Adjoint Operators for the Natural Discretizations of the Divergence, Gradient, and Curl on Logically Rectangular Grids

James M. Hyman and Mikhail Shashkov

Los Alamos National Laboratory T-7, MS-B284, Los Alamos, NM 87545, USA

Abstract We use the support-operator method to derive new discrete approximations of the divergence, gradient, and curl using discrete analogs of the integral identities satisfied by the differential operators. These new discrete operators are adjoint to the previously derived natural discrete operators defined using ’natural’ coordinate-invariant definitions, such as Gauss’ theorem for the divergence. The natural operators cannot be combined to construct discrete analogs of the second-order operators div grad, grad div, and curl curl because of incompatibilities in domains and in the ranges of values for the operators. The same is true for the adjoint operators. However, the adjoint operators have complementary domains and ranges of values and the combined set of natural and adjoint operators allow a consistent formulation for all the compound discrete operators. We also prove that the operators satisfy discrete analogs of the major theorems of vector analysis relating the differential operators, including div ⃗A = 0 if and only if ⃗A = curl ⃗B; curl ⃗A = 0 if and only if ⃗A = gradφ.

Keywords: Finite-difference; Logically-rectangular grids; Discrete vector analysis.

1 Introduction

Discrete models that preserve the fundamental properties of their original continuum model for the underlying physical problem can be derived based on solid mathematical theory. These properties include conservation laws, symmetries in the solution, and the nondivergence of particular vector fields (i.e., they are divergence free).

We have developed a discrete analog of vector and tensor calculus that can be used to accurately approximate continuum models for a wide range of physical processes. This is the second in a series of papers that create the discrete analog of vector analysis on logically rectangular, nonorthogonal, nonsmooth grids.

In the first paper [6], we introduced the natural spaces of discrete scalar and vector functions. Discrete analogs of the divergence, gradient, and curl were constructed based on coordinate-invariant definitions. Discrete analogs of line, surface, and volume integrals were described. The first paper included proofs of the discrete theorems of vector analysis including Gauss’ theorem; the theorem that div ⃗A = 0 if and only if ⃗A = curl ⃗B; curl ⃗A = 0 if and only if ⃗A = gradφ; the theorem that if ⃗A = grad φ, then the line integral does not depend on path; and the theorem that if the line integral of a vector function is equal to zero for any closed path, then this vector is the gradient of a scalar function. We also introduced the primitive forward and backward difference operators and the primitive metric operators (related to multiplications of discrete functions by the lengths of edges, the areas of surfaces, and the volumes of 3-D cells).

The domains and ranges of the natural discrete operators defined in [6] arise “naturally” from discrete analogs of Stokes’ theorem. To form second-order nontrivial combinations of these operators, which are discrete analogs of div grad, grad div, and curl curl, the range of the first operator must be equal to the domain of the second operator. The domains and ranges of the natural operators alone are not sufficient to form these compound operators. By constructing the adjoints to the natural discrete operators, we create additional discrete first-order operators with complementary domains and ranges. This extended set of discrete operators allows all possible combinations of the first-order operators to be formed in a consistent way. Furthermore, the new operators are defined to be compatible with their original discrete operators, so that discrete versions of the integral identities between the gradient, divergence, and curl are satisfied by construction.

We use support-operator method (SOM) [14, 15, 18, 16], to construct discrete operators with compatible domains and ranges on the basis of discrete analogs of the integral identities: ∫ V u div ⃗W dV + ∫ V ( ⃗W , grad u) dV = ∮ ∂V u ( ⃗W , ⃗n) dS , (1.1) ∫ V ( ⃗A, curl ⃗B) dV − ∫ V ( ⃗B, curl ⃗A) dV = ∮ ∂V (⃗n, ⃗A × ⃗B) dS , (1.2) where u is an arbitrary scalar function, ⃗W , ⃗A, and ⃗B are arbitrary vector functions defined on domain V with boundary ∂V , and ⃗n is the unit outward normal to ∂V . In the simplest case, when boundary integrals vanish, the above identities imply that div = −grad^∗ and curl = curl^∗, if we define inner products in spaces of scalar and vector functions as

(u, v)_H = ∫ V u v dV , and ( ⃗A, ⃗B)_H = ∫ V ( ⃗A, ⃗B) dV . The SOM uses the discrete versions of integral identities as the basis to construct discrete operators with compatible domains and ranges. In [6], the natural discrete divergence was defined as a discrete operator with domain HS and range HC, DIV : HS → HC , where HS is the space of discrete vector functions defined by their orthogonal projections onto directions perpendicular to face of the cell, and HC is the space of discrete scalar functions given by their values in the cell (see [6] for details).

Following the SOM approach, to construct a new discrete gradient GRAD : HC → HS , we use the discrete analog of the identity 1.1 and operator DIV as the prime operator. The discrete gradient, derived operator, by construction is negative adjoint to DIV:

GRAD = −DIV^∗ . (1.3)

We indicate derived adjoint operators by the over-bar.

The natural discrete gradient GRAD was defined as a discrete operator with domain HN and range HL, GRAD : HN → HL , where HL is the space of discrete vector functions defined by their orthogonal projections onto directions of the edges of the cell, and HN is the space of discrete scalar functions given by their values in the nodes (see [6] for details).

To construct a new discrete divergence, we again use the discrete analog of the identity 1.1, but in this case GRAD is used as the prime operator; then DIV : HL → HN and DIV = −GRAD^∗ . (1.4) In a similar way, the natural CURL : HL → HS is used to construct another discrete curl, CURL : HS → HL, and CURL = CURL^∗ . (1.5) We then prove that these adjoint operators satisfy the same discrete theorems of vector analysis as natural operators [6]. The proofs are reduced to theorems for simple differences by representing the derived adjoint operators in terms of primitive difference operators and metric operators.

Natural operators can be combined to construct only the trivial operators:

DIV CURL : HL → HC , DIV CURL ≡ 0 , (1.6) CURL GRAD : HN → HS , CURL GRAD ≡ 0 . (1.7)

We cannot apply DIV to GRAD because the range of values for GRAD does not coincide with the domain of operator DIV, and so on.

Adjoint operators can also be combined to construct the trivial operators:

DIV CURL : HS → HN , DIV CURL ≡ 0 , (1.8) CURL GRAD : HC → HL , CURL GRAD ≡ 0 . (1.9)

Natural operators and adjoints to them can be combined to form the nontrivial secondorder operators:

DIV GRAD : HC → HC , DIV GRAD : HN → HN , (1.10) CURL CURL : HS → HS , CURL CURL : HL → HL , (1.11) GRAD DIV : HL → HL , GRAD DIV : HS → HS . (1.12)

Using constructed first- and second-order discrete operators we can construct mimetic finite-difference methods for most of the partial differential equations arising in mathematical physics [1, 2, 3, 4, 5, 9, 8, 18, 17]. The resulting formulas for all first-order discrete operators on tensor product, rectangular grids are listed in Appendix.

a b Figure 2.1: On a logically rectangular grid, the scalar function values can be either cellcentered (HC), as in (a), or defined at the nodes (HN), as in (b).

