w) =R

1

(1)� 0.12(w � 1) + 0.05(w � 1)2 (4)

R

2

(w) =R

2

(1) + 0.11(w � 1)� 0.06(w � 1)2 (5)

where z is a conformal mapping variable:

z =

p
w + 1�p2p
w + 1 +

p
2

(6)
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CLN and BGL CLN

CLN: Caprini, Lellouch, Neubert IV

The trouble is that the slopes and curvatures of R
1

(w) and R

2

(w) are
fixed by the HQET perturbation theory (zero-recoil expansion). The
HQET results for the slopes and curvatures have about 10%
uncertainty of order O(⇤2/m2

c) and O(↵s⇤/mc).

Hence, CLN can NOT have precision better than 2% by construction.

The trouble is that the experimental results have errors less than 2%
and that the lattice QCD results for the form factors have such a high
precision that the errors are below the 2% level.

At any rate, the experimental group (HFLAV 2017) uses CLN to fit
the experimental data to determine four parameters: ⌘

EW

F(1)|Vcb|,
⇢2, R

1

(1), R
2

(1).

Lattice QCD determines F(1) very well.

⌘
EW

is very well known.

Hence, we can determine exclusive |Vcb| out of this.
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CLN and BGL BGL

BGL
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed I

BGL is model-independent.

BGL is constructed on three building blocks:
1 Dispersion relation
2 Crossing symmetry
3 Analytic continuation: analyticity

Consider the 2-point function:

⇧µ⌫
J (q) = (qµq⌫ � q

2

g

µ⌫)⇧T
J (q

2) + g

µ⌫⇧L
J(q

2)

⌘ i

Z
d

4

xe

iq·xh0|TJµ(x)[J⌫(0)]†|0i (7)

In general, ⇧T ,L
J (q2) is not finite.
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed II

Hence, we need to make one or two subtractions to obtain finite
dispersion relations:

�L
J(q

2) =
@⇧L

J

@q2
=

1

⇡

Z 1

0

dt

Im⇧L
J(t)

(t � q

2)2
(8)

�T
J (q

2) =
@⇧T

J

@q2
=

1

⇡

Z 1

0

dt

Im⇧T
J (t)

(t � q

2)2
(9)

Källen-Lehmann spectral decomposition:

(qµq⌫ � q

2

g

µ⌫)Im⇧T
J (q

2) + g

µ⌫Im⇧L
J(q

2)

=
1

2

X

X

(2⇡)4�4(q � pX )h0|Jµ(0)|X ihX |[J⌫(0)]†|0i (10)
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed III

Multiply ⇠µ⇠⇤⌫ on both sides:

h
(qµq⌫ � q

2

g

µ⌫)Im⇧T
J (q

2) + g

µ⌫Im⇧L
J(q

2)
i
⇠µ⇠

⇤
⌫ � 0 (11)

for any complex 4-vector ⇠µ.

From this we can prove the positivity:

Im⇧T
J (q

2) � 0 (12)

Im⇧L
J(q

2) � 0 (13)
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed IV

Consider the two body state of X = Hb(p1)Hc(p2).

Im⇧ii
J (q

2) =
1

2

Z
d

3

p

1

d

3

p

2

(2⇡)34E
1

E

2

�4(q � p

1

� p

2

)

⇥
X

pol

h0|J i |Hb(p1)Hc(p2)ihHb(p1)Hc(p2)|[J i ]†|0i

+ · · · (14)

Here, the ellipsis (· · · ) represents strictly positive contributions from
the higher resonances and multi-particle states.

We may assume that Hb = B ,B⇤ meson states, and Hc = D,D⇤

meson states.
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed V

Let us consider a simple example of Hb = B and Hc = D

⇤.

Im⇧ii
J (t) � k(t)|F(t)|2 (15)

where t = q

2, k(t) is a calculable kinematic function arising from
two-body phase space.

