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Motivations
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Motivations

‣ Traditional lattice analysis: extract energies and matrix 
elements through fitting the exponential behaviour of 
correlators. 

‣ Density of state increases quickly with the volume. 
Standard analysis increasingly challenging. 

‣ Non-gapped correlators (QED, scattering, …)  
Even ground state challenging at large volume. 

‣ Reconstruction of long-distance effects. 

‣ How to go beyond exponential fits?



Spectral reconstruction  
as an inverse problem



‣ In the case of 2-point functions  
Källén-Lehmann spectral representation 
 

‣ Spectral reconstruction from lattice data:  
Find     given     . 

‣ Integral operator                                  .  
Solution “                “.  
Linear problem
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Spectral integral equation

D(q2) =

Z
d4x h�(x)�(0)†i e�iq·x =

Z +1

0
ds

⇢(s)

q2 + s
<latexit sha1_base64="GImgtPySoGxQdymheoHSUO6woLs="></latexit>

(S⇢)(q2) =
R
ds ⇢(s)

q2+s
<latexit sha1_base64="YAVJG/dZHdjqZ2x9GGuALLAp2dg="></latexit>

⇢ = S�1D
<latexit sha1_base64="qvVOgNYNiOnA4nlauJNwPAUPCl4="></latexit>

⇢
<latexit sha1_base64="BgoEntGis/S40TfnVqGeE4JD+ms="></latexit>

D
<latexit sha1_base64="bE9ckTij1IZlGBGph8kBHSy8hRg="></latexit>



‣ Arbitrary discretisation      and  
 

‣ Distinct points: unique solution  

‣ In practice: extremely ill-conditioned matrix  
(typically                       ) 
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Naive approach

sk
<latexit sha1_base64="1DTuqP25osv0XQf2iJLjM59iMU8="></latexit>

det(S) =

Q
k>j(q

2
j � q2k)(sj � sk)Q
j,k(q

2
j + sk)

<latexit sha1_base64="DHaYlNfmOC9MllHgOJkAGXC2mCs="></latexit>

Sjk =
1

q2j + sk
<latexit sha1_base64="6MSAbzlHPISAcoOEZ2Kjpb/9UXQ="></latexit>

q2j
<latexit sha1_base64="TiZn36hWPoOzDc1jTfHjVlQnfQY="></latexit>

 ' O(10100)
<latexit sha1_base64="35niiEaiUFIcb2qHKsiG8IZlLNk="></latexit>



‣ Machine-learning approach: fit a parametrisation of 
the inverse transform on a relevant functional space. 

‣ Advantage here:  
trivial to construct random problem-solution pairs. 

‣ Neural networks are just a specific parametrisation. 

‣ Existing work: [Kades et al., arXiv:1905.04305]
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Appropriateness of machine learning



‣ Determine an appropriate neural architecture. 

‣ Establish a strategy for generating training and 
validation datasets. 

‣ Design a Monte-Carlo strategy to validate predictions 
on synthetic lattice data. 

‣ Investigate generalisation of trained models. 

‣ Compare against existing methods.
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Challenges



Case study: the light vector 
resonance



‣ Vector-vector spectral representation

!12

Generalities

Cµ⌫(t) =

Z
d3x h0|T[Jµ(t,x)J⌫(0)] |0i

<latexit sha1_base64="wV1AqBMXzqUYZGaioA6EYwT7kos="></latexit>

⇧µ⌫(q0) =

Z
dt Cµ⌫(t)e

�iq0t = �µ⌫q
2
0⇧(q

2
0)

<latexit sha1_base64="sZzzuZ00fNsv5SjYbonAFUvxFtI="></latexit>

⇧(q20) =

Z +1

0
ds

⇢(s)

q20 + s
<latexit sha1_base64="sdtJ/uXqVQrxYAXmUXDRS4Whqgk="></latexit>

⇢(s) =
1

3s

Z
d↵

P
µ|h0| Jµ(0) |↵i|

2�(!2
↵ � s)