2 Grids and Discrete Functions

2.1 Grid

We index the nodes of a logically rectangular grid using (i, j), where 1 ≤ i ≤ M and 1 ≤ j ≤ N (see Figure 2.1). The quadrilateral defined by the nodes (i, j), (i + 1, j), (i + 1, j + 1), and (i, j + 1) is called the (i + 1/2, j + 1/2) cell [see Figure 2.2 a)]. The area of the (i + 1/2, j + 1/2) cell is denoted by V C_{i+1/2,j+1/2}, the length of the side that connects the vertices (i, j) and (i, j + 1) is denoted Sξ_{i,j+1/2}, and the length of the side that connects the vertices (i, j) and (i + 1, j) is denoted Sη_{i+1/2,j}. The angle between any two adjacent sides of cell (i + 1/2, j + 1/2) that meet at node (k, l) is denoted φ^{i+1/2,j+1/2}_{k,l} .

When we determine discrete differential operators, such as CURL, it is useful to consider a 2-D grid as a projection of a 3-D grid. This approach makes it is easier to later generalize finite-difference method to three dimensions and simplifies the notation. In this paper we consider functions of the coordinates x and y and extend the grid into a third dimension, z, when convenient. The extended 3-D mesh is constructed by extending a grid line of unit length into the z direction to form a prism with unit height and with a 2-D quadrilateral cell as its base [see Figure 2.2 b)].

Sometimes it is useful to interpret the grid as being formed by intersections of broken lines that approximate the coordinate curves of some underlying curvilinear coordinate system (ξ, η, ζ). The ξ coordinate corresponds to the grid line where the index i is changing, the η coordinate corresponds to the grid line where the index j is changing, and the ζ coordinate a b Figure 2.2: (a) The (i+1/2, j +1/2) cell in a logically rectangular grid has area V C_{i+1/2,j+1/2} and sides Sξ_{i,j+1/2}, Sη_{i+1/2,j}, Sξ_{i+1,j+1/2}, and Sη_{i+1/2,j+1}. The interior angle between Sη_{i+1/2,j} and Sξ_{i+1,j+1/2} is φ^{i+1/2,j+1/2}

i+1,j . (b) The 2-D (i + 1/2, j + 1/2) cell (z = 0) is interpreted as

the base of a 3-D logically cuboid (i + 1/2, j + 1/2, k + 1/2) cell (a prism) with unit height.

Figure 2.3: The (ξ, η, ζ) curvilinear coordinate system is approximated by the i, j, and k piecewise linear grid lines.

corresponds to the grid line where the index k is changing (i.e., height of the prism; see Figure 2.3).

We denote the length of the edge (i, j, k) − (i + 1, j, k) by lξ_{i+1/2,j,k}, the length of the edge (i, j, k) − (i, j + 1, k) by lη_{i,j+1/2,k}, and the length of the edge (i, j, k) − (i, j, k + 1) by lζ_{i,j,k+1/2} (which we have chosen to be equal to 1). The area of the surface (i, j, k) − (i, j + 1, k) − (i, j, k + 1) − (i, j + 1, k + 1) is denoted by Sξ_{i,j+1/2,k+1/2} because it is the analog of the element of the coordinate surface dSξ. Similarly, the area of surface (i, j, k) − (i + 1, j, k) − (i, j, k + 1) − (i + 1, j, k + 1) is denoted by Sη_{i+1/2,j,k+1/2}. We use the notation Sζ_{i+1/2,j+1/2,k} for the area of the 2-D cell (i + 1/2, j + 1/2), that is, Sζ_{i+1/2,j+1/2,k} = V C_{i+1/2,j+1/2}. Because the artificially constructed 3-D cell is a right prism with unit height, we have Sξ_{i,j+1/2,k+1/2} = lη_{i,j+1/2,k} · lζ_{i,j,k+1/2} = lη_{i,j+1/2,k} (2.1) and Sη_{i+1/2,j,k+1/2} = lξ_{i+1/2,j,k} · lζ_{i,j,k+1/2} = lξ_{i+1/2,j,k} . (2.2) With this 3-D interpretation, the 2-D notations Sξ_{i,j+1/2} and Sη_{i+1/2,j} are not ambiguous because the 3-D surface (i, j, k), (i, j + 1, k), (i, j, k + 1), (i, j + 1, k + 1) corresponds to an element of the coordinate surface Sξ; and, since the prism has unit height, the length of the side (i, j) − (i, j + 1) is equal to the area of the element of this coordinate surface.

2.2 Discrete Scalar Functions

In a cell-centered discretization, the discrete scalar function U_{i+1/2,j+1/2} is defined in the space HC and is given by its values in the cells [see Figure 2.1 (a)], except at the boundary cells. The treatment of the boundary conditions requires introducing scalar function values a b Figure 2.4: (a) HS discretization of a vector in three dimensions; (b) 2-D interpretation of the HS discretization of a vector.

at the centers of the boundary segments: U_{(1,j+1/2)}, U_{(M,j+1/2)}, where j = 1, . . . , N − 1, and U_{(i+1/2,0)}, U_{(i+1/2,N)}, where i = 1, . . . , M − 1 . In three dimensions, the cell-centered scalar functions are defined in the centers of the 3-D prisms, except in the boundary cells where they are defined on the boundary faces. The 2-D case can be considered a projection of these values onto the 2-D cells and midpoints of the boundary segments.

In a nodal discretization, the discrete scalar function U_{i,j} is defined in the space HN and is given by its values in the nodes [see Figure 2.1 (b)]. The indices vary in the same range as for coordinates x_{i,j}, y_{i,j}.

2.3 Discrete Vector Functions

We assume that vectors may have three components, but in our 2-D analysis, the components depend on only two spatial coordinates, x and y. We consider two different spaces of discrete vector functions for our 3-D coordinate system. The HS space [see Figure 2.4 (a)], where the vector components are defined perpendicular to the cell faces, is the natural space when the approximations are based on Gauss’ divergence theorem. The HL space [see Figure 2.5 (a)], where the vectors are defined tangential to the cell edges, is natural for approximations based on Stokes’ circulation theorem.

The projection of the 3-D HS vector discretization space into two dimensions results in the vectors being defined perpendicular to the quadrilateral cell sides and in a vertical vector a b Figure 2.5: (a) HL discretization of a vector in three dimensions (b) 2-D interpretation of the HL discretization of a vector.

in the cell center [see Figure 2.4 (b)]. We use the notation W Sξ_{(i,j+1/2)} : i = 1, . . . , M ; j = 1, . . . , N − 1 for the vector component at the center of face Sξ_{(i,j+1/2)} (side lη_{(i,j+1/2)}); the notation W Sη_{(i+1/2,j)} : i = 1, . . . , M − 1 ; j = 1, . . . , N for the vector component at the center of face Sη_{(i+1/2,j)} (side lξ_{(i+1/2,j)}); and the notation W Sζ_{(i+1/2,j+1/2)} : i = 1, . . . , M − 1 ; j = 1, . . . , N − 1 for the component at the center of face Sζ_{(i+1/2,j+1/2)} (2-D cell V_{i+1/2,j+1/2}).

The projection of the 3-D HL vector discretization space into two dimensions results in the vectors being defined as tangential to the quadrilateral cell sides and in a vertical vector at the nodes [see Figure 2.5 (b)]. We use the notation W Lξ_{(i+1/2,j)} : i = 1, . . . , M − 1 ; j = 1, . . . , N for the component at the center of edge lξ_{(i+1/2,j)} [in 2-D, the same position as for W Sη_{(i+1/2,j)}]; the notation W Lη_{(i,j+1/2)} : i = 1, . . . , M ; j = 1, . . . , N − 1 for the component at the center of edge lη_{(i,j+1/2)} [in 2-D, the same position as for W Sξ_{(i,j+1/2)}]; and the notation W Lζ_{(i,j)} : i = 1, . . . , M ; j = 1, . . . , N for the component at the center of edge lζ_{(i,j)} [in 2-D the position that corresponds to node (i, j)]. From here on, there will not be any dependence on the k index, and it is dropped from the notations.

