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Challenges in
Lattice Parton Distribution Functions



Outline
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§ Parton Distribution Functions 

§ LaMET and Some Example Results 

§ Challenges Ahead 

Thanks to MILC collaboration for sharing 2+1+1 HISQ lattices 

and RBC/UKQCD for sharing 2+1 DWF lattices



Parton Distribution Functions
§ PDFs are universal quark/gluon distributions of nucleon
 Many ongoing/planned experiments

(BNL, JLab, J-PARC, COMPASS, GSI, EIC, LHeC, …)
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How are the sea quarks and gluons, 
and their spins, distributed in space and 
momentum inside the nucleon?

Imaging of the proton

EIC White Paper, 1212.1701



Global Analysis 

Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution

 Assumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥

§ Experiments cover diverse kinematics of parton variables
 Global analysis takes advantage of all data sets

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑
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Global Analysis
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§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
 CTEQ, MSTW, ABM, JR, NNPDF, etc.

CTEQ-JLAB 

https://www.jlab.org/theory/cj/ 
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What can we do on the lattice?



§ Lattice calculations rely on operator product expansion, 
only provide moments

𝑥𝑛 𝑞 = න
−1

1

𝑑𝑥 𝑥𝑛𝑞 𝑥

𝑥𝑛 Δ𝑞 = න
−1

1

𝑑𝑥 𝑥𝑛Δ𝑞 𝑥

𝑥𝑛 𝛿𝑞 = න
−1

1

𝑑𝑥 𝑥𝑛𝛿𝑞 𝑥

most well known

very poorly known

Quark density/unpolarized

Helicity
longitudinally polarized

Transversity
transversely polarized

§ True distribution can only be recovered with all moments

PDFs on the Lattice
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Problem with Moments
§ For higher moments, ops mix with lower-dimension ops
 Renormalization is difficult too

§ Relative error grows in higher moments
 Calculation would be costly and difficult
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Dolgov et al. PRD66, 034506 (2002) 

Göckeler et al. PRD71, 114511 (2005)

LHPC (SCRI, SESAM):

2f, Wilson and clover

QCDSF: 0f

x2q x3q



§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet

 Need to complete the other pz corrections

(on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice 
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Large-Momentum Effective Theory (LaMET)

LaMET
X. Ji, PRL. 111, 

262002 (2013)
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§ Calculate the parton distributions through the
infinite-momentum frame Feynman, Phys. Rev. Lett. 23, 1415 (1969)



𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 



𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

2) Compute quasi-distribution via

Γ෤𝑞 𝑥, 𝜇, 𝑃𝑧 =

Lattice 𝑧 coordinate
𝑥=𝑘𝑧/𝑃𝑧 Product of lattice gauge links

hadron momentum 𝑃𝜇 = 𝑃𝑡, 0, 0, 𝑃𝑧



𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

2) Compute quasi-distribution via

Γ෤𝑞 𝑥, 𝜇, 𝑃𝑧 =

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

3) Recover true distribution (take Pz → ∞ limit)

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦,
𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + ΤΛQCD
2 𝑃𝑧

2
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Slide credit: Yong Zhao, CIPANP 2018 Plenary talk; also se Y. Zhao’s Lattice 2019 talk 
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost momenta 𝑃𝑧 ≤ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

Not using parametrization (e.g. 𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥 )

Less pretty results; 
less likely to exactly coincide with global fits. 
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
Updated results at

physical pion mass

1803.04393 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)
LP3 PDF 
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
Updated results at

physical pion mass
with Pz up to 3 GeV

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

Lin et al (LP
3
), 

Phys.Rev.Lett. 121, 

242003 (2018)

Helicity
long. polarized

Updated results at
physical pion mass
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

Helicity
long. polarized

Lin et al (LP
3
), 

Phys.Rev.Lett. 121, 

242003 (2018)
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)

Plot by Yu-Sheng Liu 

𝞭𝒖(𝒙) − 𝞭𝒅(𝒙)

Transversity

1810.05043 (LP
3
)
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)

Plot by Yu-Sheng Liu 

𝞭𝒖(𝒙) − 𝞭𝒅(𝒙)

Transversity

1810.05043 (LP
3
)

Very encouraging results
More systematics studies are underway:
multiple lattice spacings, volumes, etc.



