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Spectral reconstruction as an inverse problem
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Motivations



Motivations

Traditional lattice analysis: extract energies and matrix

elements through fitting the exponential behaviour of
correlators.

Density of state increases quickly with the volume.
Standard analysis increasingly challenging.

Non-gapped correlators (QED, scattering, ...)
Even ground state challenging at large volume.

Reconstruction of long-distance effects.

How to go beyond exponential fits?
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Spectral reconstruction
as an inverse problem



Spectral integral equation

» In the case of 2-point functions
Kallén-Lehmann spectral representation

100 S
D() = [ dts (pla)o(0)) e = [ as £

» Spectral reconstruction from lattice data:
Find p given D.

» Integral operator (Sp)(¢°) = [ ds 2(_‘?8.
Solution “p = S=1D".
Linear problem




Naive approach

» Arbitrary discretisation qJQ- and sy

q; T Sk
» Distinct points: unigue solution

det(S) = Hk>yl%qjkzqgk)(zz)_ Sk)

» In practice: extremely ill-conditioned matrix
(typically k ~ O(10*9))
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Appropriateness of machine learning

Machine-learning approach: fit a parametrisation of
the inverse transform on a relevant functional space.

Advantage here:
trivial to construct random problem-solution pairs.

Neural networks are just a specific parametrisation.

Existing work: [Kades et al., arXiv:1905.04305]
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Challenges

Determine an appropriate neural architecture.

Establish a strategy for generating training and
validation datasets.

Design a Monte-Carlo strategy to validate predictions
on synthetic lattice data.

Investigate generalisation of trained models.
Compare against existing methods.
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Case study: the light vector
resonance



Generalities

» Vector-vector spectral representation

Oy () = / x (0] T[J, (¢, %), (0)] [0}
H,LW(QO) — /dt C,LW(t)e_qut — 6W/QOH(QO)

-+ 00 S
) = [ s pLs)

gg T~ S
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pls) = o

/ darS™ (0] 1, (0) ) 28(w2 — 5)
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Neural network architecture
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Data preconditioning

» Momentum space input layer
Reduce the hierarchy of weights, accelerate training.
Just a change of basis on the input layer.

» Linear scaling enforcement
Always normalise in and out by the input average.
Quality of prediction insensitive to overall scale.
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Training

L oss function: 2-norm diﬁerence

Z | F(I1;) — p; i

F': neural net
Training: stochastically minimise L on a training set
Monitor loss through an independent validation set.

Mini-batch size 4

ADAM minimiser with “reduce-on-plateau” adaptive
learning rate.
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Training/Validation set

Training set: 5000 random Breit-Wigner examples

300 MeV < M <1000 MeV
120 MeV < 1" < 300 MeV

Validation set: same, with 1000 examples.
Loss function value not very meaningful.

R%score more useful
| F(IT) — pl|5

R*=1
Var(p)
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Learning curve example
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Learning

curve example
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Learning curves vs. hidden layers
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L earning curves vs. hidden layer size
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Validation set sample
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Validation set sample
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Synthetic lattice data

» Correlator based on Gunaris-Sakurai parametrisation

with physical parameters.

» Phenomenological variance model (work in progress)

1 1 B

Cir = — pj = = .
Tl e -k T 2142 - 1)

Cji : correlation between II(g7) and II(q;)

p;j: relative error on II(¢?)

» Realistic for a =99.9% B =0(1%) ~ = 0.0039
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Finite-volume spectrum
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Synthetic lattice data
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Synthetic lattice data
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Prediction validation
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Prediction validation
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Prediction validation
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Prediction validation
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Prediction correlations
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Summary of prediction validations
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Summary & perspectives



Summary

Neural networks are an attractive approach to
inverse problems for data analysis.

Neural networks allow to infer non-linear
generalisations to linear algorithms.

Spectral reconstruction: possible for unsmearea
density using deep neural networks.

Seems to survive an prediction test using realistic
synthetic Monte-Carlo data.
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Perspectives

Direct comparison to Backus-Gilbert techniques.

Study of generalisation
(multi-peaks or even more arbitrary)

Other approaches e.g. classifiers?

Test on real large-volume lattice data.
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Infinite-volume 2-pion contribution

» Amplitude and spectral measure separation

Aw?) = 3,101 Ju(0) [} u(s) = / dord(w? — s)

1
p(s) = —A(s)(s)
» 2-pion contribution
2 a2 2 1 A2
Arr(s) = \/g(s AMZ)| Fr(8)]7 pan(8) = 3972 (s —4M;

1 AM?
T — 1 . F °
pen(s) = ggs (1= 57 ) Ex()
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Finite-volume 2-pion contribution

'WO assumptions:

1) use free pions quantisation
2) use infinite-volume amplitudes

Only accurate if (M,.L) ® can be neglected
(typically ML = 10)

472

M, FV L3 Z TS S _ 46077(?””)2]

2 AM? 2
/07T7T,FV(S) — 3L3\/§ (1 - W) ’2 Z 7“3 S — 4CU7T %n)Q]
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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