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QCD+QED Phenomenology
Charged hadron scattering High charge-density systems

Boundaries of periodic table 
determined by competition between 
QCD and QED

LQCD+QED calculations can 
disentangle nonperturbative QED 
and QCD effects

Nonperturbative relativstic QED effects 
important 

Precise predictions of isospin-violating 
differences between pp, pn, and nn 
scattering lengths would improve 
nuclear EFTs/models

LQCD+QED can separate strong and 
electromagnetic isospin violation in 
nucleon-nucleon scattering lengths
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QCD+QED Theory
LQCD+QED for                nuclei faces several obstacles:

Exponential signal-to-noise degradation with increasing baryon number
— Not this talk. Start with LQCD+QED   for charged mesons with 

unphysically large      to explore high charge density systems at lower cost

Charged systems in a box with periodic 
boundary conditions violate Gauss’s law

—  QED   removes spatial zero-mode of photon, 
equivalent to adding uniform density of 
opposite charge

L

QCD+QED   preserves symmetries of QCD+QED but violates localityL

— Subtleties of nonlocal field theory must be understood in order to match 
LQCD+QED  results to hadronic EFTsL

Hayakawa and Uno, Prog. Theor. Phys. 120 (2008)Duncan et al, PRL 76 (1996) Blum et al, PRD 76 (2007)

L
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Review: Patella, PoS LATTICE 2016 (2017)

— Either boundary conditions or photon field 
must be modified



!4

NRQED

Non-Relativistic QED (NRQED) describes low-energy QED for electromagnetic 
bound states, charged particle scattering, hadronic reactions and decays, …

Dual expansion:
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Power counting (on-shell matter particles):
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With multiple charged particles, loop expansion does not match 
EFT expansion, Coulomb ladder diagrams must be resumed for ⌘ =
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Caswell and Lepage, Phys. Lett. 167B (1985)

Kong and Ravndal, Nucl. Phys. A 665 (2000)

Carrasco et al, PRD 91 (2015)
…
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Relativistic formalism for FV effects on generic particle-number systems unknown 



Beane and Savage, PRD 90 (2014)
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Two Charged Particles in a Box
In finite-volume with PBCs, momenta are quantized p =

2⇡

L
n, n 2 Z3
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Coulomb ladder diagrams must be nonperturbatively resumed for large enough 
volumes that                                  ↵M/p ⇠ ↵ML � 1
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For intermediate volumes                                    Coulomb effects are perturbative
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Beane and Savage derived generalized Lüscher quantization condition relating FV 
energy shifts and scattering phase shifts accurate to O(↵), O(↵ML)
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Range of validity of Beane-Savage regime remains to be explored in LQCD+QEDL

— technically challenging unsolved problem
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Lattice QCD+QEDL
Dynamical QCD + QED  ensembles generated by CSSM/QCDSF/UKQCD collaboration 

� ⇡

|e
q

|L
µ

<

1

V

X

x

A

µ

(x)  ⇡

|e
q

|L
µ

<latexit sha1_base64="vcr3guk7hH2DiFcUv/7EE3RMysI="></latexit>

a = 0.068(2) fm
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                    quark flavors with masses tuned to symmetric point where all neutral 
pseudoscalar mesons are degenerate, 

Nf = 1 + 2
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Quark determinant unaffected by this gauge-fixing procedure
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Gauge-fixing required for non-zero charged particle correlation functions

aL = 24, 32, 48
<latexit sha1_base64="etrURLmxRrf7Tb59vtT1qZz/iRk=">AAAB+nicbVDLTgIxFL2DL8TXoEs3jcTEhSEzQCIbE6IbFy4wkUcCE9IpBRo6nUnb0ZCRT3HjQmPc+iXu/BsLzELBk9ybk3PuTW+PH3GmtON8W5m19Y3Nrex2bmd3b//Azh82VRhLQhsk5KFs+1hRzgRtaKY5bUeS4sDntOWPr2d+64FKxUJxrycR9QI8FGzACNZG6tl5fIsuUaly3kXlkmmVas8uOEVnDrRK3JQUIEW9Z391+yGJAyo04VipjutE2kuw1IxwOs11Y0UjTMZ4SDuGChxQ5SXz06fo1Ch9NAilKaHRXP29keBAqUngm8kA65Fa9mbif14n1oOqlzARxZoKsnhoEHOkQzTLAfWZpETziSGYSGZuRWSEJSbapJUzIbjLX14lzVLRLRedu0qhdpXGkYVjOIEzcOECanADdWgAgUd4hld4s56sF+vd+liMZqx05wj+wPr8Aa+dkQg=</latexit>

muu ⇡ mdd = mss
<latexit sha1_base64="XkFtRs+T+k1jxF9lQIdfwd5iXB4=">AAACKHicbVDNS8MwHE3n15xfVY9egkPwNFoV9CIOvXic4D5gLSVN0y0sbUqSiqP0z/Hiv+JFRJFd/UtMtx7c5oPA4733S/J7fsKoVJY1MSorq2vrG9XN2tb2zu6euX/QkTwVmLQxZ1z0fCQJozFpK6oY6SWCoMhnpOuP7gq/+0SEpDx+VOOEuBEaxDSkGCkteeZN5GUO14nigizN0xw6KEkEf4ZzTpAHObye12Quc8+sWw1rCrhM7JLUQYmWZ344AcdpRGKFGZKyb1uJcjMkFMWM5DUnlSRBeIQGpK9pjCIi3Wy6aA5PtBLAkAt9YgWn6t+JDEVSjiNfJyOkhnLRK8T/vH6qwis3o3GSKhLj2UNhyqDisGgNBlQQrNhYE4QF1X+FeIgEwkp3W9Ml2IsrL5POWcM+b1gPF/XmbVlHFRyBY3AKbHAJmuAetEAbYPAC3sAn+DJejXfj25jMohWjnDkEczB+fgHS6qji</latexit>

Horsley et al, J. Phys. G 43 (2016) Horsley et al, arXiv:1904.02304Horsley et al, JHEP 1604 (2016)

Landau gauge-fixing used with residual gauge degrees of freedom removed by 
adding multiples of                 to       to satisfy2⇡/(eqLµ)

<latexit sha1_base64="JnNO/tou2hyoWftqQMXg9JU1g04=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS02qoMeiFw8eKtgPaErYbDft0s0m7m4KJfSfePGgiFf/iTf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7+/bBYVPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB26rdGVCoWi0c9Tmg3wn3BQkawNpJv21UvYedl6j+he9+L0jPfLjkVZwa0TNyclCBH3be/vF5M0ogKTThWquM6ie5mWGpGOJ0UvVTRBJMh7tOOoQJHVHWz2eUTdGqUHgpjaUpoNFN/T2Q4UmocBaYzwnqgFr2p+J/XSXV43c2YSFJNBZkvClOOdIymMaAek5RoPjYEE8nMrYgMsMREm7CKJgR38eVl0qxW3IuK83BZqt3kcRTgGE6gDC5cQQ3uoA4NIDCCZ3iFNyuzXqx362PeumLlM0fwB9bnD8WNknI=</latexit>

Photon zero-modes removed from each timeslice for valence quark propagators, 
FV effects of zero-mode on quark determinant add small systematic uncertainty

↵ = 0.1
<latexit sha1_base64="oBOojJ/ei/3R3N5yzGzYQCpuhTw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0ItQ9OKxgrWFJpTJdtMu3WzC7kYopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK8qaNBWpakeomeCSNQ03grUzxTCJBGtFw9up33piSvNUPphRxsIE+5LHnKKxUhCgyAZIronn+t1qzXO9Gcgy8QtSgwKNbvUr6KU0T5g0VKDWHd/LTDhGZTgVbFIJcs0ypEPss46lEhOmw/Hs5gk5sUqPxKmyJQ2Zqb8nxphoPUoi25mgGehFbyr+53VyE1+FYy6z3DBJ54viXBCTkmkApMcVo0aMLEGquL2V0AEqpMbGVLEh+IsvL5PHM9c/d737i1r9poijDEdwDKfgwyXU4Q4a0AQKGTzDK7w5ufPivDsf89aSU8wcwh84nz8RCJBi</latexit>

L
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Charged and Neutral Mesons

L

e�mL
<latexit sha1_base64="wXxa+FMESaK+55UsayTh/9javYY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbCrgh6DXjx4iGAekKxhdtKbDJnZXWdmhbDkJ7x4UMSrv+PNv3HyOGhiQUNR1U13V5AIro3rfju5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEjrBluBDYThVQGAhvB4HrsN55QaR5H92aYoC9pL+IhZ9RYqYkP2Ykkt6NOseSW3QnIIvFmpAQzVDvFr3Y3ZqnEyDBBtW55bmL8jCrDmcBRoZ1qTCgb0B62LI2oRO1nk3tH5MgqXRLGylZkyET9PZFRqfVQBrZTUtPX895Y/M9rpSa89DMeJanBiE0XhakgJibj50mXK2RGDC2hTHF7K2F9qigzNqKCDcGbf3mR1E/L3lnZvTsvVa5mceThAA7hGDy4gArcQBVqwEDAM7zCm/PovDjvzse0NefMZvbhD5zPH2odj40=</latexit>