3 Support-Operator Method

We use the SOM [16] to derive operators DIV, GRAD, and CURL from discrete analogs of the integral identities 1.1 and 1.2. These identities connect the differential operators div, grad, and curl and allow us to obtain their discrete analogs with consistent domains and ranges of values.

In the SOM, first a discrete approximation is defined for a first-order differential operator, such as the divergence or gradient, that satisfies the appropriate discrete analog of an integral identity, such as Stokes’ theorem. This initial discrete operator, called the prime operator, then supports the construction of other discrete operators, using discrete formulations of the integral identities 1.1 or 1.2 . For example, if the initial discretization is defined for the divergence (prime operator), it should satisfy a discrete form of Gauss’ theorem. This prime discrete divergence, DIV is then used to support the derived discrete operator GRAD satisfying a discrete version of the integral identity 1.1. The derived operator GRAD would then also be the negative adjoint of DIV.

We first consider identity 1.1 and introduce the space of scalar functions H with the inner product: (u, v)_H = ∫ V u v dV + ∮ ∂V u v dS , u, v ∈ H . (3.1) We also introduce the space of vector functions H so that if two vector functions ⃗A , ⃗B ∈ H, their inner product is defined as ( ⃗A, ⃗B)H = ∫ V ( ⃗A, ⃗B) dV . (3.2) To extend the operator div to the boundary, we define the extended divergence operator

d : H → H as d ⃗w = { +div ⃗w , (x, y) ∈ V −( ⃗w, ⃗n) , (x, y) ∈ ∂V . (3.3)

Identity 1.1 can be used to prove

d = −grad^∗ ; (3.4) namely, (d ⃗w, u)_H = ∫ V u div ⃗w dV − ∮ ∂V u ( ⃗w, ⃗n) dS = − ∫ V ( ⃗w, gradu) dV (3.5) = ( ⃗w, −grad u)H .

We will establish a similar relationship for operator curl when we consider construction of operator CURL.

4 Derived Adjoint Operators

4.1 Operator GRAD

To derive the discrete operator GRAD : HC → HS , (4.1) we must first define the inner products in spaces HC and HS and extend the operator DIV to the boundary.

4.1.1 Extension of Operator DIV to the Boundary: Operator D To determine the discrete analog of operator d, we note that in the interior of the region, the prime operator D, which is the analog of the divergence, is given in [6] as (D ⃗W )_{(i+1/2,j+1/2)} = (DIV ⃗W )_{(i+1/2,j+1/2)} = (4.2) {( W Sξ_{(i+1,j+1/2)} Sξ_{(i+1,j+1/2)} − W Sξ_{(i,j+1/2)} Sξ_{(i,j+1/2)} ) + ( W Sη_{(i+1/2,j+1)} Sη_{(i+1/2,j+1)} − W Sη_{(i+1/2,j)} Sη_{(i+1/2,j)} )}/ V C_{(i+1/2,j+1/2)} . On the boundary, where, in correspondence with definition 3.3, the operator d gives the normal component of the vector, we define the operator D as (D ⃗W )_{(i+1/2,1)} = −W Sη_{(i+1/2,1)} , i = 1, · · · , M − 1 , (D ⃗W )_{(i+1/2,N)} = +W Sη_{(i+1/2,N)} , i = 1, · · · , M − 1 , (4.3) (D ⃗W )_{(1,j+1/2)} = −W Sξ_{(1,j+1/2)} , j = 1, · · · , N − 1 , (D ⃗W )_{(M,j+1/2)} = +W Sξ_{(M,j+1/2)} , j = 1, · · · , N − 1 . If we introduce generalized operators of central differencing as (δ_ξ U)_{α,β} = U_{α+1/2,β} − U_{α−1/2,β} , (δ_η U)_{α,β} = U_{α,β+1/2} − U_{α,β−1/2} , (4.4)

Figure 4.1: The grid lines (ξ, η) form a local nonorthogonal coordinate system with unit vectors ⃗lξ, ⃗lη and corresponding unit normals to these directions, ⃗nSξ and ⃗nSη. In this basis, the components (W Lξ, W Lη) of vector ⃗W are the orthogonal projections onto grid lines, and components (W Sξ, W Sη) are orthogonal projections to normal directions.

where α and β can be integer or half indicies, then equation 4.2 can be presented in compact form

(D ⃗W )_{(i+1/2,j+1/2)} = (DIV ⃗W )_{(i+1/2,j+1/2)} = (4.5) [δ_ξ (W Sξ Sξ)]_{(i+1/2,j+1/2)} + [δ_η (W Sη Sη)]_{(i+1/2,j+1/2)} V C_{(i+1/2,j+1/2)} .

4.1.2 Spaces of Discrete Functions In the space of discrete scalar functions, HC, (functions defined in the cell centers), the natural inner product corresponding to the continuous inner product 3.1 is (U, V )_{HC} = M−1∑ i=1 N−1∑ j=1 U_{(i+1/2,j+1/2)} V_{(i+1/2,j+1/2)} V C_{(i+1/2,j+1/2)} (4.6)

+ M−1∑ i=1 U_{(i+1/2,1)} V_{(i+1/2,1)} Sη_{(i+1/2,1)} + N−1∑ j=1 U_{(M,j+1/2)} V_{(M,j+1/2)} Sξ_{(M,j+1/2)}

+ M−1∑ i=1 U_{(i+1/2,N)} V_{(i+1/2,N)} Sη_{(i+1/2,N)} + N−1∑ j=1 U_{(1,j+1/2)} V_{(1,j+1/2)} Sξ_{(1,j+1/2)} .

In the space of vector functions HS, the natural inner product corresponding to the continuous inner product 3.2 is ( ⃗A, ⃗B)_{HS} = M−1∑ i=1 N−1∑ j=1 ( ⃗A, ⃗B)_{(i+1/2,j+1/2)} V C_{(i+1/2,j+1/2)} , (4.7)

where ( ⃗A, ⃗B) is the dot product of two vectors. Next, we define this dot product in terms of the components of the vectors perpendicular to the cell sides (see Figure 4.1). Suppose that the axes ξ and η form a nonorthogonal basis and that φ is the angle between these axes. If the unit normals to the axes are ⃗nSξ and ⃗nSη, then the components of the vector ⃗W in this basis are the orthogonal projections W Sξ and W Sη of ⃗W onto the normal vectors (see the discussion in Chapter 2 of [10] for more details). The expression for the dot product of ⃗A = (ASξ, ASη) and ⃗B = (BSξ, BSη), is ( ⃗A, ⃗B) = ASξ BSξ + ASη BSη + (ASξ BSη + ASη BSξ) cos φ sin^2 φ

. (4.8)

From this expression, the dot product in the cell is approximated by ( ⃗A, ⃗B)_{(i+1/2,j+1/2)} = 1∑ k,l=0 V^{(i+1/2,j+1/2)} (i+k,j+l) sin^2 φ^{(i+1/2,j+1/2)} (i+k,j+l) · [ ASξ_{(i+k,j+1/2)} BSξ_{(i+k,j+1/2)} + ASη_{(i+1/2,j+l)} BSη_{(i+1/2,j+l)} (4.9) +(−1)^{k+l} ( ASξ_{(i+k,j+1/2)} BSη_{(i+1/2,j+l)}+ ASη_{(i+1/2,j+l)} BSξ_{(i+k,j+1/2)} ) cos φ^{(i+1/2,j+1/2)} (i+k,j+l) ] , where V^{(i+1/2,j+1/2)}

(i+k,j+l) are some weights that satisfy V^{(i+1/2,j+1/2)} (i+k,j+l) ≥ 0 , 1∑ k,l=0 V^{(i+1/2,j+1/2)} (i+k,j+l) = 1 . (4.10)

In this formula, each index (k, l) corresponds to one of the vertices of the (i + 1/2, j + 1/2) cell, and notations for weights are the same as for angles of cell.