Lattice Constraints to PDFs
§ Improved transversity distribution with LQCD gT

 Global analysis with 12 extrapolation forms: 𝑔𝑇 = 1.006(58)
 Including only multiple lattice spacing, volumes works 

 Use to constrain the global analysis fits to
SIDIS 𝜋± production data from proton and deuteron targets
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Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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Systematics Study Underway
§ Finite-volume study

§ Looking into fine lattice spacing a = 0.042 fm
R. Zhang

Zhouyou Fan

+BNL group



Global Analysis 
§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
 CTEQ, MSTW, ABM, JR, NNPDF, etc.
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§ Implementing the pseudo-data from LQCD with x=0.7–0.9

D: 12%

E: 6%

F: 3%

Lin et al, Progress in Particle and Nuclear Physics 100, 106 (2018)

𝑢 𝑥𝑖 , 𝑄
2 − 𝑑 𝑥𝑖 , 𝑄

2 and ത𝑢 𝑥𝑖 , 𝑄
2 − ҧ𝑑 𝑥𝑖 , 𝑄

2
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Challenge:
The Necessity of Large 

Boosted Momentum



Backstory 
§ Many of you are old enough to remember this:

Huey-Wen Lin — Lattce QCD Santa Fe Workshop

Caveat: These matrix elements are not properly renormalized  



Backstory 
§ Efforts by multiple collaborations have been devoted into 

working on lattice renormalization 
 We finally obtained the renormalized ME,

and the renormalized PDF results puzzled us for months! 

 We finally posted the results to arXiv, since others had already 
posted their renormalized result
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1706.01295 (LP3)



Backstory 
§ Immediately, we checked a different lattice and observed 

the same thing and worse, since we had more “z” data! 
 Results from 2017 Summer at physical pion mass

(before matching)
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𝑝𝑧 = 𝟒, 𝟖, 𝟏𝟐 𝜋/𝐿𝑠



§ Something is obviously wrong! 
 This effect was missed by earlier ETMC work

due to the small z and momentum combination 

 We called it “oscillation” and F.T. truncation artifacts
 “Inversion problem” name stick 

 For a while, people had no idea what we are talking about 

Backstory 
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J. Green et al 1707.07152



Focus on Continuum
§ Not a lattice problem but a Fourier-transform issue

§ Simple exercise with CT14 PDF 

Huey-Wen Lin — Lattce QCD Santa Fe Workshop

1506.07443

Fixed 𝐿𝑧 = 32

Fourier to 
coordinate space
at some momentum

1708.05301 (LP3)

Pick your favorite PDF
(CT14 here)



§ Not a lattice problem but a Fourier-transform issue

§ Simple exercise with CT14 PDF 

§ What do you do from here?
 Throw up your hands and add 100% errorbars across all x

 Find some way to salvage as much information as possible 

Focus on Continuum
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1708.05301 (LP3)

Fixed 𝐿𝑧 = 32

Inverse Fourier 
transform back to 
momentum space



Continuum
§ The distribution is zmax dependent 
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Fixed 𝑃𝑧 = 24𝜋/𝐿

1708.05301 (LP
3
)



§ Luckily, we know the answer 

§ Two possible solutions proposed (likely more) 

Continuum
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Filter approach Derivative approach

𝐹 𝑧lim, 𝑧wid =
1 + erf

𝑧 + 𝑧lim
𝑧wid

2

1 − erf
𝑧 − 𝑧lim
𝑧wid

2

𝑞 𝑥 = න
−𝑧max

+𝑧max

𝑑𝑧
−𝑃𝑧
2𝜋

𝑒𝑖𝑥𝑃𝑧𝑧

𝑖𝑃𝑧𝑥
ℎ′ 𝑧

1708.05301 (LP
3
)

Fixed 𝐿𝑧 = 32



§ What lessons learned here?
 Given 𝐿𝑧 ≈ 15, you need 

large momentum to just get 
the sign of the antiquark 
correct! 

 With small 𝑧𝑃𝑧, you will miss 
over the majority of x

 Not just a quasi-PDF problem

 Going for large 𝑃𝑧 is an 
unavoidable direction for any 
method that requires steps 
similar to Fourier 
transformation

Continuum
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Fixed 𝐿𝑧 = 32

Fixed 𝐿𝑧 = 8

1708.05301 (LP
3
)



§ What lessons learned here?
 Given 𝐿𝑧 ≈ 15, you need 

large momentum to just get 
the sign of the antiquark 
correct! 

 With small 𝑧𝑃𝑧, you will miss 
over the majority of x

 Not just a quasi-PDF problem

 Going for large 𝑃𝑧 is an 
unavoidable direction for any 
method that requires steps 
similar to Fourier 
transformation

Continuum
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Fixed 𝐿𝑧 = 32

Fixed 𝐿𝑧 = 8

Your x-dependent PDFs will be doomed
by a bad choice of max 𝑧𝑃𝑧!

(unless modeling 𝑧𝑃𝑧 dependence)

Higher-loop matching in LaMET later
is not going to do much for it! 

Reaching 𝑥 < 0.1 for (anti)quark remains challenging
especially without replying on an assumed parametrization
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Motivation #2: Gluon PDF
§ Pioneering first glimpse into gluon PDF using LaMET 
 Lattice details: overlap/2+1DWF, 0.16fm, 340-MeV sea pion mass

 Study strange/light-quark

 Promising results using coordinate-
space comparison,

but signal does not go far in z

 Hard numerical problem
to be solved 

Fan. et al, Phys.Rev.Lett. 121, 

242001 (2018)

Zhouyou Fan Yi-Bo Yang



Alternative Solution?
§ Fitting the coordinate-space matrix elements?
 Lose sensitivity in constraining PDF forms
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1709.04325(RQCD)

𝜙𝜋
1
𝑢 = 6𝑢 1 − 𝑢

𝜙𝜋
2
𝑢 =

8

𝜋
𝑢(1 − 𝑢)

𝜙𝜋
3
= 1



§ Inspired by global 
fits? 