FV effects on       mass 
described by NRQED  at 
NLO (1 fit parameter) for 
L = 32, 48

         FV effects clearly present 
at L=24 for        and        , 
volume excluded from 
analysis

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

K0
<latexit sha1_base64="IKF7StyrJvQJee0OP6sVb5nO70g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi+Clov2ANpbNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrexwn3I/oQIlQMIpWurt5cHvlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvtOrenlVql3kcRTiAQzgGD86hBtdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgGxLSNcw==</latexit>

Same conclusion as
Horsley et al, J. Phys. G 43 (2016)

Quark mass tuning removes strong isospin breaking between       and       masses, 
remaining mass difference pure QED

QED effects explored by comparing systems of 1-12        mesons with systems of 
1-12         mesons
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⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

K0
<latexit sha1_base64="IKF7StyrJvQJee0OP6sVb5nO70g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi+Clov2ANpbNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrexwn3I/oQIlQMIpWurt5cHvlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvtOrenlVql3kcRTiAQzgGD86hBtdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgGxLSNcw==</latexit>

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

K0
<latexit sha1_base64="IKF7StyrJvQJee0OP6sVb5nO70g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi+Clov2ANpbNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrexwn3I/oQIlQMIpWurt5cHvlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvtOrenlVql3kcRTiAQzgGD86hBtdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgGxLSNcw==</latexit>
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Charged Particle Interactions

↵m⇡+L ⇠ 0.38, 0.48, 0.72
<latexit sha1_base64="GGDEN5cVRJGcX9qQbg2AMEUBigw=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQlZK0hXZZdOPCRQX7gCaGyXTSDp1JwsxEKKH/4MZfceNCEbdu3Pk3TtsstPXAcA/n3Mude/yYUaks69vIrayurW/kNwtb2zu7e+b+QVtGicCkhSMWia6PJGE0JC1FFSPdWBDEfUY6/uhq6nceiJA0Cu/UOCYuR4OQBhQjpSXPPHMQi4cIci91Ynp/PoE30JGUQ6tUqV84ulTnpVb2zKJVsmaAy8TOSBFkaHrml9OPcMJJqDBDUvZsK1ZuioSimJFJwUkkiREeoQHpaRoiTqSbzm6awBOt9GEQCf1CBWfq74kUcSnH3NedHKmhXPSm4n9eL1FB3U1pGCeKhHi+KEgYVBGcBgT7VBCs2FgThAXVf4V4iATCSsdY0CHYiycvk3a5ZFdK1m212LjM4siDI3AMToENaqABrkETtAAGj+AZvII348l4Md6Nj3lrzshmDsEfGJ8/5M2aUA==</latexit>
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Coulomb effects on              FV 
energy shift might be expected to 
be large since

⇡+⇡+
<latexit sha1_base64="MLsNSzNdq6fBdLEnpTc7aZwZvKY=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtlVQY9FLx4r2A9s15JNs21oNrsks0Ip/RdePCji1X/jzX9jut2Dtj5IeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95hPXRsTqHkcJ9yPaVyIUjKKVHjqJeDzNvm6p7FbcDGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0B9TjYJJPil2UsMTyoa0z9uWKhpx44+zjSfk2Co9EsbaPoUkU393jGlkzCgKbGVEcWDmvan4n9dOMbzyx0IlKXLFZoPCVBKMyfR80hOaM5QjSyjTwu5K2IBqytCGVLQhePMnL5LGWcU7r7h3F+XqdR5HAQ7hCE7Ag0uowi3UoA4MFDzDK7w5xnlx3p2PWemSk/ccwB84nz/WL5Bc</latexit>

QED effects < 10% of total shift, even 
at largest volume

�E⇡+⇡+ ��EK0K0 = 0.15(50) MeV
<latexit sha1_base64="P9HsEiuV/wFIC9RvHhjQ37P6Fyw="></latexit>

�E⇡+⇡+ = 6.9(1.1) MeV
<latexit sha1_base64="KqZdf56YQ0BVmn0E+hcjjP4X+Pc=">AAACFXicbVDJSgNBEO1xjXGLevTSGISIMsyouByE4AJeBAWTCJkYejo1sbFnobtGDEN+wou/4sWDIl4Fb/6NnZiD24MqHu9V0V3PT6TQ6Dgf1tDwyOjYeG4iPzk1PTNbmJuv6jhVHCo8lrG68JkGKSKooEAJF4kCFvoSav71Qc+v3YDSIo7OsZNAI2TtSASCMzRSs7DmHYJERo+amZeIy9V+69I9umXvllzbXfGoh3CL2QlUu81C0bGdPuhf4g5IkQxw2iy8e62YpyFEyCXTuu46CTYyplBwCd28l2pIGL9mbagbGrEQdCPrX9Wly0Zp0SBWpiKkffX7RsZCrTuhbyZDhlf6t9cT//PqKQY7jUxESYoQ8a+HglRSjGkvItoSCjjKjiGMK2H+SvkVU4yjCTJvQnB/n/yXVNdtd8N2zjaL5f1BHDmySJZIibhkm5TJMTklFcLJHXkgT+TZurcerRfr9Wt0yBrsLJAfsN4+AXDhnHs=</latexit>
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Charged Particle Interactions

↵MpL ⇠ 1.3, 1.9
<latexit sha1_base64="J7fJ2tv6oe5eTv1mDrbMdSltKaU=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgQoYZK6i7ohsXChXsAzrDkEkzbWgyE5KMUEoXbvwVNy4UcetHuPNvTNtZaOuBezmccy/JPZFgVGnX/bYKS8srq2vF9dLG5tb2jr2711RpJjFp4JSlsh0hRRhNSENTzUhbSIJ4xEgrGlxN/NYDkYqmyb0eChJw1EtoTDHSRgrtso+Y6CN4Gwp4A31FOfSc6rFv+kVoV1zHnQIuEi8nFZCjHtpffjfFGSeJxgwp1fFcoYMRkppiRsYlP1NEIDxAPdIxNEGcqGA0PWIMD43ShXEqTSUaTtXfGyPElRryyExypPtq3puI/3mdTMfnwYgmItMkwbOH4oxBncJJIrBLJcGaDQ1BWFLzV4j7SCKsTW4lE4I3f/IiaZ44XtVx704rtcs8jiIogwNwBDxwBmrgGtRBA2DwCJ7BK3iznqwX6936mI0WrHxnH/yB9fkDnu6VfA==</latexit>

Is this consistent with NRQED  ?L
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Coulomb effects on              FV 
energy shift might be expected to 
be large since

⇡+⇡+
<latexit sha1_base64="MLsNSzNdq6fBdLEnpTc7aZwZvKY=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtlVQY9FLx4r2A9s15JNs21oNrsks0Ip/RdePCji1X/jzX9jut2Dtj5IeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95hPXRsTqHkcJ9yPaVyIUjKKVHjqJeDzNvm6p7FbcDGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0B9TjYJJPil2UsMTyoa0z9uWKhpx44+zjSfk2Co9EsbaPoUkU393jGlkzCgKbGVEcWDmvan4n9dOMbzyx0IlKXLFZoPCVBKMyfR80hOaM5QjSyjTwu5K2IBqytCGVLQhePMnL5LGWcU7r7h3F+XqdR5HAQ7hCE7Ag0uowi3UoA4MFDzDK7w5xnlx3p2PWemSk/ccwB84nz/WL5Bc</latexit>

QED effects < 10% of total shift, even 
at largest volume

�E⇡+⇡+ ��EK0K0 = 0.15(50) MeV
<latexit sha1_base64="P9HsEiuV/wFIC9RvHhjQ37P6Fyw="></latexit>

�E⇡+⇡+ = 6.9(1.1) MeV
<latexit sha1_base64="KqZdf56YQ0BVmn0E+hcjjP4X+Pc=">AAACFXicbVDJSgNBEO1xjXGLevTSGISIMsyouByE4AJeBAWTCJkYejo1sbFnobtGDEN+wou/4sWDIl4Fb/6NnZiD24MqHu9V0V3PT6TQ6Dgf1tDwyOjYeG4iPzk1PTNbmJuv6jhVHCo8lrG68JkGKSKooEAJF4kCFvoSav71Qc+v3YDSIo7OsZNAI2TtSASCMzRSs7DmHYJERo+amZeIy9V+69I9umXvllzbXfGoh3CL2QlUu81C0bGdPuhf4g5IkQxw2iy8e62YpyFEyCXTuu46CTYyplBwCd28l2pIGL9mbagbGrEQdCPrX9Wly0Zp0SBWpiKkffX7RsZCrTuhbyZDhlf6t9cT//PqKQY7jUxESYoQ8a+HglRSjGkvItoSCjjKjiGMK2H+SvkVU4yjCTJvQnB/n/yXVNdtd8N2zjaL5f1BHDmySJZIibhkm5TJMTklFcLJHXkgT+TZurcerRfr9Wt0yBrsLJAfsN4+AXDhnHs=</latexit>