<latexit sha1_base64="n8EQDaZwX/1mdfwOSF3MJnwoxwg="></latexit>
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Neural network architecture

…⇧(q20)
<latexit sha1_base64="tvlQ8wLxOK6kv59Szrzl5lvkH+Y="></latexit>

⇢(!)
<latexit sha1_base64="RcUjgJKoCHAjJJ6+piqBP1aC5qE="></latexit>

in outhidden layers

: tanh(x)
<latexit sha1_base64="qSMy06yWfKfu0DGT2SapPZCXsZ8="></latexit>

: x
<latexit sha1_base64="7+f2qE/+5t/KudgQofjHH7Wytso="></latexit>

NT
2 � 1

<latexit sha1_base64="7hzguGHYcqj5b4LFOuvdrSpgrqU="></latexit>

2⇡
T

<latexit sha1_base64="Ipe1oDC+uBQ7Iie41nkaxt0Z2Ng="></latexit>

N!
<latexit sha1_base64="sJ402eCwyl1XB35EvgxgwQi84+A="></latexit>

�!
<latexit sha1_base64="ojTi0a0G+cQzUz1tdy7p1jNLqxs="></latexit>

Size 

Step

Nh
<latexit sha1_base64="UUQ7Hs8S8gQ5FhPaXtHlVHUqGUw="></latexit>



‣ Momentum space input layer 
Reduce the hierarchy of weights, accelerate training. 
Just a change of basis on the input layer.  

‣ Linear scaling enforcement 
Always normalise in and out by the input average.  
Quality of prediction insensitive to overall scale.
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Data preconditioning



‣ Loss function: 2-norm difference  
 

‣ Training: stochastically minimise     on a training set 
Monitor loss through an independent validation set. 

‣ Mini-batch size 4 

‣ ADAM minimiser with “reduce-on-plateau” adaptive 
learning rate.
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Training

L
<latexit sha1_base64="sPFRvOv7kzvGmsGQeqc+4Ktsc7A="></latexit>

F
<latexit sha1_base64="ROTgc4cUuR9+lf+tekvFU7pdawA="></latexit> : neural net

L(⇧, ⇢) =
1

N

X

j

kF (⇧j)� ⇢jk22
<latexit sha1_base64="mEuAVDS3AZXj1+HIhH8+Il+fcts="></latexit>



‣ Training set: 5000 random Breit-Wigner examples 
 
 

‣ Validation set: same, with 1000 examples. 

‣ Loss function value not very meaningful. 

‣     -score more useful  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Training/Validation set

300 MeV  M  1000 MeV

120 MeV  �  300 MeV
<latexit sha1_base64="LMBvkAE2b9Iy1wW4CONJ9HDYqtE="></latexit>

R2
<latexit sha1_base64="hsRlK6JL2UoZpwDNT+rJ39Y/O7w="></latexit>

R2 = 1� kF (⇧)� ⇢k22
Var(⇢)

<latexit sha1_base64="vjMm6oeuvB7cU0VXH5rYbWWpCBA="></latexit>
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Learning curve example
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Learning curve example
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Learning curves vs. hidden layers
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Learning curves vs. hidden layer size
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Validation set sample
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Validation set sample
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‣ Correlator based on Gunaris-Sakurai parametrisation 
with physical parameters. 

‣ Phenomenological variance model  (work in progress) 
 
 
 
   : correlation between           and   
   : relative error on 

‣ Realistic for 
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Synthetic lattice data