Let us use the crossing symmetry and analytic continuation:

h0|J i |Hb(p1)Hc(p2)i = F(t) (t
+

 t <1) (16)

hH̄b(�p1)|J i |Hc(p2)i = F(t) (m2

`  t < t�) (17)
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed VI

Hadronic moments �(n)
J :

�(n)
J ⌘

1

�(n + 3)

@n+2⇧ii
J

@n+2

q

2

����
q2=0

=
1

⇡

Z 1

0

dt

Im⇧ii
J (t)

(t � q

2)n+3

����
q2=0

(18)

Hence, the inequality is

�(n)
J �

1

⇡

Z 1

t
+

dt

k(t)|F(t)|2
t

n+3

(19)

�! 1

⇡

Z 1

t
+

dt|h(n)(t)F (t)|2  1 (20)
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed VII

where

[h(n)(t)]2 =
k(t)

t

n+3�(n)
J

� 0 . (21)

Let us introduce the conformal mapping function:

z(t, ts) =

p
t

+

� t �pt
+

� tsp
t

+

� t +
p
t

+

� ts
(22)

The inequality can be rewritten as follows,

1

⇡

Z 1

t
+

dt

����
dz(t, t

0

)

dt

���� |�(t, t0)P(t)F (t)|2  1 , (23)
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed VIII

Here, the outer function � is

�(t, t
0

) = P̃(t)
h

(n)(t)s����
dz(t, t

0

)

dt

����

(24)

Here, the factor P̃(t) removes the sub-threshold poles and branch
cuts in h

(n)(t).

P̃(t) =

˜NY

i=1

z(t, tsi )

˜MY

j=1

q
z(t, tsj ) (25)

122 / 151



CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed IX

The Blaschke factor P(t) removes all the sub-threshold poles in F(t).

P(t) ⌘
NY

i=1

z � zPi

1� zz

⇤
Pi

=
NY

i=1

z � zPi

1� zzPi

(26)

zPi
⌘ z(tPi

, t�) =

p
t

+

� tPi
�pt

+

� t�p
t

+

� tPi
+
p
t

+

� t�
(27)

where tPi
= M

2

Pi
represents the pole positions of F (t) below the

threshold (tPi
< t

+

).

|P̃(t)| = 1 and |P(t)| = 1 for t
+

 t <1.

Hence, �(t, t
0

)P(t)F(t) is analytic even in the sub-threshold region.
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CLN and BGL BGL

BGL: Boyd, Grinstein, Lebed X

BGL method for the form factor parametrization:

F (t) =
1

�(t, t
0

)P(t)

1X

n=0

anz
n(t, t

0

) (28)

After the Fourier analysis, the inequality is

1X

n=0

|an|2  1 . (29)

This is called the unitarity conditions (the weak version).
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Bs meson mass

Bs meson mass
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Bs meson mass Inconsistency Parameter

Measurement
Gauge Ensemble, Heavy Quark , Meson Momentum

MILC asqtad Nf = 2 + 1

a(fm) N

3

L ⇥ NT � am

0
l am

0
s u

0

a

�1(GeV) N

conf

Nt
src

0.12 203 ⇥ 64 6.79 0.02 0.05 0.8688 1.683+43

�16

500 6

11 momenta |pa| = 0, 0.099, · · · , 1.26
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Bs meson mass Inconsistency Parameter

Measurement: Interpolating Operator

Meson correlator

C (t,p) =
X

x

e

ip·xhO†(t, x)O(0, 0)i

Heavy-light meson interpolating operator

O
t

(x) =  ̄↵(x)�↵�⌦�t(x)�(x)

� =

⇢
�
5

(Pseudo-scalar)
�µ (Vector)

, ⌦(x) ⌘ �x1
1

�x2
2

�x3
3

�x4
4

Quarkonium interpolating operator

O(x) =  ̄↵(x)�↵� �(x)

[Wingate et al., PRD 67, 054505 (2003) , C. Bernard et al., PRD 83, 034503 (2011)]
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Bs meson mass Inconsistency Parameter

Correlator Fit

fit function

f (t) = A{e�Et + e

�E(T�t)}+ (�1)tAp{e�Ept + e

�Ep
(T�t)}

fit residual

r(t) =
C (t)� f (t)

|C (t)| ,where C (t) is data.

-70

-60

-50

-40

-30

-20

-10

0

0 10 20 30

ln
C
(t
)

t

fit

-0.2

-0.1

0

0.1

0.2

10 20

r(
t)

t

A = 0.114(2)
E = 2.037(2)

−Ap/A = −0.161(53)
Ep − E = 0.130(29)

FR: 10− 19
Uncorrelated Fit

[Qq, PS,  = 0.041, p = 0] 128 / 151



Bs meson mass Inconsistency Parameter

Correlator Fit: E↵ective Mass

m

e↵

(t) =
1

2
ln

 
C (t)

C (t + 2)

!