When computing the adjoint relationships between the discrete operators, it is helpful to introduce the formal inner products, (to denote which we will use square brackets [·, ·]), in the spaces of scalar and vector functions. In HC, the formal inner product is [U, V ]_{HC} = M−1∑ i=1 N−1∑ j=1 U_{(i+1/2,j+1/2)} V_{(i+1/2,j+1/2)} + M−1∑ i=1 U_{(i+1/2,1)} V_{(i+1/2,1)} (4.11)

+ N−1∑ j=1 U_{(M,j+1/2)} V_{(M,j+1/2)} + M−1∑ i=1 U_{(i+1/2,N)} V_{(i+1/2,N)} + N−1∑ j=1 U_{(1,j+1/2)} V_{(1,j+1/2)} ;

Figure 4.2: The stencils of the components S_{12} and S_{21} of the symmetric positive operator S that connects the natural and formal inner products ( ⃗A, ⃗B)_{HS} = [S ⃗A, ⃗B]_{HS} .

in HS, the formal inner product is [ ⃗A, ⃗B]_{HS} = M∑ i=1 N−1∑ j=1 ASξ_{(i,j+1/2)} BSξ_{(i,j+1/2)} + M−1∑ i=1 N∑ j=1 ASη_{(i+1/2,j)} BSη_{(i+1/2,j)} . (4.12) The natural and formal inner products satisfy the relationships (U, V )_{HC} = [C U, V ]_{HC} , and ( ⃗A, ⃗B)_{HS} = [S ⃗A, ⃗B]_{HS} , (4.13) where C and S are symmetric positive operators in the formal inner products. For operator C we have [C U, V ]_{HC} = [U, C V ]_{HC} , and [C U, U]_{HC} > 0 . (4.14) A comparison of the natural and formal inner products gives (C U)_{(i+1/2,j+1/2)} = V C_{(i+1/2,j+1/2)} U_{(i+1/2,j+1/2)} , i = 1, · · · , M − 1 ; j = 1, · · · , N − 1 , (C U)_{(i,j+1/2)} = Sξ_{(i,j+1/2)} U_{(i,j+1/2)} , i = 1 and i = M ; j = 1, · · · , N − 1 , (4.15) (C U)_{(i+1/2,j)} = Sη_{(i+1/2,j)} U_{(i+1/2,j)} , i = 1, · · · , M − 1 ; j = 1 and j = N . The operator S can be written in block form: S ⃗A = ( S_{11} S_{12} S_{21} S_{22} ) ( ASξ ASη ) = ( S_{11} ASξ + S_{12} ASη S_{21} ASξ + S_{22} ASη ) . (4.16) This operator is symmetric and positive in the formal inner product: [S ⃗A, ⃗B]_{HS} = [ ⃗A, S ⃗B]_{HS} , [S ⃗A, ⃗A]_{HS} > 0 . (4.17) By comparing the formal and natural inner products, ( ⃗A, ⃗B)_{HS} = [S ⃗A, ⃗B]_{HS} = M∑ i=1 N−1∑ j=1 [(S_{11} ASξ)_{(i,j+1/2)} + (S_{12} ASη)_{(i,j+1/2)}] BSξ_{(i,j+1/2)}

+ M−1∑ i=1 N∑ j=1 [(S_{21} ASξ)_{(i+1/2,j)} + (S_{22} ASη)_{(i+1/2,j)}] BSη_{(i+1/2,j)} , (4.18) we can derive the formulas for operator S:

(S_{11} ASξ)_{(i,j+1/2)} = 1∑ k,l=0 V^{(i−k/2,j+1/2)} (i,j+l) sin^2 φ^{(i−k/2,j+1/2)} (i,j+l) ASξ_{(i,j+1/2)} ,

(S_{12} ASη)_{(i,j+1/2)} = 1∑ k,l=0 (−1)^{k+l} V^{(i−k/2,j+1/2)} (i,j+l) sin^2 φ^{(i−k/2,j+1/2)} (i,j+l) cos φ^{(i−k/2,j+1/2)} (i,j+l) ASη(i−k/2,j+l) , (4.19) (S_{21} ASξ)_{(i+1/2,j)} = 1∑ k,l=0 (−1)^{k+l} V^{(i+1/2,j−k/2)} (i+l,j) sin^2 φ^{(i+1/2,j−k/2)} (i+l,j) cos φ^{(i+1/2,j−k/2)} (i+l,j) ASξ(i+l,j−k/2) ,

(S_{22} ASη)_{(i+1/2,j)} = 1∑ k,l=0 V^{(i+1/2,j−k/2)} (i+l,j) sin^2 φ^{(i+1/2,j−k/2)} (i+l,j) ASη_{(i+1/2,j)} . These formulas are valid only for sides of the grid cells interior to the domain; however, they can be extended to the boundary sides if the grid and discrete functions are first extended to a row of points outside the domain by using the appropriate boundary conditions. The operators S_{11} and S_{22} are diagonal, and the stencils for the operators S_{12} and S_{21} are shown on Figure 4.2.

4.1.3 Construction of Operator GRAD The derived gradient operator is defined by GRAD^{def}= −D^∗, where the adjoint is taken in the natural inner products (from here on, we will use notation^{def}= , when we define a new object). Recall that D : HS → HC. The definition of the adjoint gives (D ⃗W , U)_{HC} = ( ⃗W , D^∗U)_{HS} , (4.20) which can be translated to the formal inner products as [D ⃗W , C U]_{HC} = [ ⃗W , S D^∗U]_{HS} . (4.21) The formal adjoint D^† of D is defined to be the adjoint in the formal inner product, [ ⃗W , D^† C U]_{HS} = [ ⃗W , S D^∗U]_{HS} . (4.22) This relationship must be true for all ⃗W and U, so D^† C = S D^∗ or D^∗ = S^{−1} D^† C , and the discrete analog of operator grad is given by GRAD = −D^∗ = −S^{−1} D^† C . (4.23) Therefore for a general nonorthogonal, logically rectangular grid, it is not possible to write explicit formulas for the components of the operator GRAD because the operator S is banded and consequently S^{−1} is full, that is, GRAD has a nonlocal stencil.

The discrete flux, ⃗W = −GRAD U = S^{−1} D^† C U , is obtained by solving the banded linear system (recall that C, S, and D are local operators) S ⃗W = D^† C U , (4.24) where the right-hand side is defined by D^† C, which is − ( Sξ_{i,j+1/2} (δ_ξ U)_{i,j+1/2} Sη_{i+1/2,j} (δ_η U)_{i+1/2,j} ) . (4.25)

Similar systems arise in defining the flux in finite element methods, HODIE (High Order Differences with Identity Expansion) methods [13], and other compact finite-difference schemes [11, 12]. The discrete operator S is symmetric positive definite, which matrix has five nonzero elements in each row (see, equation 4.19 and Figure 4.2).