Nucleon-nucleon systems have 
stronger Coulomb effects, still not 
resolved despite

↵m⇡+L ⇠ 0.38, 0.48, 0.72
<latexit sha1_base64="GGDEN5cVRJGcX9qQbg2AMEUBigw=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQlZK0hXZZdOPCRQX7gCaGyXTSDp1JwsxEKKH/4MZfceNCEbdu3Pk3TtsstPXAcA/n3Mude/yYUaks69vIrayurW/kNwtb2zu7e+b+QVtGicCkhSMWia6PJGE0JC1FFSPdWBDEfUY6/uhq6nceiJA0Cu/UOCYuR4OQBhQjpSXPPHMQi4cIci91Ynp/PoE30JGUQ6tUqV84ulTnpVb2zKJVsmaAy8TOSBFkaHrml9OPcMJJqDBDUvZsK1ZuioSimJFJwUkkiREeoQHpaRoiTqSbzm6awBOt9GEQCf1CBWfq74kUcSnH3NedHKmhXPSm4n9eL1FB3U1pGCeKhHi+KEgYVBGcBgT7VBCs2FgThAXVf4V4iATCSsdY0CHYiycvk3a5ZFdK1m212LjM4siDI3AMToENaqABrkETtAAGj+AZvII348l4Md6Nj3lrzshmDsEfGJ8/5M2aUA==</latexit>
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Nonlocality
Details of NRQED   must be understood to interpret LQCD+QED   results in EFTL

Significant recent progress in understanding NRQED  subtleties for single hadrons
L

— locality violation from zero-mode subtraction allows IR scales such as L to 
appear in coefficients of UV divergences and renormalized couplings

— careful matching between QED   and NRQED    allows nonlocal counterterms to 
be determined

How do non-local counterterms modify 2-body interactions? 

Are non-local 2-body effects enhanced by Coulomb ladder diagrams?

Remaining questions for multi-particle systems:

L L

= +( ) )(
L L

QED NRQED

�m ⇠ 1

mL3
<latexit sha1_base64="rjFSb7bJQ4ibj03UdCPm+KbqkWY=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxYQZdFNy5cVLAP6Iwlk8m0oUlmSDJCGWblxl9x40IRt36DO//GtJ2Fth64l8M595LcEySMKu0431ZpaXllda28XtnY3NresXf32ipOJSYtHLNYdgOkCKOCtDTVjHQTSRAPGOkEo6uJ33kgUtFY3OlxQnyOBoJGFCNtpL596IWEaQQ59BQ1LZIIZ26ecXhzX8/7dtWpOVPAReIWpAoKNPv2lxfGOOVEaMyQUj3XSbSfIakpZiSveKkiCcIjNCA9QwXiRPnZ9IwcHhslhFEsTQkNp+rvjQxxpcY8MJMc6aGa9ybif14v1dGFn1GRpJoIPHsoShnUMZxkAkMqCdZsbAjCkpq/QjxEJgltkquYENz5kxdJ+7Tm1mvO7Vm1cVnEUQYH4AicABecgwa4Bk3QAhg8gmfwCt6sJ+vFerc+ZqMlq9jZB39gff4A+16YKg==</latexit>

Borsanyi et al, Science, vol. 347 (2015)

Lee and Tiburzi, PRD 93 (2016)

Davoudi and Savage, PRD 90 (2014) Fodor et al, Phys. Lett. B 755 (2016)

Davoudi, Harrison, Jüttner, Portelli, and Savage, PRD 99 (2019)

Matzelle and Tiburzi, PRD 95 (2017)

L
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Matching NRQED   and QEDL L

=
LQED LNRQED

Tree-level QED  2 -> 2 amplitude reproduced by NRQED   with

L NRQEDL
=  †

✓
iD0 �

DiDi

2M

◆
 � 4⇡a

M
( † )2

<latexit sha1_base64="gEhzEyiVlimLKNWgj5iBJvOARFc="></latexit>

 =
p
2MeiMt'

<latexit sha1_base64="mfPKLnAc6vTRZ54DB6y5/Bs1NDU=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXajoI0QtLEJRDAPyK5hdjKbDJl9OHM3EJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733eLHgCizr28itrK6tb+Q3C1vbO7t75v5BU0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1veD3xWyMmFY/COxjHzA1IP+Q+pwS01DWLTqw4vsSOepCQVmoZZvcpxzUMGXZGRMYD3jVLVtmaAi8Te05KaI561/xyehFNAhYCFUSpjm3F4KZEAqeCZQUnUSwmdEj6rKNpSAKm3HT6S4aPtdLDfiR1hYCn6u+JlARKjQNPdwYEBmrRm4j/eZ0E/As35WGcAAvpbJGfCAwRngSDe1wyCmKsCaGS61sxHRBJKOj4CjoEe/HlZdKslO3TsnV7VqpezePIoyNURCfIRueoim5QHTUQRY/oGb2iN+PJeDHejY9Za86YzxyiPzA+fwB4zZoO</latexit>L L

One-level QED   2 -> 2 amplitude includes antiparticle pole contributions not 
present in NRQED

+
LQED

LNRQED

=
Explicit calculation shows antiparticle pole contribution suppressed by

↵

(ML)5
<latexit sha1_base64="WswtcMfVFI75KPFbAJ7EBrosL64=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZTEB7osunGhUME+oInlZjpph04mYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+/xY0alsu1vo7CwuLS8Ulwtra1vbG6Z2ztNGSUCkwaOWCTaPkjCKCcNRRUj7VgQCH1GWv7wauy3HomQNOL3ahQTL4Q+pwHFoLTUNffcQABOXWDxALK0cntz9HCWdc2yXbUnsOaJk5MyylHvml9uL8JJSLjCDKTsOHasvBSEopiRrOQmksSAh9AnHU05hER66eT8zDrUSs8KIqGLK2ui/p5IIZRyFPq6MwQ1kLPeWPzP6yQquPBSyuNEEY6ni4KEWSqyxllYPSoIVmykCWBB9a0WHoDOQ+nESjoEZ/bledI8rjonVfvutFy7zOMoon10gCrIQeeohq5RHTUQRil6Rq/ozXgyXox342PaWjDymV30B8bnD6l3lUY=</latexit>

Antiparticle poles in Coulomb ladder diagrams further suppressed, nonlocal quartic 
interactions in NRQED   only arise as high-order relativistic corrections

L

L

L

L'
QEDL

= �Dµ'
†Dµ'�M2'2'� 16⇡aM('†')2

<latexit sha1_base64="nSIfLbjFYFUZZpwYy/Gep865YCc="></latexit>
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Matching pNRQED   and NRQEDL L

Dominant contributions arise from 
diagrams with Coulomb photon 
exchange between space-like 
separated particles 

Coulomb photon contributions reproduced in Rayleigh-Schrödinger perturbation 
theory with potential

hp01, p02|V |p1, p2i =
"✓

4⇡a

ML3

◆
+

↵

⇡L

X

i2Z3

0 1

|i|2

#
�p1+p2�p0

1�p0
2

<latexit sha1_base64="0hk7tlm4wDf9L+pHyjta3AaRXLw="></latexit>

Contributions from radiation 
photon diagrams suppressed 
by 1/(ML)

<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

L LDefines leading-order potential NRQED  (pNRQED ) accurate up to            effects, 
higher-order potential computable as in infinite-volume pNRQED/pNRQCD

1/(ML)
<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

Pineda and Soto, Nucl. Phys. Proc. Suppl. 64 (1998) Pineda and Soto, PRD 59 (1999)

All nonlocal effects suppressed by 
powers of 1/(ML)

<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

+…
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Many Charged Particles in a Box
3+ particle systems achieve higher charge density in fixed volume, eventually 

probe nonperturbative relativistic QED effects

Radiation photon diagrams again suppressed by 

1/(ML)
<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

— comparison of LQCD+QED   and NRQED   for multi-pion systems provides 
strong tests of validity of NRQED  

L L
L

pNRQED   suitable for calculations of many-pion energy shifts up to             effects

1/(ML)
<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

L

Coulomb photon contributions 
accessible to pNRQED   
dominant

L
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FV Energy Shifts in pNRQED
n-boson energy shifts straightforwardly computable in pNRQEDL

Important features:

Log involves FV analog of Coulomb expansion parameter ⌘ =
↵M

2p
=

↵ML

4⇡
<latexit sha1_base64="kjGz3hJKUvk5vwc55OBxjEeQRqw=">AAACHXicbVBNS8NAEN34WetX1KOXxSJ4Kkkt6EUoevGgUMF+QFPKZLtpl26SZXcjlJA/4sW/4sWDIh68iP/GbZuDtj4YeLw3w8w8X3CmtON8W0vLK6tr64WN4ubW9s6uvbffVHEiCW2QmMey7YOinEW0oZnmtC0khdDntOWPriZ+64FKxeLoXo8F7YYwiFjACGgj9eyqRzXgC+wFEkjqARdDwLdZWhHZgopvsrTqCZb17JJTdqbAi8TNSQnlqPfsT68fkySkkSYclOq4jtDdFKRmhNOs6CWKCiAjGNCOoRGEVHXT6XcZPjZKHwexNBVpPFV/T6QQKjUOfdMZgh6qeW8i/ud1Eh2cd1MWiUTTiMwWBQnHOsaTqHCfSUo0HxsCRDJzKyZDMIloE2jRhODOv7xImpWye1p27qql2mUeRwEdoiN0glx0hmroGtVRAxH0iJ7RK3qznqwX6936mLUuWfnMAfoD6+sH3ZehKg==</latexit>