For small t,

C (t) ⇠=A(e�Et + �e�(E+�E)t)

=Ae

�Et(1 + �e�(�E)t) ,

⇢
� > 0 (excited state)
� ⇠ �(�1)t (time parity state)

m

e↵

⇡ E + �(�E )e�(�E)t

2.04

2.06

2.08

2.10

2.12

2.14

10 20
m

e
ff

t

Correlator Fit

[Qq, PS,  = 0.041, p = 0]

129 / 151



Bs meson mass Inconsistency Parameter

Dispersion Relation

E =M

1

+
p

2

2M
2

� (p2)2

8M3

4

� a

3

W

4

6

X

i

p

4

i

e
E =E +

a

3

W

4

6

X

i

p

4

i , n = (2, 2, 1) , (3, 0, 0)

2.05

2.10

2.15

0 0.5


! E

(p)2

M1 = 2.0368(18)
M2 = 3.17(4)
M4 = 3.3(5)
W4 = −0.0409(119)
FR: 0− 5

χ2/d.o.f = 1.14/2
Q = 0.57

[Qq, PS,  = 0.041]

3.20

3.25

0 0.5


! E

(p)2

M1 = 3.1964(4)
M2 = 5.60(2)
M4 = 4.2(1)
W4 = −0.0105(9)
FR: 0− 5

χ2/d.o.f = 1.40/2
Q = 0.50

[QQ, PS,  = 0.041]
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Bs meson mass Inconsistency Parameter

Improvement Test: Inconsistency Parameter

I ⌘ 2�MQq � (�MQQ + �Mqq)

2M
2Qq

=
2�BQq � (�BQQ + �Bqq)

2M
2Qq

M

1Qq = m

1Q +m

1q + B

1Qq �MQq = M

2Qq �M

1Qq

M

2Qq = m

2Q +m

2q + B

2Qq �BQq = B

2Qq � B

1Qq

[S. Collins et al., NPB 47, 455 (1996) , A. S. Kronfeld, NPB 53, 401 (1997)]

Inconsistency parameter I can be used to examine the improvements by
O(p4) terms in the action. The OK action is designed to improve these
terms and matched at tree-level.

Binding energies B
1

and B

2

are of order O(p2). Because the kinetic meson
mass M

2

appears with a factor p

2, the leading contribution of binding
energy B

2

is generated by O(p4) terms in the action.

E = M

1

+
p

2

2M
2

+ · · · = M

1

+
p

2

2(m
2Q +m

2q)

"
1� B

2Qq

(m
2Q +m

2q)
+ · · ·

#
+ · · ·
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Bs meson mass Inconsistency Parameter

Improvement Test: Inconsistency Parameter

I

⇠=
2�MQq � �MQQ

2M
2Qq

⇠=
2�BQq � �BQQ

2M
2Qq

Considering non-relativistic limit of quark and anti-quark system, for S-wave
case (µ�1

2

= m

�1

2Q
+m

�1

2q ),

�BQq =
5

3

hp2i
2µ

2

h
µ
2

⇣
m

2

2Q

m

3

4Q

+
m

2

2q

m

3

4q

⌘
� 1
i

(m
4

: c
1

, c
3

)

+
4

3
a

3

hp2i
2µ

2

µ
2

(w
4Qm

2

2Q
+ w

4qm
2

2q) (w
4

: c
2

, c
4

)

+O(p4)

[A. S. Kronfeld, NPB 53, 401 (1997) , C. Bernard et al., PRD 83, 034503 (2011)]

Leading contribution of O(p2) in �B vanishes when w

4

= 0, m
2

= m

4

, not
only for S-wave states but also for higher harmonics.

This condition is satisfied exactly at tree-level, and we expect I is close to 0.
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Bs meson mass Inconsistency Parameter

Improvement Test: Inconsistency Parameter

The coarse (a = 0.12fm) ensemble data covers the B

0

s mass and
shows significant improvement compared to the Fermilab action.

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0



M2Q̄q

M(D+
s
) M(B0

s
)

( = 0.12fm) OK

3940414247484950

( = 0.12fm) FNAL
83

91

121
127

 = 0

The data point labels denote
the  values.
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Bs meson mass Inconsistency Parameter

Improvement Test: Hyperfine Splitting �

�
1

= M

⇤
1

�M

1

, �
2

= M

⇤
2

�M

2

Recall,

M

(⇤)
1Qq

= m

1Q +m

1q + B

(⇤)
1Qq

M

(⇤)
2Qq

= m

2Q +m

2q + B

(⇤)
2Qq

�B(⇤) = B

(⇤)
2

� B

(⇤)
1

Then,

�
2

= �
1

+ �B⇤ � �B

The di↵erence in hyperfine splittings �
2

��
1

also can be used to
examine the improvement from O(p4) terms in the action.
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Bs meson mass Inconsistency Parameter