4.2 Operator DIV

The operator DIV is defined as the negative adjoint to the natural operator GRAD. The div and grad satisfy the integral identity 1.1: ∫ V ( ⃗W , grad u) dV = − ∫ V u div ⃗W dV + ∮ ∂V u ( ⃗W , ⃗n) dS . (4.26) In the subspace of scalar functions,^0H, where u(x, y) = 0 , (x, y) ∈ ∂V , the boundary term is zero, and therefore ∫ V ( ⃗W , grad u) dV = − ∫ V u div ⃗W dV , (4.27) (use of the notation of “zero” above the name of the space indicates that values of corresponding functions are equal to zero on the boundary). That is, in this subspace div is the negative adjoint of grad in the sense of (u, v) 0_H = ∫ V u v dV , and ( ⃗A, ⃗B)_H = ∫ V ( ⃗A, ⃗B) dV . (4.28)

To mimic the continuous case, we define the space of discrete scalar functions^0HN as 0 HN^{def}= {U ∈ HN, U_{i,j} = 0 on the boundary} with the inner product defined as (U, V ) 0_{HN}^{def}= M−1∑ i=2 N−1∑ j=2 U_{(i,j)} V_{(i,j)} V N_{(i,j)} , (4.29) where V N_{(i,j)} is the nodal volume. The relationship between the natural and formal inner products in^0HN is (U, V ) 0_{HN} = [N U, V ] 0_{HN} , (4.30)

where N is the symmetric positive operator in the formal inner product, [N U, V ]_{HN} = [U, N V ]_{HN} , [N U, U]_{HN} > 0 , (4.31) and (N U)_{(i,j)} = V N_{(i,j)} U_{(i,j)} , i = 2, · · · , M − 1 ; j = 2, · · · , N − 1. (4.32) The inner product in HL is similar to the inner product for space HS: ( ⃗A, ⃗B)_{HL} = M−1∑ i=1 N−1∑ j=1 ( ⃗A, ⃗B)_{(i,j)} V C_{(i+1/2,j+1/2)} , (4.33)

where ( ⃗A, ⃗B)_{i+1/2,j+1/2} approximates the dot product of two vectors at the cell (i + 1/2, j + 1/2). In HL, the vectors are represented by orthogonal projections to the directions of the edges of the 3-D cells (see Figure 4.1). If the axes ξ and η form a nonorthogonal basis, the components of the vector ⃗W in this basis are the orthogonal projections W Lξ and W Lη of ⃗W onto the directions of coordinate axes. If ⃗A = (ALξ, ALη) and ⃗B = (BLξ, BLη), then the dot product is ( ⃗A, ⃗B) = ALξ BLξ + ALη BLη − (ALξ BLη + ALη BLξ) cos φ sin^2 φ

, (4.34)

where φ is the angle between these axes (see Figure 4.1). From a formal point of view, the only difference between this formula and the one for the surface components, (see equation4.8), is the minus sign before the third term. This difference can be easily understood if we take into account that basis vectors of one nonorthogonal local system are perpendicular to another.

Formula 4.34 is used to approximate the dot product in a cell: ( ⃗A, ⃗B)_{(i+1/2,j+1/2)} = 1∑ k,l=0 V^{(i+1/2,j+1/2)} (i+k,j+l) sin^2 φ^{(i+1/2,j+1/2)} (i+k,j+l) · [ ALξ_{(i+1/2,j+l)} BLξ_{(i+1/2,j+l)} + ALη_{(i+k,j+1/2)} BLη_{(i+k,j+1/2)} −(−1)^{k+l} ( ALξ_{(i+1/2,j+l)} BLη_{(i+k,j+1/2)}+ (4.35) ALη_{(i+k,j+1/2)} BLξ_{(i+1/2,j+l)} ) cos φ^{(i+1/2,j+1/2)} (i+k,j+l) ] , where V^{(i+1/2,j+1/2)}

(i+k,j+l) represents the same weights as for space HS.

The operator L, which connects the formal and natural inner products in HL (similar to operator S for space HS), can be written in block form as L ⃗A = ( L_{11} L_{12} L_{21} L_{22} ) ( ALξ ALη ) = ( L_{11} ALξ + L_{12} ALη L_{21} ALξ + L_{22} ALη ) . (4.36) This operator is symmetric and positive in the formal inner product: [L ⃗A, ⃗B]_{HL} = [ ⃗A, L ⃗B]_{HL} , [L ⃗A, ⃗A]_{HL} > 0 . (4.37) A comparison of formal and natural inner products gives the following:

(L_{11} ALξ)_{(i+1/2,j)} = 1∑ k,l=0 V^{(i−k/2,j+1/2)} (i,j+l) sin^2 φ^{(i−k/2,j+1/2)} (i,j+l) ALξ_{(i+1/2,j)} ,

(L_{12} ALη)_{(i+1/2,j)} = − 1∑ k,l=0 (−1)^{k+l} V^{(i−k/2,j+1/2)} (i,j+l) sin^2 φ^{(i−k/2,j+1/2)} (i,j+l) cos φ^{(i−k/2,j+1/2)} (i,j+l) ALη(i−k,j+l/2) , (4.38) (L_{21} ALη)_{(i,j+1/2)} = − 1∑ k,l=0 (−1)^{k+l} V^{(i+1/2,j−k/2)} (i+l,j) sin^2 φ^{(i+1/2,j−k/2)} (i+l,j) cos φ^{(i+1/2,j−k/2)} (i+l,j) ALη(i+l,j−k/2) ,

(L_{22} ALη)_{(i,j+1/2)} = 1∑ k,l=0 V^{(i+1/2,j−k/2)} (i+l,j) sin^2 φ^{(i+1/2,j−k/2)} (i+l,j) ALη_{(i,j+1/2)} .

The operators L_{11} and L_{22} are diagonal, and the stencils for the operators L_{12} and L_{21} (in 2-D) are the same as for the operators S_{12} and S_{21} (see Figure 4.2). 4.2.1 Construction of Operator DIV The DIV : HL → HN operator is defined as the negative adjoint of GRAD : HN → HL, DIV^{def}= −GRAD^∗ . (4.39) Using the connections between formal and natural inner products, DIV = −N^{−1} · GRAD^† · L , (4.40) we see that DIV is local because N is diagonal and that both GRAD^† and L are local. It is easy to see that −GRAD^† ⃗A = (δ_ξ ALξ)_{i,j} + (δ_η ALη)_{i,j} (4.41) The stencil for DIV at the interior nodes is obtained by combining this formula with the stencil for operators L_{11}, L_{12}, L_{21}, and L_{22} (shown in Figure 4.3).

Figure 4.3: Stencil for the operator DIV = −GRAD^∗ : HL → HN .

4.3 Operator CURL

Operator curl satisfies the integral identity 1.2: ∫ V (curl ⃗A, ⃗B) dV = ∫ V ( ⃗A, curl ⃗B) dV − ∮ ∂V ( ⃗A, ⃗n × ⃗B) dS . (4.42) In the subspace of vectors ⃗A, where the surface integral on the right-hand side vanishes, curl is self-adjoint, curl = curl^∗ , (4.43) in the inner product ( ⃗A, ⃗B)_H = ∫ V ( ⃗A, ⃗B) dV . (4.44) In the discrete case, for ⃗A ∈ HL, vector CURL ⃗A ∈ HS, and we define CURL : HS → HL as adjoint to CURL : HL → HS by CURL^{def}= CURL^∗ . (4.45) That is, (CURL ⃗A, ⃗B)_{HS} − ( ⃗A, CURL ⃗B)_{HL} = 0 . (4.46) We can express CURL as CURL = L^{−1} · CURL^† · S (4.47) and see that, although CURL is a local operator, the operator CURL is nonlocal.

