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Mo7va7on:	

•  Light-quark	connected	part	is	the	“hardest”	part:		sub-percent	precision	
						required	
	
•  Improve	sta7s7cs:			try	Low	Mode	Averaging	and	All	Mode	Averaging	
	
•  Improve/understand	systema7cs:			finite-volume	effects	to	two	loops	in	

chiral	perturba7on	theory	(include	taste-breaking	to	one	loop)	
						Provides	comparison	with	GSLL	(Mainz)	and	other	(HPQCD)	models	
	
•  Provide	(staggered)	result	to	compare	with	other	(staggered)	results	
						(BMW,	FNAL-HPQCD-MILC)	
	
•  Here:		focus	on	finite-volume	effects	and	con7nuum	extrapola7on	



Defini7ons	

Compute														in	!me-momentum	representa!on	(Bernecker	&	Meyer,	‘11):	
	
	
	
	
	
	
	
	
with	
	
the	connected	(doubly)	subtracted	light-quark	current	correlator	
Assume	isospin	symmetry;	no	QED	correc7ons	
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Finite	volume	strategy	

•  Finite-volume	(FV)	effects	dominated	by	pions		⇒															FV	ChPT	
						One	loop	(lowest	order)	(Aubin	et	al.,	‘15)	does	not	capture	full	effect	
						(Mainz,	‘13;	RBC/UKQCD,	’18;	Shintani	&	Kuramashi,	‘19)	
						⇒		calculate												to	two	loops	directly	
						(seems	easier	than	mom.	space	calcula7on:			Bijnens	&	Relefors,	‘17)			
						also	provides	es7mate	for	convergence	of	ChPT	
	
•  ChPT	only	reliable	for	large				,	but	FV	effects	are	a	long-distance	effect;	
						can	use	ChPT	to	compute	FV	effects	in													,	
						we	will	compute	
	
													
						in	ChPT,	and	use	this	to	correct	lakce	results	

SU(2)
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Finite	volume	strategy	-	2	

	
•  Two	strategies:	
						1)			Extrapolate	lakce	results	to	con7nuum;	use	con7nuum	FV	ChPT	
						2)			Correct	lakce	results	for	FV	effects,	then	extrapolate	
												advantage:						different	ensembles	have	(slightly)	different	volumes	
												disadvantage:						need	staggered	ChPT	
	
•  Use	hybrid	method:			correct	at	one	loop	using	SChPT,	extrapolate,		
																																													then	apply	two-loop	con7nuum	FV	correc7on	
	
•  All	lakce	results	at	physical	pion	mass;		
						use		leading-order	ChPT	(=	scalar	QED)	to	adjust	for	slight	pion					
						mass	mistunings	(small	effect)	
	



A	peek	at	ChPT	results	

•  To	NNLO	(i.e.,	two	loops)	

																						↑    
                     Poisson	resumma7on	

•  Contains	(only)	two	well-known	low-energy	constants,	
																																						,							from	Bijnens,	Colangelo	&	Talavera,	‘98																															F⇡ = 92.21 MeV

<latexit sha1_base64="mJ0a7MhQ3KrDJxP3Gn3i4BSB8so=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXA2Z2mq7EAqCuBEq2Ae0ZcikmTY08yDJiGWs4K+4caGIW3/DnX9j2o6gogcuHM65l3vvcSPOpELow8jMzS8sLmWXcyura+sb5uZWQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4enEb15TIVkYXKlRRLs+7gfMYwQrLTnmzpnTidhJpWAV7LuO74Y3yQVtjB0zjyw0BURWCdmVI1uTQglVygjaqZUHKWqO+d7phST2aaAIx1K2bRSpboKFYoTTca4TSxphMsR92tY0wD6V3WR6/xjua6UHvVDoChScqt8nEuxLOfJd3eljNZC/vYn4l9eOlVfuJiyIYkUDMlvkxRyqEE7CgD0mKFF8pAkmgulbIRlggYnSkeV0CF+fwv9Jo2DZhxa6LOarxTSOLNgFe+AA2OAYVME5qIE6IOAWPIAn8GzcG4/Gi/E6a80Y6cw2+AHj7RPN+pVM</latexit>