Improvement Test: Hyperfine Splitting �

�
2

= �
1

+ �B⇤ � �B

−0.20

0.00

0.20

0.40

0.60

0.00 0.05 0.10 0.15 0.20 0.25 0.30

r 1
Δ
2

r1Δ1

OK ( = 0.12fm)

41

49

FNAL ( = 0.12fm)
83

127

Δ2 = Δ1

Quarkonium

−0.20

0.00

0.20

0.40

0.60

0.00 0.05 0.10 0.15 0.20 0.25 0.30

r 1
Δ
2

r1Δ1

OK ( = 0.12fm)

41

49

FNAL ( = 0.12fm)83

127

Δ2 = Δ1

Heavy-light
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 Tuning

 Tuning
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 Tuning

N
f

= 2 + 1 + 1 MILC HISQ lattice

a (fm) Volume m̂

0/m0
s M⇡L M⇡ (MeV) N

conf

0.12 243 ⇥ 64 1/5 4.54 305.3(4) 1040
243 ⇥ 64 1/10 3.22 218.1(4) 1020
323 ⇥ 64 1/10 4.29 216.9(2) 1000
403 ⇥ 64 1/10 5.36 217.0(2) 1028
483 ⇥ 64 1/27 3.88 131.7(1) 1000

0.09 323 ⇥ 96 1/5 4.50 312.7(6) 1011
483 ⇥ 96 1/10 4.71 220.3(2) 1000
643 ⇥ 96 1/27 3.66 128.2(1) 1047

0.06 483 ⇥ 144 1/5 4.51 319.3(5) 1016
643 ⇥ 144 1/10 4.30 229.2(4) 1246
963 ⇥ 192 1/27 3.69 135.5(2) 858

0.042 643 ⇥ 192 1/5 4.35 309.3(9) 1133
1443 ⇥ 288 1/27 4.17 134.2(2) 381

0.03 963 ⇥ 288 1/5 4.84 308.7(1.2) 609
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 Tuning

|V
cb

| from the exclusive decay B̄ ! D⇤`⌫̄

d�

dw

(B̄ ! D

⇤
l ⌫̄) =

G

2

F |Vcb|2M5

B

4⇡3

r

⇤3(1� r

⇤)2(w2 � 1)
1

2 ⌘C |⌘EW |2�(w)|F(w)|2

w = vB · vD⇤ , r⇤ = MD⇤
MB

⌘C : Coulomb attraction, ⌘EW = 1.0066: the one-loop electroweak
correction

�(w): Phase-space factor

F(w): Form factor ( LATTICE)
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 Tuning

Heavy quarks on the lattice: Fermilab method

The most updated version of |Vcb| calculation is done using the Fermilab action to
control the c , b heavy quark discretization errors. It is generalized version of the
Wilson clover action [El-Khadra, Kronfeld, and Mackenzie, PRD55, 3933 (1997)]

S

Fermilab

= S

0

+ SE + SB

S

0

= a

4

X

x

 ̄(x)
h
m

0

+ �
4

D

4

� a

2
�

4

+ ⇣
⇣
� · D � rsa

2
�(3)

⌘i
 (x)

SE = �1

2
cE ⇣a

5

X

x

 ̄(x)↵ · E (x), SB = �1

2
cB⇣a

5

X

x

 ̄(x)i⌃ · B (x).

The Wilson term breaks the chiral symmetry explicitly, and the mass gets
additive renormalization. ! We tune  and 

crit

to the physical quark.

am

0

=
1

2u
0

✓
1


� 1


crit

◆
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 Tuning

Oktay-Kronfeld action

The OK action is an improved version of the Fermilab action such that the
bilinear operators are tree-level matched to QCD through O(�3) in HQET power
counting where � ⇠ a⇤ ⇠ ⇤/(2mQ) [Oktay and Kronfeld, PRD78, 014504 (2008)]

S

OK

= S

Fermilab

+ S

new

S

new

= a

6

X

x

 ̄(x)
h
c

1

X

i

�iDi�i + c

2

{� · D,�(3)}+ c

3

{� · D, i⌃ · B}

+cEE{�4D4

,↵ · E}+ c

4

X

i

�2

i + c

5

X

i 6=j

{i⌃iBi ,�j}
i
 (x)

The matching determines cB , cE , c1,··· ,5 and cEE as a function of m
0

. We
have a tree-level value for the 

crit

tree
crit

= [2u
0

(1 + 3⇣rs + 18c
4

)]�1 = 0.053850 (⇣ = rs = 1)

where u

0

= 0.86372 for MILC HISQ lattice (a12m310, 243 ⇥ 64)
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 Tuning

Fermilab method

We write non-relativistic dispersion relation,

E (p) = M

1

+
p2

2M
2

� (p2)2

8M3

4

� a

3

W

4

6

X

i

p

4

i + · · · .