We can determine ⃗C = CURL ⃗B by solving the system of linear equations L ⃗C = CURL^† · S ⃗B , (4.48) with local operators L and CURL^† · S.

5 Structure of Discrete Operators

In this section we introduce primitive differencing and metric operators and present expressions for GRAD, DIV, CURL; GRAD, DIV, and CURL in terms of these primitive operators. This representation is useful for investigating the properties of discrete divergence, gradient, and curl, and, in particular, for proving the discrete analogs of the differential operator theorems of vector analysis.

The primitive metric operators correspond to the multiplication of scalars by length, area, or volume and can be defined as the following diagonal operators: (Lξ U)_{i+1/2,j} = lξ_{i+1/2,j} U_{i+1/2,j} , (Lη U)_{i,j+1/2} = lη_{i,j+1/2} U_{i,j+1/2} , (Lζ U)_{i,j} = lζ_{i,j} U_{i,j} , (Sξ U)_{i,j+1/2} = Sξ_{i,j+1/2} U_{i,j+1/2} , (Sη U)_{i+1/2,j} = Sη_{i+1/2,j} U_{i+1/2,j} , (5.1) (Sζ U)_{i+1/2,j+1/2} = Sζ_{i+1/2,j+1/2} U_{i+1/2,j+1/2} , (V^C (U))_{i+1/2,j+1/2} = V C_{i+1/2,j+1/2} U_{i+1/2,j+1/2} , and (V^N (U))_{i,j} = V N_{i,j} U_{i,j} . (5.2) The formal discrete gradient, GRAD : HN → HL, is GRAD = ( δ_ξ δ_η ) . (5.3)

The natural discrete gradient, GRAD : HN → HL, is

GRAD = ( Lξ^{−1} 0 0 Lη^{−1} ) · GRAD . (5.4) The formal discrete divergence, DIV : HS → HC, is DIV = (δ_ξ , δ_η) . (5.5) The natural discrete divergence, DIV : HS → HC, is

DIV = ( V^C )−1 · DIV · ( Sξ 0 0 Sη ) . (5.6)

The formal discrete curl, CURL : HL → HS, is CURL = 0 0 δ_η 0 0 −δ_ξ −δ_η δ_ξ 0

. (5.7)

The natural discrete curl, CURL : HL → HS, is

CURL =

Sξ^{−1} 0 0 0 Sη^{−1} 0 0 0 Sζ^{−1} · CURL · Lξ 0 0 0 Lη 0 0 0 Lζ . (5.8)

The formal adjoint to the formal discrete divergence, GRAD = −DIV^† : HC → HS, is GRAD = ( δ_ξ δ_η ) . (5.9)

The adjoint to the natural discrete divergence, GRAD = −DIV^∗ : HC → HS, is

GRAD = S^{−1} · ( Sξ 0 0 Sη ) · GRAD . (5.10) The formal adjoint to the formal discrete gradient, DIV = −GRAD^† : HL → HN, is DIV = ( δ_ξ δ_η ) , (5.11)

The adjoint to the natural discrete gradient, DIV = −GRAD^∗ : HL → HN, is

DIV = ( V^N )−1 · DIV · ( Lξ^{−1} 0 0 Lη^{−1} ) · L . (5.12)

The formal adjoint to the formal discrete curl, CURL = CURL^† : HS → HL, is

CURL = 0 0 −δ_η 0 0 δ_ξ δ_η −δ_ξ 0

. (5.13)

The adjoint to the natural discrete curl, CURL = CURL^∗ : HS → HS, is

CURL = L^{−1} · Lξ 0 0 0 Lη 0 0 0 Lζ · CURL · Sξ^{−1} 0 0 0 Sη^{−1} 0 0 0 Sζ^{−1} · S . (5.14) 6 Discrete Operator Theorems

6.1 Theorems for Formal Operators

We define the formal discrete volume, surface, and line integrals, to be the same as given in [6] if the volumes, areas, and lengths are set equal to one.

In HC, the formal volume integral is

I^V_Ṽ (U) = ∑ cells U_{i,j} , (6.1)

where Ṽ is the union of the primitive (i, j) cells (in the case of formal integrals, this volume is defined by set of indices (i, j) over which summation is made).

In HS, the formal surface integral is

I^S_{S̃} ( ⃗A) = ∑ ξ−faces W Sξ_{i,j+1/2} + ∑ η−faces W Sη_{i+1/2,j} + ∑ ζ−faces W Sζ_{i+1/2,j+1/2} , (6.2)

where S̃ is the union of primitive cell faces.

We define the formal discrete line integral for ⃗A ∈ HL as

I^L_{L̃} ( ⃗A) = ∑ ξ−edges ALξ_{i+1/2,j} + ∑ η−edges ALη_{i,j+1/2} , (6.3)

where L̃ is the set of edges that determine the discrete path.

The formal operators GRAD, DIV, and CURL coincide with operators GRAD, DIV, and CURL, respectively, for the special grid in which all volumes of the cells, areas of the faces, and lengths of the edges are equal to one, and therefore all matrices relating to geometry are the identity. Therefore all theorems proved in [6] are valid for formal operators and formal integrals. In particular, we will use the theorems

DIV ⃗A = 0, if and only ⃗A = CURL ⃗B, and CURL ⃗A = 0 if and only if ⃗A = GRAD φ.

We will now prove the corresponding theorems for the adjoint operators: DIV ⃗A = 0, if and only if ⃗A = CURL ⃗B, where ⃗A ∈ HL and ⃗B ∈ HS, and CURL ⃗A = 0 if and only if ⃗A = GRAD φ, where ⃗A ∈ HS and φ ∈^0HC. The proofs are simplified by noting that for the formal operators we need only consider a grid with unit mesh size. To make the proof more descriptive, we will introduce the dual grid by shifting a unit grid by a half mesh cell (see Figure 6.1). The nodes of the original grid are the centers of cells of dual grid, and vice versa. That is, HC^o ∼ HN^d, where superscript “o” refers to the original grid, and superscript “d” refers to the dual grid. Note that, the normal components of vectors on the original grid are tangential to the dual grid and vice versa.

The relationships between these two grids and the simplified geometry reduce the proof for the adjoint operators to a simple modification of the proof for the formal operators (with an obvious change in the range of indices).

6.2 CURL GRAD = 0

To prove that the analog of the identity curl grad u = 0 holds for the adjoint discrete operators, we note that for any vector ⃗A, the definition of GRAD implies

(GRAD U, ⃗A)_{HS} + (U, DIV ⃗A)_{HC} = 0. (6.4)

If we take ⃗A = CURL ⃗B, then

(GRAD U, CURL ⃗B)_{HS} + (U, DIV CURL ⃗B)_{HC} = 0 . (6.5)

Figure 6.1: The original unit grid (solid lines) is shifted by half a mesh to create the dual grid (dotted lines). Centers of the cells of the original grid are nodes of the dual grid and vice versa. Vectors that are normal to faces of the original grid are tangential to the edges of the dual grid and vice versa.