Coulomb photon effects enter as power series in       with O(1) coefficients⌘
<latexit sha1_base64="jGQLymep7rIITnK7p6nhtsxbmUs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0swm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDmKURV8gkNabnuQn6GdUomOSzSj81PKFsQke8Z6miETd+Nr91Rs6sMiRhrG0pJHP190RGI2OmUWA7I4pjs+zl4n9eL8Xwxs+ESlLkii0WhakkGJP8cTIUmjOUU0so08LeStiYasrQxlOxIXjLL6+S9kXdu6y7D1e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AAmMjjo=</latexit>

FV Coulomb perturbative when                 , including↵ML

4⇡
⌧ 1

<latexit sha1_base64="mDulk0cANvOpw8kgkJpDuJOOl4o=">AAACBnicbVBNS8NAEJ3Ur1q/oh5FWCyCp5JoQY9FLx4UKtgPaErZbDft0s0m7G6EEnLy4l/x4kERr/4Gb/4bt20O2vpg4PHeDDPz/JgzpR3n2yosLa+srhXXSxubW9s79u5eU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6Gritx6oVCwS93oc026IB4IFjGBtpJ596AUSk9TDPB5idItusrTqxSxDHufI7dllp+JMgRaJm5My5Kj37C+vH5EkpEITjpXquE6suymWmhFOs5KXKBpjMsID2jFU4JCqbjp9I0PHRumjIJKmhEZT9fdEikOlxqFvOkOsh2rem4j/eZ1EBxfdlIk40VSQ2aIg4UhHaJIJ6jNJieZjQzCRzNyKyBCbXLRJrmRCcOdfXiTN04p7VnHuquXaZR5HEQ7gCE7AhXOowTXUoQEEHuEZXuHNerJerHfrY9ZasPKZffgD6/MHwHGYAA==</latexit>

↵ML ⇠ 1
<latexit sha1_base64="UsWrvof1FvZnv7gF/enGvj6TVM8=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgET2VXBT0WvXhQqGA/oLuUbJptQ5PskmSVUvtTvHhQxKu/xJv/xrTdg1YfDDzem2FmXpRypo3nfTmFpeWV1bXiemljc2t7xy3vNnWSKUIbJOGJakdYU84kbRhmOG2nimIRcdqKhpdTv3VPlWaJvDOjlIYC9yWLGcHGSl23HGCeDjC6Qdco0Ewgv+tWvKo3A/pL/JxUIEe9634GvYRkgkpDONa643upCcdYGUY4nZSCTNMUkyHu046lEguqw/Hs9Ak6tEoPxYmyJQ2aqT8nxlhoPRKR7RTYDPSiNxX/8zqZic/DMZNpZqgk80VxxpFJ0DQH1GOKEsNHlmCimL0VkQFWmBibVsmG4C++/Jc0j6v+SdW7Pa3ULvI4irAPB3AEPpxBDa6gDg0g8ABP8AKvzqPz7Lw57/PWgpPP7MEvOB/fNTeSqA==</latexit>

Physical quark mass 
protons with ↵ = 0.1

<latexit sha1_base64="oBOojJ/ei/3R3N5yzGzYQCpuhTw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0ItQ9OKxgrWFJpTJdtMu3WzC7kYopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK8qaNBWpakeomeCSNQ03grUzxTCJBGtFw9up33piSvNUPphRxsIE+5LHnKKxUhCgyAZIronn+t1qzXO9Gcgy8QtSgwKNbvUr6KU0T5g0VKDWHd/LTDhGZTgVbFIJcs0ypEPss46lEhOmw/Hs5gk5sUqPxKmyJQ2Zqb8nxphoPUoi25mgGehFbyr+53VyE1+FYy6z3DBJ54viXBCTkmkApMcVo0aMLEGquL2V0AEqpMbGVLEh+IsvL5PHM9c/d737i1r9poijDEdwDKfgwyXU4Q4a0AQKGTzDK7w5ufPivDsf89aSU8wcwh84nz8RCJBi</latexit>

↵ML

4⇡
⌧ 1

<latexit sha1_base64="mDulk0cANvOpw8kgkJpDuJOOl4o=">AAACBnicbVBNS8NAEJ3Ur1q/oh5FWCyCp5JoQY9FLx4UKtgPaErZbDft0s0m7G6EEnLy4l/x4kERr/4Gb/4bt20O2vpg4PHeDDPz/JgzpR3n2yosLa+srhXXSxubW9s79u5eU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6Gritx6oVCwS93oc026IB4IFjGBtpJ596AUSk9TDPB5idItusrTqxSxDHufI7dllp+JMgRaJm5My5Kj37C+vH5EkpEITjpXquE6suymWmhFOs5KXKBpjMsID2jFU4JCqbjp9I0PHRumjIJKmhEZT9fdEikOlxqFvOkOsh2rem4j/eZ1EBxfdlIk40VSQ2aIg4UhHaJIJ6jNJieZjQzCRzNyKyBCbXLRJrmRCcOdfXiTN04p7VnHuquXaZR5HEQ7gCE7AhXOowTXUoQEEHuEZXuHNerJerHfrY9ZasPKZffgD6/MHwHGYAA==</latexit>

L ⌧ 2.1 fm
<latexit sha1_base64="0t0EB16CJqby57KR115tiFcVxpQ=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9hVQY9BLx48RDAPyIYwO5lNhszMLjO9YlyCv+LFgyJe/Q9v/o2TZA+aWNBQVHXT3RUmghvwvG9nYXFpeWW1sFZc39jc2nZ3dusmTjVlNRqLWDdDYpjgitWAg2DNRDMiQ8Ea4eBq7DfumTY8VncwTFhbkp7iEacErNRx929wIAQ+KfsBDoA9QBbJUccteWVvAjxP/JyUUI5qx/0KujFNJVNABTGm5XsJtDOigVPBRsUgNSwhdEB6rGWpIpKZdja5foSPrNLFUaxtKcAT9fdERqQxQxnaTkmgb2a9sfif10ohumhnXCUpMEWni6JUYIjxOArc5ZpREENLCNXc3oppn2hCwQZWtCH4sy/Pk7pN7rTs3Z6VKpd5HAV0gA7RMfLROaqga1RFNUTRI3pGr+jNeXJenHfnY9q64OQze+gPnM8f0FGULg==</latexit>

L ⌧ 26 fm
<latexit sha1_base64="XYCKZyVaTgA1EdaXMQT7RGpKEtA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JUUY9FLx48VLAf0ISy2W7apZtN2J2IJdS/4sWDIl79Id78N27bHLT1wcDjvRlm5gWJ4Boc59sqrKyurW8UN0tb2zu7e/b+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2MLqe+u0HpjSP5T2ME+ZHZCB5yCkBI/Xs8i32hMC1cw97wB4hC6NJz644VWcGvEzcnFRQjkbP/vL6MU0jJoEKonXXdRLwM6KAU8EmJS/VLCF0RAasa6gkEdN+Njt+go+N0sdhrExJwDP190RGIq3HUWA6IwJDvehNxf+8bgrhpZ9xmaTAJJ0vClOBIcbTJHCfK0ZBjA0hVHFzK6ZDoggFk1fJhOAuvrxMWrWqe1p17s4q9as8jiI6REfoBLnoAtXRDWqgJqJojJ7RK3qznqwX6936mLcWrHymjP7A+vwBaSOT+w==</latexit>

↵ML ⌧ 1
<latexit sha1_base64="kEjVp7IGkpVJANvom7LDpYmuv+E=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9hVQY9BLx4UIpgHZJfQO5lNhsw+mJkNhCV/4sWDIl79E2/+jZNkDxotaCiquunuClLBlXacL6u0srq2vlHerGxt7+zu2fsHLZVkkrImTUQiOwEqJnjMmpprwTqpZBgFgrWD0c3Mb4+ZVDyJH/UkZX6Eg5iHnKI2Us+2PRTpEMk9uSOeEMTt2VWn5sxB/hK3IFUo0OjZn14/oVnEYk0FKtV1nVT7OUrNqWDTipcpliId4YB1DY0xYsrP55dPyYlR+iRMpKlYk7n6cyLHSKlJFJjOCPVQLXsz8T+vm+nwys95nGaaxXSxKMwE0QmZxUD6XDKqxcQQpJKbWwkdokSqTVgVE4K7/PJf0jqruec15+GiWr8u4ijDERzDKbhwCXW4hQY0gcIYnuAFXq3cerberPdFa8kqZg7hF6yPb19Hki0=</latexit>