`6
<latexit sha1_base64="D3VInX5fIFEIBlCDeDxPzcsNCaA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK1re2u4MZlBfuAdiiZNNPGZpIhyQhl6D+4caGIW//HnX9j2o6gogcuHM65l3vvCWLOtEHow8mtrW9sbuW3Czu7e/sHxcOjjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvVr43XuqNJPi1sxi6kd4LFjICDZW6gwo58PasFhCLloCIreKvEbNs6RcRY06gl5mlUCG1rD4PhhJkkRUGMKx1n0PxcZPsTKMcDovDBJNY0ymeEz7lgocUe2ny2vn8MwqIxhKZUsYuFS/T6Q40noWBbYzwmaif3sL8S+vn5iw7qdMxImhgqwWhQmHRsLF63DEFCWGzyzBRDF7KyQTrDAxNqCCDeHrU/g/6ZRd78JFN5VSs5LFkQcn4BScAw9cgia4Bi3QBgTcgQfwBJ4d6Tw6L87rqjXnZDPH4Aect0962I8G</latexit>

C(t) =
10

9

1

3

 
1

Ld

X

~p

p2

E2
p

e�2Ept

"
1� 1

F 2Ld

X

~k

1

Ek
� 8(p2 +m2

⇡)

F 2
`6

#

+
1

2dF 2L2d

X

~p,~k

p2k2

E2
pE

2
k

Eke�2Ept � Epe�Ekt

k2 � p2

!

=
10

9

1

6⇡2

X

~n

Z 1

0
dp

p3

E2
p

e�2Ept sin(npL)

nL
+NNLO

<latexit sha1_base64="Hjtpae8HOxIGbwqsjCJ1eh5ROJo="></latexit>



Ensembles	used	

•  Used	HISQ	ensembles	from	the	MILC	collabora7on	with	parameters	

•  Taste	breaking	(courtesy	Doug	Toussaint)	

m⇡ (MeV) a (fm) size L (fm) m⇡L
133 0.12121(64) 483 ⇥ 64 5.82 3.91
130 0.08787(46) 643 ⇥ 96 5.62 3.66
134 0.05684(30) 963 ⇥ 192 5.46 3.73

<latexit sha1_base64="Pobu6ZDqvs4uodR8KepBBql2xA0="></latexit>

a (fm) mass range (MeV)
0.12121(64) 133–326
0.08787(46) 130–210
0.05684(30) 134–151
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FV	correc7ons,	numerical	results	from	ChPT	

•  Compare																								in	NLO,	NNLO	in	con7nuum	ChPT,	and	NLO	in	SChPT:	

	
•  Taste-breaking	correc7ons	in	infinite	volume	to	NLO	(7mes										)		

•  Con7nuum	extrapola7on	independent	of	this	correc7on:	
						varying	method	gives	es7mate	of	con7nuum	extrapola7on	error	

1010�aHVP
µ
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a (fm) taste correction

0.05684 9.5

0.08787 34.2

0.12121 51.6
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L/a NLO (cont.) NNLO NLO (SChPT)
96 20.6 9.1 15.6
64 21.6 9.0 6.9
48 18.1 7.4 2.1
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Weighted	correlator	results	(643	x	96	example)	
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												using	bounding	method,	switch	point						(483	x	64)				aHVP
µ

<latexit sha1_base64="JIYvq1JedO/ifTcg4Vt4GtxpvjU=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwFGZUMMeAlxwjmAWScejp9CRNumeGXoQ45Eu8eFDEq5/izb+xsyCa+KDg8V4VVfWijDOlPe/LWVvf2NzaLuwUd/f2D0ru4VFLpUYS2iQpT2UnwopyltCmZprTTiYpFhGn7Wh0M/XbD1QqliZ3epzRQOBBwmJGsLZS6JZw2BPmPu9JgeqtxiR0y17FmwH9EH+ZlGGBRuh+9vopMYImmnCsVNf3Mh3kWGpGOJ0Ue0bRDJMRHtCupQkWVAX57PAJOrNKH8WptJVoNFN/T+RYKDUWke0UWA/VsjcV//O6RsfVIGdJZjRNyHxRbDjSKZqmgPpMUqL52BJMJLO3IjLEEhNtsyraEFZeXiWti4p/WfFur8q16iKOApzAKZyDD9dQgzo0oAkEDDzBC7w6j86z8+a8z1vXnMXMMfyB8/ENV2iS1w==</latexit>