Because DIV CURL ⃗B = 0 (see [6]) for any vector ⃗B, the second term in equation 6.5 is zero, and (GRAD U, CURL ⃗B)_{HS} = 0 for any U and ⃗B. Using the definition of the adjoint operator, we can rewrite equation 6.5 as (CURL GRAD U, ⃗B)_{HL} = 0 . (6.6) This equation holds for any ⃗B ∈ HL; hence, CURL GRAD U = 0 . (6.7)

6.3 DIV CURL = 0

Similarly, using the identity (CURL ⃗A, ⃗B)_{HS} − ( ⃗A, CURL ⃗B)_{HL} = 0 (6.8) and taking ⃗A = GRAD φ, where φ ∈ HN, it follows that DIV CURL ⃗B = 0 . (6.9)

6.4 If DIV Ã = 0, then Ã = CURL

The condition DIV ⃗A = 0, where ⃗A ∈ HL, can be written as ( V^N )−1 · DIV · ( Lξ^{−1} 0 0 Lη^{−1} ) · L ⃗A = 0 . (6.10)

This equation is equivalent to DIV ⃗A^′ = 0 , (6.11)

where ⃗A^′ = ( Lξ^{−1} 0 0 Lη^{−1} ) · L ⃗A . (6.12) Using the theorem about the formal operator DIV (proved at the beginning of this section), it follows that ⃗A^′ = CURL ⃗B^′ , where ⃗B^′ ∈ HS , (6.13) and therefore ⃗A = L^{−1} · ( Lξ 0 0 Lη ) CURL ⃗B^′ . (6.14) If we define the vector ⃗B as ⃗B = Sξ^{−1} 0 0 0 Sη^{−1} 0 0 0 Sζ^{−1} · S ⃗B^′ , (6.15)

then ⃗A = L^{−1} · Lξ 0 0 0 Lη 0 0 0 Lζ · CURL · Sξ^{−1} 0 0 0 Sη^{−1} 0 0 0 Sζ^{−1}

· S ⃗B = CURL ⃗B , (6.16)

and the theorem follows. Note that the transformation between vector ⃗B and ⃗B^′ is one-to-one because matrix S and the area matrix are positive definite.

6.5 If CURLÃ = 0, then Ã = GRAD

The condition CURL ⃗A = 0, where ⃗A ∈ HS, can be written as

L^{−1} · Lξ 0 0 0 Lη 0 0 0 Lζ · CURL · Sξ^{−1} 0 0 0 Sη^{−1} 0 0 0 Sζ^{−1}

· S ⃗A = 0 . (6.17)

Because matrix L and the length matrix are positive definite, the previous equation is equivalent to CURL · Sξ^{−1} 0 0 0 Sη^{−1} 0 0 0 Sζ^{−1}

· S ⃗A = 0 . (6.18)

We define vector ⃗A^′ as ⃗A^′ = Sξ^{−1} 0 0

0 Sη^{−1} 0 0 0 Sζ^{−1} · S ⃗A , (6.19) and rewrite equation 6.18 in the form CURL ⃗A^′ = 0 . (6.20) Using the theorem for formal operators and equation 6.20, we can conclude that ⃗A^′ = GRAD φ , where φ ∈^0HC , (6.21) and the result below follows directly from equations 6.19 and 5.4: ⃗A = S^{−1} · Sξ 0 0 0 Sη 0 0 0 Sζ GRAD φ = GRAD φ . (6.22) 7 Conclusion and Discussion

The natural discrete operators constructed in [6],

DIV : HS → HC , GRAD : HN → HL , and CURL : HL → HS . (7.1) can be combined only to construct the trivial operators: DIV CURL : HL → HC , DIV CURL ≡ 0 , (7.2) CURL GRAD : HN → HS , CURL GRAD ≡ 0 . (7.3) In this paper we used SOM to construct the operators

DIV : HL → HN , GRAD : HC → HS , and CURL : HS → HL . (7.4) By construction DIV = −GRAD^∗ , GRAD = −DIV^∗ , and CURL = CURL^∗ . (7.5) We then proved that discrete versions of the differential operator theorems hold for these derived adjoint operators as well as for the natural operators DIV , GRAD, and CURL.

Namely, we have proved the discrete theorems of vector analysis including Gauss’ theorem; the theorem that div ⃗A = 0 if and only if ⃗A = curl ⃗B; and the theorem that curl ⃗A = 0 if and only if ⃗A = gradφ.

The adjoint operators have different domains and ranges and can combined with natural operators to form the nontrivial second-order operators:

DIV GRAD : HC → HC , DIV GRAD : HN → HN , (7.6) CURL CURL : HS → HS , CURL CURL : HL → HL , (7.7) GRAD DIV : HL → HL , GRAD DIV : HS → HS . (7.8)

We also can construct two discrete analogs of the vector-Laplacian

Δ ⃗A = grad div ⃗A − curl curl ⃗A :

Δ^L_h : HL → HL , Δ^L_h = GRAD DIV − CURL CURL and Δ^S_h : HS → HS , Δ^S_h = GRAD DIV − CURL CURL

One of the most important theorems of vector analysis is the theorem of orthogonal decomposition of the vector field; that is, any vector can be represented in the following form:

⃗A = grad φ + curl ⃗B . (7.9)

This theorem plays a very important role in many theoretical considerations in continuous case. The main goal of our next paper [7] is to prove discrete analogs of the theorem for vectors from spaces HL and HS. Namely, we will prove that any vector ⃗A ∈ HS can be presented as ⃗A = GRAD φ + CURL ⃗B , (7.10)

where φ ∈ HC and ⃗B ∈ HL, and similarly that any vector ⃗A ∈ HL can be presented as

⃗A = GRAD φ + CURL ⃗B , (7.11) where φ ∈ HN and ⃗B ∈ HS. Acknowledgment

This work was performed under the auspices of the US Department of Energy (DOE) contract W-7405-ENG-36 and the DOE/BES (Bureau of Energy Sciences) Program in the Applied Mathematical Sciences contract KC-07-01-01.

The authors are thankful to J. Morel, L. Margolin, B. Swartz, S. Steinberg, R. Nicolaides, and J. Dukowicz for many fruitful discussions.

Figure 7.1: Rectangular Grid

Figure 7.2: Stencil for operator DIV

Appendix. Formulas for Discrete Operators on a Rectangular Grid

In this appendix we present formulas for operators DIV, GRAD, and CURL on a nonuniform rectangular grid with spatial steps hX_i and hY_j (see Figure 7.1).

Operator DIV For all cells (i + 1/2, j + 1/2), where i = 1, . . . , M − 1 and j = 1, . . . , N − 1, formulas for operator DIV are ( DIV ⃗W ) i+1/2,j+1/2 = (δ_ξ W Sξ)_{i+1/2,j+1/2} hX_i + (δ_η W Sη)_{i+1/2,j+1/2} hY_j . (7.1)

The stencil for operator DIV is shown in Figure 7.2

Operator GRAD

Figure 7.3: Stencil for operator GRAD

Vector ⃗G = GRAD U has two components, ⃗G = (GLξ, GLη), which are defined on the corresponding edges.

For lξ_{(i+1/2,j)} edges, where i = 1, . . . , M − 1 and j = 1, . . . , N, formulas for GLξ_{i+1/2,j} are GLξ_{i+1/2,j} = (δ_ξ U)_{i+1/2,j} hX_i . (7.2)

For lη_{(i,j+1/2)} edges, where i = 1, . . . , M and j = 1, . . . , N − 1, formulas for GLη_{i,j+1/2} are GLη_{i,j+1/2} = (δ_η U)_{i,j+1/2} hY_j . (7.3)

The stencil for operator GRAD is shown in Figure 7.3

Operator CURL Vector ⃗R = CURL B has three components, ⃗R = (RSξ, RSη, RSζ), which are defined on corresponding surfaces.