L

Beane and Savage, 
PRD 90 (2014)

n = 2, O(↵)
<latexit sha1_base64="KmnypsXfHzIkjWJ+QyEC0ElqPQA=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIFaQkVdCLUPTizQr2A5pQJtttu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy+IOVPacb6t3Mrq2vpGfrOwtb2zW7T39psqSiShDRLxSLYDUJQzQRuaaU7bsaQQBpy2gtHN1G89UqlYJB70OKZ+CAPB+oyANlLXLoqr6qmH78oe8HgIJ1275FScGfAycTNSQhnqXfvL60UkCanQhINSHdeJtZ+C1IxwOil4iaIxkBEMaMdQASFVfjo7fIKPjdLD/UiaEhrP1N8TKYRKjcPAdIagh2rRm4r/eZ1E9y/9lIk40VSQ+aJ+wrGO8DQF3GOSEs3HhgCRzNyKyRAkEG2yKpgQ3MWXl0mzWnHPKs79eal2ncWRR4foCJWRiy5QDd2iOmogghL0jF7Rm/VkvVjv1se8NWdlMwfoD6zPH6jokco=</latexit>

Huang and Yang, Phys. Rev. 105 (1957)
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Power Counting

Hierarchy between QCD and QED effects volume dependent, two reasonable 
power counting for this range of volumes

m⇡ = 437(1)(13) MeV
<latexit sha1_base64="xRSW0vuuLXu+xhFSYPNIVU/SEDw=">AAACB3icbVA9SwNBEN3z2/h1ainIYhCSJtyZgDaCaGMjKJgo5I6wt5kkS/Y+2J0Tw5HOxr9iY6GIrX/Bzn/jJl6hiQ8GHu/NMDMvSKTQ6Dhf1szs3PzC4tJyYWV1bX3D3txq6DhVHOo8lrG6DZgGKSKoo0AJt4kCFgYSboL+2ci/uQOlRRxd4yABP2TdSHQEZ2iklr0btrxE0GNaqx6W3HLJrZY96iHcY3YBjWHLLjoVZww6TdycFEmOy5b96bVjnoYQIZdM66brJOhnTKHgEoYFL9WQMN5nXWgaGrEQtJ+N/xjSfaO0aSdWpiKkY/X3RMZCrQdhYDpDhj096Y3E/7xmip0jPxNRkiJE/GdRJ5UUYzoKhbaFAo5yYAjjSphbKe8xxTia6AomBHfy5WnSOKi41YpzVSuenOZxLJEdskdKxCWH5ISck0tSJ5w8kCfyQl6tR+vZerPef1pnrHxmm/yB9fEN3/2WyQ==</latexit>

With                                           and volumes 

↵m⇡L

4⇡
⇠ a⇡⇡

L
<latexit sha1_base64="NMk16A0nboYbNWq5PaariScsQrI=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwVWa0osuiGxddVLAP6JThTpppQ5OZIckIZZgvceOvuHGhiOBK/8b0sdDWAyGHc84luSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Obid9+oFKxOLrX44T2BAwiFjIC2ki+feGFEkjmAU+GgIXvJQzX86xq7hx7igk8C4CfGWmi5lk99+2yU3GmwMvEnZMymqPh259ePyapoJEmHJTquk6iexlIzQineclLFU2AjGBAu4ZGIKjqZdP1cnxilD4OY2lOpPFU/T2RgVBqLAKTFKCHatGbiP953VSHV72MRUmqaURmD4UpxzrGk65wn0lKNB8bAkQy81dMhmDq0KbRkinBXVx5mbTOKu55xbmrlmvX8zqK6Agdo1PkoktUQ7eogZqIoEf0jF7Rm/VkvVjv1scsWrDmM4foD6yvH0ueozo=</latexit>

↵m⇡L

4⇡
⇠

⇣a⇡⇡
L

⌘2

<latexit sha1_base64="TelrT9NmotYp1N8iK0Lrlk8XE5Y="></latexit>

PC1 PC2

Previous result ordered by loop expansion appropriate for PC1 at NNLO

Known higher-order results for pure QCD allow PC2 to be extend to N  LO3

Beane, Detmold, and Savage, PRD 76 (2007)

↵m⇡L

4⇡
= 0.04, 0.06

<latexit sha1_base64="FAjZ/ght3TlgqbGDAJPrDpwDCbA=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJJoUTdC0Y0LFxXsA5oQJtNJO3QyCTMToYR8gxt/xY0LRdy6cuffOGmz0NYLwzmccy937vFjRqWyrG+jtLC4tLxSXq2srW9sbpnbO20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+KPr3O88ECFpxO/VOCZuiAacBhQjpSXPPHICgXDqIBYPEQw9J6bwNkvrGjN4Ca2aVT92cjjzzKqGScF5YhekCopqeuaX049wEhKuMENS9mwrVm6KhKKYkaziJJLECI/QgPQ05Sgk0k0nJ2XwQCt9GERCP67gRP09kaJQynHo684QqaGc9XLxP6+XqODCTSmPE0U4ni4KEgZVBPN8YJ8KghUba4KwoPqvEA+RzkjpFCs6BHv25HnSPqnZpzXrrl5tXBVxlMEe2AeHwAbnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PaWvJKGZ2wZ8yPn8AMc2bMg==</latexit>

a⇡⇡
L

= 0.11, 0.07
<latexit sha1_base64="am2Z+r1294tthGLXLERjZYxJLcc=">AAACC3icbVC7SgNBFL3rM8bXqqXNkCBYSNhVITZC0MbCIoJ5QHZZZiezyZDZBzOzQli2t/FXbCwUsfUH7PwbJ8kWmniY4R7OuZeZe/yEM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMU0Foi8Q8Fl0fS8pZRFuKKU67iaA49Dnt+KPrid95oEKyOLpX44S6IR5ELGAEKy15ZsUJBCYZ9jInYfrkeXabo0tk1Wz7xNHFqntmVZcp0CKxC1KFAk3P/HL6MUlDGinCsZQ920qUm2GhGOE0LzuppAkmIzygPU0jHFLpZtNdcnSklT4KYqFvpNBU/T2R4VDKcejrzhCroZz3JuJ/Xi9VwYWbsShJFY3I7KEg5UjFaBIM6jNBieJjTTARTP8VkSHW4SgdX1mHYM+vvEjapzX7rGbdnVcbV0UcJTiEChyDDXVowA00oQUEHuEZXuHNeDJejHfjY9a6ZBQzB/AHxucP8LGZAQ==</latexit>

L = 2.2 fm, 3.2 fm
<latexit sha1_base64="WGE+sW8pgWUq3xr+OUQOjRzWpuk=">AAACDHicbVC7SgNBFJ31GeMramkzGAQLCbuJoI0QtLGwiGAekF3C7GQ2GTKzu8zcFcOSD7DxV2wsFLH1A+z8GyfJFibxwMDhnHO5c48fC67Btn+speWV1bX13EZ+c2t7Z7ewt9/QUaIoq9NIRKrlE80ED1kdOAjWihUj0hes6Q+ux37zgSnNo/AehjHzJOmFPOCUgJE6heItvsTlUtnFLrBHSAM5OnVxZUYwKbtkT4AXiZORIspQ6xS+3W5EE8lCoIJo3XbsGLyUKOBUsFHeTTSLCR2QHmsbGhLJtJdOjhnhY6N0cRAp80LAE/XvREqk1kPpm6Qk0Nfz3lj8z2snEFx4KQ/jBFhIp4uCRGCI8LgZ3OWKURBDQwhV3PwV0z5RhILpL29KcOZPXiSNcsmplOy7s2L1Kqsjhw7RETpBDjpHVXSDaqiOKHpCL+gNvVvP1qv1YX1Oo0tWNnOAZmB9/QKLmplx</latexit>
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Many Charged Mesons
Correlation functions for up to N=12 charged pions can be computed from one pair 

of point-to-all quark propagators, as in previous NPLQCD studies without QED

Thermal effects become increasingly important for larger particle number

G(N, t) =
X

n

Zn

⇣
e�En(N)t + e�En(N)(��t)

⌘

<latexit sha1_base64="8MBKeJ5w3ss2NLMFF1eaaWvr9Ic="></latexit>

+

[n/2]X

k=1

eZk
0

⇣
e�E0(k)te�E0(N�k)(��t) + e�E0(k)(��t)e�E0(N�k)t + . . .