 No obvious advantage 
for direct-x approach 
from moments 
(already did this in 
2001!) with 2-
parameter fit

 Nor guide the global 
PDF with correct x-
forms or improve that 
fit-form dependence

Alternative Solution?
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§ Pz and z prediction 
 Preliminary work using kaon PDF at 220-MeV ensemble using 

gradient boosting tree  (See Boram’s talk earlier this workshop)

Reaching for Large Pz
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Inspired by

Plots by
Rui Zhang 



Reaching for Large Pz

Are there lessons we can learn from heavy-quark physics? 

§ Is anyone interested in generating a−1≈10 GeV lattices? 

§ Someone should try step scaling?

§ Effective large to infinite-Pz action to reach small-x PDFs?

Huey-Wen Lin — Lattce QCD Santa Fe Workshop



Reaching for Large Pz

Are there lessons we can learn from heavy-quark physics? 

§ Is anyone interested in generating a−1≈10 GeV lattices? 

§ Someone should try step scaling?

§ Effective large to infinite-Pz action to reach small-x PDFs?

§ Took more than half a century of experimental data to get 
to where we are on PDFs

 Lattice PDF calculations are only 5–6 years old 

 Need more young people to think ahead and
in time for EIC prediction in 20 years
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Backup Slides
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

1) Calculate nucleon matrix elements on the lattice

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

X. Ji, PRL. 111, 

262002 (2013)
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

1) Calculate nucleon matrix elements on the lattice

X. Ji, PRL. 111, 

262002 (2013)

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

1) Calculate nucleon matrix elements on the lattice

Pz = 2.6 GeV

LP
3

1804.01483

Mπ ≈ 135 MeV, a ≈ 0.09 fm

ℎ(𝑧, 𝑃𝑧) =

Re(ℎ 𝑧, 𝑃𝑧 ) Im(ℎ 𝑧, 𝑃𝑧 )

X. Ji, PRL. 111, 

262002 (2013)

Ruizi Li

Blinded 3-state fits 
produced consistent 
results  
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

2) Compute “quasi-distribution” via

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
𝑑𝑧

4𝜋
𝑒−𝑖 𝑥 𝑧𝑃𝑧 ℎ𝑅 𝑧, 𝜇, 𝑃𝑧

Plot by Yu-Sheng Liu 

X. Ji, PRL. 111, 

262002 (2013)

Yu-Sheng Liu
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

3) Recover true distribution (take 𝑃𝑧→∞ limit )

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦,
𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + 𝒪 ΤΛQCD
2 𝑃𝑧

2

Finite Pz ↔ ∞ perturbative matching  

𝑍 𝑥, Τ𝜇 𝑃𝑧 = 𝐶𝛿 𝑥 − 1 − 𝛼𝑠
2𝜋
𝑍 1 𝑥, Τ𝜇 𝑃𝑧

Non-singlet case only 

Stewart, Zhao: 1709.04933

LP
3
, 1807.06566, 1810.05043

X. Ji, PRL. 111, 

262002 (2013)

Yong Zhao
(MIT) 

Yu-Sheng Liu Yi-Bo Yang
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

3) Recover true distribution (take 𝑃𝑧→∞ limit )

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦,
𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + 𝒪 ΤΛQCD
2 𝑃𝑧

2

Dominant correction
(for nucleon);

known scaling form
LP

3 
, 1402.1462, 1603.06664

X. Ji, PRL. 111, 

262002 (2013)
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

3) Recover true distribution (take 𝑃𝑧→∞ limit )

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦,
𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + 𝒪 ΤΛQCD
2 𝑃𝑧

2

complicated higher-twist operator; 
smaller Pz correction for nucleon

LP
3 
, 1603.06664 and references within

(extrapolate it away)

§ Some similarity to more broadly-studied HQET…

𝑂
𝑚𝑏

Λ
= 𝑍

𝑚𝑏

Λ
,
Λ

𝜇
𝑜 𝜇 + 𝒪

1

𝑚𝑏
+⋯

X. Ji, PRL. 111, 

262002 (2013)
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Large-Momentum Effective Theory for PDFs 

LaMET: Step-by-Step

3) Recover true distribution (take 𝑃𝑧→∞ limit )

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦
, 𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + 𝒪 ΤΛQCD
2 𝑃𝑧

2

X. Ji, PRL. 111, 

262002 (2013)

§ Matching is a crucial step in recovering the true lightcone 
distribution 

LP
3

1804.01483

Mπ ≈ 135 MeV
a ≈ 0.09 fm

Pz = 2.2 GeV

Plot by Yu-Sheng Liu 