M

1

: rest mass

M

2

: kinetic mass ! Tuning to the physical mass

M

4

: quartic mass

W

4

: Lorentz symmetry breaking term

(Example) Tree-level relation between the bare quark mass m
0

and the kinetic
quark mass m

2

1

am

2

=
2⇣2

am

0

(2 + am

0

)
+

rs⇣

1 + am

0
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 Tuning

Nonperturbative determination of crit

M

2

(,
crit

): Light kinetic meson mass (600⇠950 MeV)

m

2

(,
crit

): kinetic quark mass

Let us suppose the meson mass relation

M

2

2

= A+ Bm

2

+ Cm

2

2

.

The fitting using the true value of 
crit

will give A = 0. Note that the action
depends on both  and 

crit

. We determine 
crit

iteratively, as follows.

1 Start with an initial guess 0
crit

= 0.96tree
crit

2 Determine the OK action coe�cients using 0
crit

3 Produce 2-pt pion correlators, and determine kinetic meson mass
M

2

(,0
crit

) using various  in the range (600⇠950 MeV)

4 Find 
crit

such that fitting in terms of m
2

(,
crit

) gives A = 0.

5 Update 0
crit

= 
crit

and go to the step 2.

142 / 151



 Tuning

Nonperturbative determination of crit: result

Nf = 2 + 1 + 1 MILC HISQ ensemble (a12m310),
N

conf

= 130, point source

 0.0512

 0.0514

 0.0516

 0.0518

 0  1  2

κ
cr

it

Iteration #

0.96κcrit
tree (Initial guess)


crit

= 0.051211(33)(4)
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 Tuning

 tuning using D
s

and B
s

masses

M

2

(,
crit

): Heavy-light meson mass

m

2

(,
crit

): kinetic quark mass

We use the HQET expansion of heavy-light meson masses M
2

as a fitting
function:

aM

2

= am

2

+ d

0

+
d

1

am

2

+
d

2

(am
2

)2
.

1 Determine the OK action coe�cients using charm and bottom type
 values with nonperturbative 

crit

.

2 Produce 2-pt Bs , Ds correlators, and determine M

2

(,
crit

)

3 Determine the coe�cients d
0

, d
1

and d

2

using least-�2 fitting

4 Find m

tuned

2

that gives the physical meson mass MPhys = M

2

(mtuned

2

).

5 obtain tuned such that mtuned

2

= m

2

(mtuned

0

) and
m

tuned

0

= m

0

(tuned,
crit

).
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 Tuning

 tuning using D
s

and B
s

masses: results

Nf = 2 + 1 + 1 MILC HISQ ensemble (a12m310)

HISQ propagators (ams = 0.0509) with point source

OK propagators (
crit

= 0.051211 and tree
crit

) with covariant Gaussian
smearing.

 0.9

 1.2

 1.5

0.5 1.0 1.5

a
M

D
s

am2

c

NP

TP
 3

 3.3

 3.6

 3.9

2.0 2.5 3.0

a
M

B
s

am2

b

NP

TP

c = 0.048524(33)(43), b = 0.04102(14)(9)
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 Tuning

Meson Spectrum of B and D(⇤)

E = M

1

+
p

2

2M
2

� (p2)2

8M3

4

� a

3

w

4

6

X

i

p

4

i + · · · .

M
B
[G
eV
]

a [fm]

B0

Mπ = 310MeV
220MeV

5.0

5.5

6.0

0.09 0.12

1.8

1.9

2.0

2.1

0.09 0.12

D+

D∗+

M
D
[G
eV
]

a [fm]

1.8

1.9

2.0

2.1

0.09 0.12

Meson masses (MB , MD) can be obtained from the kinetic mass M
2

.

MD⇤ (gray) : kinetic mass (M
2

).

MD⇤ (orange) : M(D⇤) = M

2

(D) +M

1

(D⇤)�M

1

(D) ! smaller errors.
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