⌘

<latexit sha1_base64="6yzqeQD5LEK0bc5nNiQUBs1xCaY="></latexit>

Fit results for k < N particles used to determine thermal effects for N particles 

Z↵  1.2
<latexit sha1_base64="jGRaXLKCN5dMFIZaimOlGm4xloQ=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5BUQY9FLx4r2A9sQtlsN+3SzSbubpRS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMadf9tgorq2vrG8XN0tb2zu6eXd5vqiSThDZIwhPZDrGinAna0Exz2k4lxXHIaSscXk391gOViiXiVo9SGsS4L1jECNZG6trlO+Rjng4w8jm9R55T7doV13FnQMvEy0kFctS79pffS0gWU6EJx0p1PDfVwRhLzQink5KfKZpiMsR92jFU4JiqYDw7fYKOjdJDUSJNCY1m6u+JMY6VGsWh6YyxHqhFbyr+53UyHV0EYybSTFNB5ouijCOdoGkOqMckJZqPDMFEMnMrIgMsMdEmrZIJwVt8eZk0q4536rg3Z5XaZR5HEQ7hCE7Ag3OowTXUoQEEHuEZXuHNerJerHfrY95asPKZA/gD6/MHK/6Sog==</latexit>

Allows study of large charge densities:

Detmold et al, PRD 78 (2008)Beane et al, PRL 100 (2008) Detmold and Savage, PRD 82 (2010)

Z↵

L3
. 0.12 fm�3

<latexit sha1_base64="1ZFAmfAD9EMZXtj75K9u5r/5NpU=">AAACG3icbVA9SwNBEN3zM8avqKXNYhBsDHeJoGXQxsIiglExF8PeZs4s7t4du3NiOO5/2PhXbCwUsRIs/DduYgpNfDDweG+GmXlBIoVB1/1ypqZnZufmCwvFxaXlldXS2vq5iVPNocljGevLgBmQIoImCpRwmWhgKpBwEdweDfyLO9BGxNEZ9hNoK3YTiVBwhlbqlKp+qBnPrnwmkx7Ls5PrWk59CcYYoahb8arUpz7CPWahyq+z3VreKZXdijsEnSTeiJTJCI1O6cPvxjxVECGXzJiW5ybYzphGwSXkRT81kDB+y26gZWnEFJh2Nvwtp9tW6dIw1rYipEP190TGlDF9FdhOxbBnxr2B+J/XSjE8aGciSlKEiP8sClNJMaaDoGhXaOAo+5YwroW9lfIes2GhjbNoQ/DGX54k59WKV6u4p3vl+uEojgLZJFtkh3hkn9TJMWmQJuHkgTyRF/LqPDrPzpvz/tM65YxmNsgfOJ/fAGqgvQ==</latexit>
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EFT Fits

NNLO fits with both power counting give �2/dof ⇠ 2.0
<latexit sha1_base64="BtxTD+jKgYPg82rdd9F+nt7+atE=">AAACBXicbVC7TsNAEDzzDOFloITiRIREZeyABGUEDWWQyEOKTXQ+n5NTzg/drRGRlYaGX6GhACFa/oGOv+GSuICEkVYazexqd8dPBVdg29/GwuLS8spqaa28vrG5tW3u7DZVkknKGjQRiWz7RDHBY9YADoK1U8lI5AvW8gdXY791z6TiSXwLw5R5EenFPOSUgJa65oFL+/yuik+wC+wB8iAJR9hVPMJVy+6aFduyJ8DzxClIBRWod80vN0hoFrEYqCBKdRw7BS8nEjgVbFR2M8VSQgekxzqaxiRiyssnX4zwkVYCHCZSVwx4ov6eyEmk1DDydWdEoK9mvbH4n9fJILzwch6nGbCYTheFmcCQ4HEkOOCSURBDTQiVXN+KaZ9IQkEHV9YhOLMvz5Nm1XJOLfvmrFK7LOIooX10iI6Rg85RDV2jOmogih7RM3pFb8aT8WK8Gx/T1gWjmNlDf2B8/gA6kJcb</latexit>

EFT parameters             ,              and three-body couplings                 ,                 
determined from global fit to all FV shifts with 2-12 mesons and correlated 
differences 

aK
0K0

<latexit sha1_base64="TeOMgx1qGgT+uctuTxrlhRFbDPA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FL4KXCvYD222ZTdM2NJtdkqxQlv4LLx4U8eq/8ea/MW33oK2PBB7vzTAzL4gF18Z1v53cyura+kZ+s7C1vbO7V9w/qOsoUZTVaCQi1QxQM8ElqxluBGvGimEYCNYIRjdTv/HElOaRfDDjmPkhDiTvc4rGSo/YSe86rn2TbrHklt0ZyDLxMlKCDNVu8avdi2gSMmmoQK1bnhsbP0VlOBVsUmgnmsVIRzhgLUslhkz76WzjCTmxSo/0I2W/NGSm/u5IMdR6HAa2MkQz1IveVPzPayWmf+WnXMaJYZLOB/UTQUxEpueTHleMGjG2BKnidldCh6iQGhtSwYbgLZ68TOpnZe+87N5flCrXWRx5OIJjOAUPLqECt1CFGlCQ8Ayv8OZo58V5dz7mpTkn6zmEP3A+fwC4qJBJ</latexit>

a⇡
+⇡+

C
<latexit sha1_base64="xifkQZdqNS6QSqQCnhUpGQxUgM0=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgFEqigi6L3bisYB/QpmEynbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw/cy+Gce5k7J0g4U9pxvq219Y3Nre3CTnF3b/+gZB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjOszv/1IpWKxeNCThHoRHgoWMoK1kXy7hP16P+slrF8xrTL17bJTdeZAq8TNSRlyNHz7qzeISRpRoQnHSnVdJ9FehqVmhNNpsZcqmmAyxkPaNVTgiCovmx8+RWdGGaAwlqaERnP190aGI6UmUWAmI6xHatmbif953VSHN17GRJJqKsjioTDlSMdolgIaMEmJ5hNDMJHM3IrICEtMtMmqaEJwl7+8SloXVfey6txflWu3eRwFOIFTOAcXrqEGd9CAJhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w8dZ5K6</latexit>

⌘K
0K0K0

<latexit sha1_base64="xmKQruAF8IFhO8tzMxNoZh+Ysqc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSQq6LHoRfBSwX5Am5bNdtIu3WzC7qRQQv+JFw+KePWfePPfuG1z0NbHDDzem2FnX5AIrtF1v63C2vrG5lZxu7Szu7d/YB8eNXScKgZ1FotYtQKqQXAJdeQooJUooFEgoBmM7mZ+cwxK81g+4SQBP6IDyUPOKBqpZ9sdQNrNHrruoqY9u+xW3DmcVeLlpExy1Hr2V6cfszQCiUxQrduem6CfUYWcCZiWOqmGhLIRHUDbUEkj0H42v3zqnBml74SxMi3Rmau/NzIaaT2JAjMZURzqZW8m/ue1Uwxv/IzLJEWQbPFQmAoHY2cWg9PnChiKiSGUKW5uddiQKsrQhFUyIXjLX14ljYuKd1lxH6/K1ds8jiI5IafknHjkmlTJPamROmFkTJ7JK3mzMuvFerc+FqMFK985Jn9gff4AR0CSxA==</latexit>

⌘⇡
+⇡+⇡+

<latexit sha1_base64="jSsAMwyns3TCe+CYI5+KqOx3hqc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEQSiJCrosunFZwT6gSctkOmmHTiZhZiKU2IW/4saFIm79DXf+jdM2oLYeuJfDOfcyd06QcKa043xZC4tLyyurhbXi+sbm1ra9s1tXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRjC4HvuNeyoVi8WdHibUj3BPsJARrI3Usfc9qnE78xLWPvlpo45dcsrOBGieuDkpQY5qx/70ujFJIyo04Viplusk2s+w1IxwOip6qaIJJgPcoy1DBY6o8rPJ/SN0ZJQuCmNpSmg0UX9vZDhSahgFZjLCuq9mvbH4n9dKdXjpZ0wkqaaCTB8KU450jMZhoC6TlGg+NAQTycytiPSxxESbyIomBHf2y/Okflp2z8rO7XmpcpXHUYADOIRjcOECKnADVagBgQd4ghd4tR6tZ+vNep+OLlj5zh78gfXxDWRpla8=</latexit>

�EN⇡+ ��ENK0
<latexit sha1_base64="Wl7d/w1MM+BkMB3tnNkHl6frIPM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgiCVRQZfFBwiCVLAPaNIwmU7boZNJmJkIJeQL3Pgrblwo4ta1O//GaZtFbT1w4XDOvdx7jx8xKpVl/Ri5hcWl5ZX8amFtfWNzy9zeqcswFpjUcMhC0fSRJIxyUlNUMdKMBEGBz0jDH1yO/MYjEZKG/EENI+IGqMdpl2KktOSZJeeKMIXgtZfcQSei7cMUHsFp8bZtpZ5ZtMrWGHCe2BkpggxVz/x2OiGOA8IVZkjKlm1Fyk2QUBQzkhacWJII4QHqkZamHAVEusn4nRSWtNKB3VDo4gqO1emJBAVSDgNfdwZI9eWsNxL/81qx6p67CeVRrAjHk0XdmEEVwlE2sEMFwYoNNUFYUH0rxH0kEFY6wYIOwZ59eZ7Uj8v2Sdm6Py1WLrI48mAP7IMDYIMzUAE3oApqAIMn8ALewLvxbLwaH8bnpDVnZDO74A+Mr1/BFpoD</latexit>