T
<latexit sha1_base64="zM4MbZTvIFt1fVDPsVxWmF9x69M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYI4BLx4TyAuSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3Th6IJhY0FFXddHcFieDauO6Xk9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77EZXmsWyYSYJ+RIeSh5xRY6V6o18suWV3DvJDvFVSgiVq/eJnbxCzNEJpmKBadz03MX5GleFM4LTQSzUmlI3pELuWShqh9rP5oVNyYZUBCWNlSxoyV39PZDTSehIFtjOiZqRXvZn4n9dNTVjxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmBDWHt5nbSuyt512a3flKqVZRx5OINzuAQPbqEK91CDJjBAeIIXeHUenGfnzXlftOac5cwp/IHz8Q2uv4zR</latexit>

��

����

����

����

����

����

����

�	��

�
��

����

�� �� ��� ��� ��� ��� ���

�


��
�
�
��
�
��
�
�
�

���

�����

�����

�������

BMW,	‘17	
RBC/UKQCD,	‘18	

C(t) =

⇢
0 (lower)

C(T )e�E0(t�T )
(upper)
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												using	bounding	method,	switch	point						(643	x	96)	aHVP
µ
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												using	bounding	method,	switch	point						(963	x	192)	aHVP
µ

<latexit sha1_base64="JIYvq1JedO/ifTcg4Vt4GtxpvjU=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwFGZUMMeAlxwjmAWScejp9CRNumeGXoQ45Eu8eFDEq5/izb+xsyCa+KDg8V4VVfWijDOlPe/LWVvf2NzaLuwUd/f2D0ru4VFLpUYS2iQpT2UnwopyltCmZprTTiYpFhGn7Wh0M/XbD1QqliZ3epzRQOBBwmJGsLZS6JZw2BPmPu9JgeqtxiR0y17FmwH9EH+ZlGGBRuh+9vopMYImmnCsVNf3Mh3kWGpGOJ0Ue0bRDJMRHtCupQkWVAX57PAJOrNKH8WptJVoNFN/T+RYKDUWke0UWA/VsjcV//O6RsfVIGdJZjRNyHxRbDjSKZqmgPpMUqL52BJMJLO3IjLEEhNtsyraEFZeXiWti4p/WfFur8q16iKOApzAKZyDD9dQgzo0oAkEDDzBC7w6j86z8+a8z1vXnMXMMfyB8/ENV2iS1w==</latexit>

T
<latexit sha1_base64="zM4MbZTvIFt1fVDPsVxWmF9x69M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYI4BLx4TyAuSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3Th6IJhY0FFXddHcFieDauO6Xk9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77EZXmsWyYSYJ+RIeSh5xRY6V6o18suWV3DvJDvFVSgiVq/eJnbxCzNEJpmKBadz03MX5GleFM4LTQSzUmlI3pELuWShqh9rP5oVNyYZUBCWNlSxoyV39PZDTSehIFtjOiZqRXvZn4n9dNTVjxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmBDWHt5nbSuyt512a3flKqVZRx5OINzuAQPbqEK91CDJjBAeIIXeHUenGfnzXlftOac5cwp/IHz8Q2uv4zR</latexit>
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fewer	low	
modes,	
could		
improve		



Results	in	units	of	10-10	

	
	
	
	
All	correc7ons	in	table	are	NLO	ChPT	only	
	
Con7nuum	values	in	columns	3	and	4	should	agree	⇒		4.8	cont.	extr.	error	
Last	column:			also	correct	for	pion	mass	mistuning;	take	as	central	value	
Add	(con7nuum)	NNLO	correc7on	(take	average):			add			8				
Es7mate	higher	orders	in	ChPT	geometrically		⇒		4	error	for	NNNLO	ChPT	
	