Cjk =
1

1 + 1�↵
↵ (j � k)2

<latexit sha1_base64="IIl0HZpYyeK29t6VuDE8k4KtknM="></latexit>

⇢j =
1

j2
�

1 + �2(j � 1)2
<latexit sha1_base64="j30RmDvkDjlKsqE+GZ4EUPuKUgE="></latexit>

⇢j
<latexit sha1_base64="aqopVX9Cdt5++EF/azpR2h8UhQQ="></latexit>

Cjk
<latexit sha1_base64="jPQEayMzaDPmqkfBzipPxnRP14Y="></latexit>

⇧(q2j )
<latexit sha1_base64="e0nUATkZZb5gQ/loOlDrF/Xf4yQ="></latexit>

⇧(q2k)
<latexit sha1_base64="8yyhXjVec23yM0sH1d5Y64Sn8dY="></latexit>

⇧(q2j )
<latexit sha1_base64="e0nUATkZZb5gQ/loOlDrF/Xf4yQ="></latexit>

� = O(1%)
<latexit sha1_base64="Bd28w85Sy2pX1v6IfV1okcwqH6E="></latexit>

↵ = 99.9%
<latexit sha1_base64="8iPPRItMpA+jMINKpxy9hM2Ywpc="></latexit>

� = 0.0039
<latexit sha1_base64="sSJyv2rHdPfJ9kh63cxxMTzkISg="></latexit>
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Finite-volume spectrum
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Synthetic lattice data
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Synthetic lattice data
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Prediction validation
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Prediction validation
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Prediction validation
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Prediction validation
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Prediction correlations
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Summary of prediction validations
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Summary & perspectives



‣ Neural networks are an attractive approach to 
inverse problems for data analysis. 

‣ Neural networks allow to infer non-linear 
generalisations to linear algorithms. 

‣ Spectral reconstruction: possible for unsmeared 
density using deep neural networks. 

‣ Seems to survive an prediction test using realistic 
synthetic Monte-Carlo data.
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Summary



‣ Direct comparison to Backus-Gilbert techniques. 

‣ Study of generalisation  
(multi-peaks or even more arbitrary) 

‣ Other approaches e.g. classifiers? 

‣ Test on real large-volume lattice data.

!35

Perspectives



Thank you! Monument Valley 25/08/2019



‣ Amplitude and spectral measure separation 
 
 
 

‣ 2-pion contribution  
 
 
 

!37

Infinite-volume 2-pion contribution

A(!2
↵) =

P
µ|h0| Jµ(0) |↵i|

2
<latexit sha1_base64="58+iPAFYguQ/jaC8q0ZThToJvEQ="></latexit>

µ(s) =

Z
d↵ �(!2

↵ � s)
<latexit sha1_base64="uHgSV6UTe56zqHJjuli3fZ8rBMs="></latexit>

⇢(s) =
1

3s
A(s)µ(s)

<latexit sha1_base64="jlFJhCCMhvbG4wqt10FjQs/0K3k="></latexit>

A⇡⇡(s) =
2p
s
(s� 4M2

⇡)|F⇡(s)|2
<latexit sha1_base64="BBTYgWaI/qPxl3tjceqwb+S+1qE="></latexit>

µ⇡⇡(s) =
1

32⇡2
(s� 4M2

⇡)
1
2

<latexit sha1_base64="bW9OYSdA49/A0+38daeL3ZB+goY="></latexit>

⇢⇡⇡(s) =
1

48⇡3

✓
1� 4M2

⇡

s

◆ 3
2

|F⇡(s)|2
<latexit sha1_base64="teAAvQx4SFPbBkVAv4us2+871Xs="></latexit>



‣ Two assumptions:  
1) use free pions quantisation  
2) use infinite-volume amplitudes 
 
Only accurate if                 can be neglected 
(typically                  )  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Finite-volume 2-pion contribution

µ⇡⇡,FV(s) =
1

L3

+1X

n=0

r3(n)�[s� 4!⇡(
4⇡2

L2 n)
2]

<latexit sha1_base64="2K34zufg5acovyrwYixdSEvESew="></latexit>
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L2 n)
2]

<latexit sha1_base64="bLk8IlyJbR/2pSn3Jpq3RNb8w0k="></latexit>

(M⇡L)
�3

<latexit sha1_base64="YDZ15UDuKTN2WP4cSO3dnSZXXG0="></latexit>

M⇡L & 10
<latexit sha1_base64="lbFbPMvl7AABUmEGY2AhyoNTQpc="></latexit>
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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Finite-volume spectrum
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