N LO fits (pc 2) add three-body forces, better agreement �2/dof ⇠ 1.2
<latexit sha1_base64="8XQVTPnn682iCJe+X+xOShuf9cg=">AAACBXicbVC7TsNAEDzzDOFloITiRIREZeyABGUEDWWQyEOKTXQ+n5NTzg/drRGRlYaGX6GhACFa/oGOv+GSuICEkVYazexqd8dPBVdg29/GwuLS8spqaa28vrG5tW3u7DZVkknKGjQRiWz7RDHBY9YADoK1U8lI5AvW8gdXY791z6TiSXwLw5R5EenFPOSUgJa65oFL+/yuik+wC+wB8iAJR9hVPMKOVe2aFduyJ8DzxClIBRWod80vN0hoFrEYqCBKdRw7BS8nEjgVbFR2M8VSQgekxzqaxiRiyssnX4zwkVYCHCZSVwx4ov6eyEmk1DDydWdEoK9mvbH4n9fJILzwch6nGbCYTheFmcCQ4HEkOOCSURBDTQiVXN+KaZ9IQkEHV9YhOLMvz5Nm1XJOLfvmrFK7LOIooX10iI6Rg85RDV2jOmogih7RM3pFb8aT8WK8Gx/T1gWjmNlDf2B8/gA8Epcc</latexit>

3
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Negative sign arises from zero-mode subtraction, predicted by NRQED L
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EFT Fits
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EFT Results

(mK )5ηKKK(μC) -(mπ)5ηπππ(μC)
0

50

100

150

200

250

Three-body forces clearly resolved, no QED effects visible on strength of three-
body forces

Coulomb scattering length for            differs from            scattering length⇡+⇡+
<latexit sha1_base64="MLsNSzNdq6fBdLEnpTc7aZwZvKY=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtlVQY9FLx4r2A9s15JNs21oNrsks0Ip/RdePCji1X/jzX9jut2Dtj5IeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95hPXRsTqHkcJ9yPaVyIUjKKVHjqJeDzNvm6p7FbcDGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0B9TjYJJPil2UsMTyoa0z9uWKhpx44+zjSfk2Co9EsbaPoUkU393jGlkzCgKbGVEcWDmvan4n9dOMbzyx0IlKXLFZoPCVBKMyfR80hOaM5QjSyjTwu5K2IBqytCGVLQhePMnL5LGWcU7r7h3F+XqdR5HAQ7hCE7Ag0uowi3UoA4MFDzDK7w5xnlx3p2PWemSk/ccwB84nz/WL5Bc</latexit> K0K0

<latexit sha1_base64="h/Px7yvG89Jfb/MpZRDBsDsmKBo=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYwKuiy6EdxUsA9ox5JJM21sJhmSjFCG/oMbF4q49X/c+Tem7Sy09ZDA4Zx7ufeeMBHcWIy/vaXlldW19cJGcXNre2e3tLffMCrVlNWpEkq3QmKY4JLVLbeCtRLNSBwK1gyH1xO/+cS04Ure21HCgpj0JY84JdZJjdsH7F63VMYVPAVaJH5OypCj1i19dXqKpjGTlgpiTNvHiQ0yoi2ngo2LndSwhNAh6bO2o5LEzATZdNsxOnZKD0VKuy8tmqq/OzISGzOKQ1cZEzsw895E/M9rpza6DDIuk9QySWeDolQgq9DkdNTjmlErRo4QqrnbFdEB0YRaF1DRheDPn7xIGqcV/6yC787L1as8jgIcwhGcgA8XUIUbqEEdKDzCM7zCm6e8F+/d+5iVLnl5zwH8gff5A3/zjmo=</latexit>

mK0aK
0K0

= 0.3376(96)
<latexit sha1_base64="Rgzja/8QVdgahxcVK4DZ7Nw9VBA=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxC3YTESqsLoehGcFPBXqBNw2Q6aYdOLsxMhBK6deOruHGhiFvfwJ1v4yTNQlsPDPPx/+cwc343YlRI0/zWlpZXVtfWCxvFza3tnV19b78lwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2u74OvXbD4QLGgb3chIR20fDgHoUI6kkR4e+k9z2zSlE/fSGGV9C06hUatXyRfXE0UumYWYFF8HKoQTyajj6V28Q4tgngcQMCdG1zEjaCeKSYkamxV4sSITwGA1JV2GAfCLsJNtkCo+VMoBeyNUJJMzU3xMJ8oWY+K7q9JEciXkvFf/zurH0zu2EBlEsSYBnD3kxgzKEaSxwQDnBkk0UIMyp+ivEI8QRliq8ogrBml95EVqnhlUxzLuzUv0qj6MADsERKAML1EAd3IAGaAIMHsEzeAVv2pP2or1rH7PWJS2fOQB/Svv8AfLelqE=</latexit>

m⇡+a⇡
+⇡+

C = 0.5241(93)
<latexit sha1_base64="j5O6OiRhp/2iRFKu14lrfxvln/4=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK8Iw01bUhVDsxmUFe4F2OmTSTBuauZBkhDL0Edz4Km5cKOLWpTvfxrQzC63+EPjyn3NIzu9GjAppml9abml5ZXUtv17Y2Nza3tF391oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Y7rs3r7nnBBw+BOTiJi+2gYUI9iJJXl6Me+k/Qi2j+dQtRPKb06dXgFTeOsXLVKl5UTRy+ahjkX/AtWBkWQqeHon71BiGOfBBIzJETXMiNpJ4hLihmZFnqxIBHCYzQkXYUB8omwk/lCU3iknAH0Qq5OIOHc/TmRIF+Iie+qTh/JkViszcz/at1Yehd2QoMoliTA6UNezKAM4SwdOKCcYMkmChDmVP0V4hHiCEuVYUGFYC2u/BdaZcOqGOZttVi7zuLIgwNwCErAAuegBm5AAzQBBg/gCbyAV+1Re9betPe0NadlM/vgl7SPbycPmg4=</latexit>

(all results valid for unphysical quark masses used in calculation)
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Summary

FV effects on interacting charged hadron systems in LQCD+QED  consistent with 
NRQED  up to                ,                                 with                          , no leptonsL

L
Z↵  1.2

<latexit sha1_base64="jGRaXLKCN5dMFIZaimOlGm4xloQ=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5BUQY9FLx4r2A9sQtlsN+3SzSbubpRS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMadf9tgorq2vrG8XN0tb2zu6eXd5vqiSThDZIwhPZDrGinAna0Exz2k4lxXHIaSscXk391gOViiXiVo9SGsS4L1jECNZG6trlO+Rjng4w8jm9R55T7doV13FnQMvEy0kFctS79pffS0gWU6EJx0p1PDfVwRhLzQink5KfKZpiMsR92jFU4JiqYDw7fYKOjdJDUSJNCY1m6u+JMY6VGsWh6YyxHqhFbyr+53UyHV0EYybSTFNB5ouijCOdoGkOqMckJZqPDMFEMnMrIgMsMdEmrZIJwVt8eZk0q4536rg3Z5XaZR5HEQ7hCE7Ag3OowTXUoQEEHuEZXuHNerJerHfrY95asPKZA/gD6/MHK/6Sog==</latexit>

m⇡ ⇠ 437 MeV
<latexit sha1_base64="paXyO6ZW04DalqueWiP+qaS9wlE=">AAACBHicbVA9SwNBEN2L3/Hr1DLNYhCswp0JxFK0sREimETIhbC3mSRLdu+O3TkxHCls/Cs2ForY+iPs/DduPgqNPhh4vDfDzLwwkcKg5305uaXlldW19Y385tb2zq67t98wcao51HksY30bMgNSRFBHgRJuEw1MhRKa4fBi4jfvQBsRRzc4SqCtWD8SPcEZWqnjFlQnSAQNjFC0Uq7SgAYI95hdQWPccYteyZuC/iX+nBTJHLWO+xl0Y54qiJBLZkzL9xJsZ0yj4BLG+SA1kDA+ZH1oWRoxBaadTZ8Y0yOrdGkv1rYipFP150TGlDEjFdpOxXBgFr2J+J/XSrF32s5ElKQIEZ8t6qWSYkwnidCu0MBRjixhXAt7K+UDphlHm1vehuAvvvyXNE5KfrnkXVeKZ+fzONZJgRySY+KTKjkjl6RG6oSTB/JEXsir8+g8O2/O+6w158xnDsgvOB/f6HKW/A==</latexit>

Z↵/L3 . 0.12 fm�3
<latexit sha1_base64="RFQ67NHerKaH8ByeHmmSaL2JbpI=">AAACFXicbVA9SwNBEN2L3/ErammzGAQLjXdG0FK0sbCIYDSYi2FvM5cs7t4du3NiOPInbPwrNhaK2Ap2/hs3H4UaHww83pthZl6QSGHQdb+c3MTk1PTM7Fx+fmFxabmwsnpp4lRzqPJYxroWMANSRFBFgRJqiQamAglXwe1J37+6A21EHF1gN4GGYu1IhIIztFKzsH3tM5l0GN2lZzdl6kswxghF3ZK3R33qI9xjFqreTbZT7jULRbfkDkDHiTciRTJCpVn49FsxTxVEyCUzpu65CTYyplFwCb28nxpIGL9lbahbGjEFppENvurRTau0aBhrWxHSgfpzImPKmK4KbKdi2DF/vb74n1dPMTxsZCJKUoSIDxeFqaQY035EtCU0cJRdSxjXwt5KeYdpxtEGmbcheH9fHieXeyWvXHLP94tHx6M4Zsk62SBbxCMH5IickgqpEk4eyBN5Ia/Oo/PsvDnvw9acM5pZI7/gfHwDR46dCA==</latexit>