Scale	sekng	error	of	5	(from	HPQCD)										

a (fm) lattice value FV corr. FV + taste corr. FV+taste+m⇡

0.12121(64) 562.1(8.4) 564.2(8.4) 615.8(8.4) 613.6(8.4)

0.08787(46) 594.8(10.4) 601.7(10.4) 635.9(10.4) 630.2(10.4)

0.05684(30) 623.1(27.5) 638.7(27.5) 648.2(27.5) 647.1(27.5)

0 648.3(20.0) 657.9(20.0) 651.1(20.1)

<latexit sha1_base64="T/vlfXAkHX4O2/2Ua386VlsPfzc="></latexit>

TOTAL:					659	±	20	±	5	±	5	±	4	=	659	±	22		
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raw:																				blue	
NLO	FV:														red	
NLO	FV+taste:		black	
+	pion	adj:									green	



Comparison	with	other	work	(light-quark	connected)	

Units:		10-10	

	
Our	value:			659	±	20	±	5	±	5	±	4	=	659	±	22	
	
FNAL/HPQCD/MILC:				630.1	±	8.3							
(using	priors	on	the	fit)	
staggered,	appears	to	be		
“moved	down”	by																								points	
sta7s7cal	error		±	5	
	
(plot	from	FHM,	arXiv:1902.04223)	
	

a=0.15 fm
<latexit sha1_base64="8PwP0VC0Fl02G7y8I8S2zoXxZIU=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgashUq+1CKLhxWcE+oFNKJs20ocnMkGTUMvZT3LhQxK1f4s6/MW1HUNEDFw7n3Mu99/gxZ0oj9GHllpZXVtfy64WNza3tHbu421JRIgltkohHsuNjRTkLaVMzzWknlhQLn9O2P76Y+e0bKhWLwms9iWlP4GHIAkawNlLfLuJz5LgVD3rCj+7SQEz7dgk5aA6InApya6euIeUKqlURdDOrBDI0+va7N4hIImioCcdKdV0U616KpWaE02nBSxSNMRnjIe0aGmJBVS+dnz6Fh0YZwCCSpkIN5+r3iRQLpSbCN50C65H67c3Ev7xuooNqL2VhnGgaksWiIOFQR3CWAxwwSYnmE0MwkczcCskIS0y0SatgQvj6FP5PWmXHPXbQVblUP8niyIN9cACOgAvOQB1cggZoAgJuwQN4As/WvfVovVivi9aclc3sgR+w3j4BC+STMA==</latexit>

0 0.005 0.01 0.015 0.02 0.025
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with FV + discretization corrections
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π
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raw values



Comparison	with	other	work	(light-quark	connected)	
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Window	method	
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t0 = 0.4 fm

t1 = 1.0 fm

� = 0.15 fm
<latexit sha1_base64="v6avLVmYzL8KZzE66slc9QMHC2E="></latexit>

(7ny	FV		
	effects)	



Window	method	

t0 = 0.4 fm

t1 = 1.0 fm

� = 0.15 fm
<latexit sha1_base64="v6avLVmYzL8KZzE66slc9QMHC2E="></latexit>
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DWF	(RBC/UKQCD)	
	
	
	
our	result	



Conclusions	(homework)	

•  Our	error	is	dominated	by	sta7s7cs	–	room	for	improvement!	
						Improve	963	x	192	ensemble	(more	low	modes?),	add	0.15	fm	points	
	
•  Finite	volume	effects:				correct	with	two-loop	ChPT				
						appears	consistent	with	models	–	ChPT	FV	error	es7mated	at	0.6%	
						(depends	only	on	two	well-known	Low	Energy	Constants)	
	
•  Add	SChPT	at	two	loops(?)				

•  Understand	comparison	of	results	with	window	method	bever	
						(more	sta7s7cs,	0.15	fm	points?)	