Size of QED effects consistent with Coulomb expansion parameter

NRQED    with perturbative Coulomb should converge for proton-proton systems 
at the physical point with L ⌧ 26 fm

<latexit sha1_base64="XYCKZyVaTgA1EdaXMQT7RGpKEtA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JUUY9FLx48VLAf0ISy2W7apZtN2J2IJdS/4sWDIl79Id78N27bHLT1wcDjvRlm5gWJ4Boc59sqrKyurW8UN0tb2zu7e/b+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2MLqe+u0HpjSP5T2ME+ZHZCB5yCkBI/Xs8i32hMC1cw97wB4hC6NJz644VWcGvEzcnFRQjkbP/vL6MU0jJoEKonXXdRLwM6KAU8EmJS/VLCF0RAasa6gkEdN+Njt+go+N0sdhrExJwDP190RGIq3HUWA6IwJDvehNxf+8bgrhpZ9xmaTAJJ0vClOBIcbTJHCfK0ZBjA0hVHFzK6ZDoggFk1fJhOAuvrxMWrWqe1p17s4q9as8jiI6REfoBLnoAtXRDWqgJqJojJ7RK3qznqwX6936mLcWrHymjP7A+vwBaSOT+w==</latexit>

L

Nonlocal counterterms in NRQED  are not enhanced by Coulomb ladders (at least 
at 2-loop order), appear only as relativistic corrections

L

⌘ =
↵M

2p
=

↵ML

4⇡
⌧ ↵ML

<latexit sha1_base64="GJnMHkNqiDkPnRFEFQMeOu6g4kM=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARXJWkFnQjFLtxoVDB2kJTysl00g6dJMPMRCghD+TGVxHEhUXc+hxOL6C2/jDw851zOHN+X3CmtOOMrdzK6tr6Rn6zsLW9s7tn7x88qDiRhDZIzGPZ8kFRziLa0Exz2hKSQuhz2vSHtUm9+UilYnF0r0eCdkLoRyxgBLRBXbvmUQ34EnuBBJJ6wMUA8G2WlkW2RPFNllY8wTLscY5/aNcuOiVnKrxs3LkpornqXfvV68UkCWmkCQel2q4jdCcFqRnhNCt4iaICyBD6tG1sBCFVnXR6bIZPDOnhIJbmRRpP6e+JFEKlRqFvOkPQA7VYm8D/au1EBxedlEUi0TQis0VBwrGO8SQ53GOSEs1HxgCRzPwVkwGYgLTJt2BCcBdPXjYP5ZJ7VnLuKsXq1TyOPDpCx+gUuegcVdE1qqMGIugJvaB3NLaerTfrw/qcteas+cwh+iPr6xtgKqZv</latexit>
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Backup
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Correlator Fits
All possible fit ranges sampled with                and                  to avoid thermal 

excited states near midpoint (or noise threshold)
tmin � 2

<latexit sha1_base64="MVPOR138I8P+N07RKqhTEZHVIfs=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkUcCK5kdBpgwO7vO9GrIhv/w4kFjvPov3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6w3HM/ZAOlOgLRtFK99hNQ6EmpDPgD6TSLZbcsjsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHb1hJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMyjYD0hOYM5dgSyrSwtxI2pJoytEEVbAje4svLpFEpe2dl9/a8VL3K4sjDERzDKXhwAVW4gRrUgYGGZ3iFN+fJeXHenY95a87JZg7hD5zPH/HqkiI=</latexit>

t
max

=
3�

8
<latexit sha1_base64="4FDdqr6mDokp/XufZoTq4PKZbyg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokV7EYounFZwT6gCWEynbRDJw9mbsQSAm78FTcuFHHrT7jzb5y2WWjrgQuHc+7l3nv8RHAFlvVtLC2vrK6tlzbKm1vbO7vm3n5bxamkrEVjEcuuTxQTPGIt4CBYN5GMhL5gHX90PfE790wqHkd3ME6YG5JBxANOCWjJMw/By0LykONL7ASS0Kzm+AxIntVzz6xYVWsKvEjsglRQgaZnfjn9mKYhi4AKolTPthJwMyKBU8HyspMqlhA6IgPW0zQiIVNuNv0hxyda6eMglroiwFP190RGQqXGoa87QwJDNe9NxP+8XgpB3c14lKTAIjpbFKQCQ4wngeA+l4yCGGtCqOT6VkyHREcBOrayDsGef3mRtM+qdq1q3Z5XGldFHCV0hI7RKbLRBWqgG9RELUTRI3pGr+jNeDJejHfjY9a6ZBQzB+gPjM8frruXig==</latexit>

Number of states included chosen by information criterion �AIC  �2
<latexit sha1_base64="Nfl/yk3Lj/ViJiTClUULhtH03BY=">AAACAnicbVDJSgNBEO1xjXGLehIvjUHwYpiJgh6j8aC3CGaBTAg9nUrSpGexu0YMQ/Dir3jxoIhXv8Kbf2NnOWjig4LHe1VU1fMiKTTa9rc1N7+wuLScWkmvrq1vbGa2tis6jBWHMg9lqGoe0yBFAGUUKKEWKWC+J6Hq9YpDv3oPSoswuMV+BA2fdQLRFpyhkZqZXfcSJDLqIjxgcn5dHFBXwh09yjczWTtnj0BniTMhWTJBqZn5clshj30IkEumdd2xI2wkTKHgEgZpN9YQMd5jHagbGjAfdCMZvTCgB0Zp0XaoTAVIR+rviYT5Wvd9z3T6DLt62huK/3n1GNtnjUQEUYwQ8PGidiwphnSYB20JBRxl3xDGlTC3Ut5linE0qaVNCM70y7Okks85xzn75iRbuJjEkSJ7ZJ8cEoeckgK5IiVSJpw8kmfySt6sJ+vFerc+xq1z1mRmh/yB9fkDfsGWMA==</latexit>

Optimal shrinkage used to estimate covariance matrix

Fits rejected if two numerical optimizers, correlated vs uncorrelated fits, or central 
value too far from bootstrap median

Weighted average of all acceptable fits determines final result and uncertainties

E(t) = arccosh

✓
G(t)�G(t+ 4)

2[G(t+ 3)�G(t+ 1)]

◆

<latexit sha1_base64="4RogONkrUPDVilqHh4TkofQN4uo="></latexit>

2⇡+
<latexit sha1_base64="gPgoxrx5CowT/gqmroECfo1Z45g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMpuFfRY9OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Kr1YvZw1i9X3KqbAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU+2l27RSdWGWAQqlsCYMy9fdEiiOtJ1FgOyNsRnrRm4n/ed3EhFd+ykScGCrIfFGYcGQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0mrVvXOq+7dRaV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/eYo6o</latexit>

2⇡+
<latexit sha1_base64="gPgoxrx5CowT/gqmroECfo1Z45g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBEMpuFfRY9OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz209UaSbFvZnE1I/wULCQEWys1Kr1YvZw1i9X3KqbAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU+2l27RSdWGWAQqlsCYMy9fdEiiOtJ1FgOyNsRnrRm4n/ed3EhFd+ykScGCrIfFGYcGQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0mrVvXOq+7dRaV+ncdRhCM4hlPw4BLqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz/eYo6o</latexit>

Result of fit completely determined after specifying weights and tolerances

Ledoit, Wolf, Journal of 
Multivariate Analysis 88 (2004)

Nsrc = 35 010, 1711
<latexit sha1_base64="JdoLe9iwAdQCuPcQe9MKkEGiguk=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJSSWKVuhKIbV1LBPqAzDJk0bUMzD5KMUIa68VfcuFDErX/hzr8xbWehrQcuHM65l3vv8WPBlUbo28otLa+sruXXCxubW9s79u5eU0WJpKxBIxHJtk8UEzxkDc21YO1YMhL4grX84fXEbz0wqXgU3utRzNyA9EPe45RoI3n2wa2XKknH8BJWzp0SwqjkQFzF2LOLqIymgIsEZ6QIMtQ9+8vpRjQJWKipIEp1MIq1mxKpORVsXHASxWJCh6TPOoaGJGDKTacfjOGxUbqwF0lToYZT9fdESgKlRoFvOgOiB2rem4j/eZ1E9y7clIdxollIZ4t6iYA6gpM4YJdLRrUYGUKo5OZWSAdEEqpNaAUTAp5/eZE0T8u4UkZ3Z8XaVRZHHhyCI3ACMKiCGrgBddAAFDyCZ/AK3qwn68V6tz5mrTkrm9kHf2B9/gD3FJP6</latexit>