For faces Sξ_{(i,j+1/2)}, where i = 1, . . . , M and j = 1, . . . , N − 1, formulas for operator RSξ_{i,j+1/2} are RSξ_{i,j+1/2} = (δ_η BLζ)_{i,j+1/2} hY_j . (7.4)

For faces Sη_{(i+1/2,j)}, where i = 1, . . . , M − 1 and j = 1, . . . , N, formulas for operator RSη_{i+1/2,j} are RSη_{i+1/2,j} = − (δ_ξ BLζ)_{i+1/2,j} hX_i . (7.5)

For faces Sζ_{(i+1/2,j+1/2)}, where i = 1, . . . , M − 1 and j = 1, . . . , N − 1, formulas for operator RSζ_{i+1/2,j+1/2} are RSζ_{i+1/2,j+1/2} = (δ_ξ BLη)_{i+1/2,j+1/2} hX_i − (δ_η BLξ)_{i+1/2,j+1/2} hY_j . (7.6)

The stencil for operator CURL is shown in Figure 7.4

Operator GRAD

Figure 7.4: Stencil for operator CURL

Vector GRAD U has two components, (GSξ, GSη), which are defined on corresponding faces.

For internal faces Sξ_{(i,j+1/2)}, where i = 2, . . . , M − 1 and j = 1, . . . , N − 1, formulas are GSξ_{i,j+1/2} = (δ_ξ U)_{i,j+1/2} 0.5 (hX_{i−1} + hX_i)

. (7.7)

For internal faces Sη_{(i+1/2,j)}, where i = 1, . . . , M − 1 and j = 2, . . . , N − 1, formulas are GSη_{i+1/2,j} = (δ_η U)_{i+1/2,j} 0.5 (hY_{j−1} + hY_j)

. (7.8)

On the boundary faces, components of discrete gradient are defined by one-sides differences, for example for i = 1 and j = 1, . . . , N − 1 formulas are: GSξ_{1,j+1/2} = U_{3/2,j+1/2} − U_{1,j+1/2} 0.5 hX_1 , (7.9)

similar, for j = 1 and i = 1, . . . , M − 1 formulas are: GSη_{i+1/2,1} = U_{i+1/2,3/2} − U_{i+1/2,1} 0.5 hY_1 . (7.10)

On other boundaries formulas are similar.

The stencil for operator GRAD is shown in Figure 7.5. Operator DIV For nodes (i, j), where i = 2, . . . , M − 1 and j = 2, . . . , N − 1, formulas for DIV are

(DIV ⃗W )_{i,j} = (δ_ξ W Lξ)_{i,j} 0.5 (hX_i + hX_{i−1}) + (δ_η W Lη)_{i,j} 0.5 (hY_j + hY_{j−1})

. (7.11)

Figure 7.5: Stencil for operator GRAD

Figure 7.6: Stencil for operator DIV

Figure 7.7: Stencil for operator CURL

The stencil for operator DIV is shown on Figure 7.6.

Operator CURL Vector ⃗R = CURL B has three components – ⃗R = (RLξ, RLη, RLζ), which are defined on corresponding surfaces.

For edges lξ_{(i+1/2,j)}, where i = 1, . . . , M − 1 and j = 1, . . . , N, formulas for operator RLξ_{i+1/2,j} are RLξ_{i+1/2,j} = (δ_η BSζ)_{i+1/2,j} 0.5 (hY_{j−1} + hY_j)

. (7.12)

For edges lη_{(i,j+1/2)}, where i = 1, . . . , M and j = 1, . . . , N−1, formulas for operator RLη_{i,j+1/2} are RLη_{i,j+1/2} = − (δ_ξ BSζ)_{i,j+1/2} 0.5 (hX_{i−1} + hX_i)

. (7.13)

For edges lζ_{(i,j)}, where i = 1, . . . , M − 1 and j = 1, . . . , N − 1, formulas for operator RLζ_{i,j} are RLζ_{i,j} = (δ_ξ BSη)_{i,j} 0.5 (hX_{i−1} + hX_i) − (δ_η BSξ)_{i,j} 0.5 (hY_{j−1} + hY_j)

. (7.14)

The stencil for operator CURL is shown in Figure 7.7.

References

[1] M. V. Dmitrieva, A. A. Ivanov, V. F. Tishkin, and A. P. Favorskii, Construction and Investigation of Support-Operators Finite-Difference Schemes for Maxwell Equations in Cylindrical Geometry, Preprint Keldysh Inst. of Appl. Math. the USSR Ac. of Sc., No. 27, 1985, (in Russian).

[2] A. Favorskii, V. Tishkin, and M. Shashkov, Variational-Difference Schemes for the Heat Conduction Equation on Non-Regular Grids, Sov. Phys. Dokl. 24 (1979), pp. 446-448.

[3] A. P. Favorskii, T. K. Korshiya, V. F. Tishkin, and M. Shashkov, Difference Schemes for Equations of Electro-Magnetic Field Diffusion with Anisotropic Conductivity Coefficients, Preprint Keldysh Inst. of Appl. Math. the USSR Ac. of Sc., No. 4, 1980, (in Russian).

[4] A. Favorskii, T. Korshiya, M. Shashkov, and V.Tishkin, Variational Approach to The Construction of Finite-Difference Schemes for The Diffusion Equations for Magnetic Field. - Differential Equations,^1 18 (1982), No. 7, pp. 863-872.

[5] A. Favorskii, T. Korshiya, M. Shashkov, and V. Tishkin, A Variational Approach to the Construction of Difference Schemes on Curvilinear Meshes for Heat-Conduction Equation, USSR Comput. Math. and Math. Phys.,^2 20 (1980), pp. 135-155.

[6] J. M. Hyman and M. Shashkov, Natural Discretizations for the Divergence, Gradient, and Curl on Logically Rectangular Grids, International Journal of Computers & Mathematics with Applications, Vol. 33, No. 4, 1997, pp. 81-104.

[7] J. M. Hyman and M. Shashkov, The Orthogonal Decomposition Theorems for Mimetic Finite Difference Methods, Report LA-UR-96-4735 of Los Alamos National Laboratory, Los Alamos, New Mexico, USA, Submitted to SIAM Journal on Numerical Analysis.

[8] J. M. Hyman, M. Shashkov, and S. Steinberg, The Numerical Solution of Diffusion Problems in Strongly Heterogenous Non-Isotropic Materials, Journal of Computational Physics, 132, pp. 130-148, (1997).

[9] J. M. Hyman, M. Shashkov, and S. Steinberg, Problems with Heterogeneous and Non- Isotropic Media or Distorted Grids, in Proceedings of First International Symposium on “Finite Volumes for Complex Applications, Problems and Perspectives”, July 15-18, 1996, Rouen, France, edited by F. Benkhaldoun and R. Vilsmeier, Hermes, Paris, 1996, pp. 249-260.

1Differential Equations (Differentsial’nye Uravneneia) translated from Russian by Consultants Bureau, New York, Plenum Publishing Corp.

2U.S.S.R. Computational Mathematics and Mathematical Physics, Pergamon Press, printed in Great Britain. Cover-to-cover English translation of Zhurnal vychislitel’noi matematiki i matematicheskoi fiziki.

[10] P. M. Knupp and S. Steinberg, The Fundamentals of Grid Generation, CRC Press, Boca Raton, Florida, 1993.

[11] S. K. Lele, Compact Finite Difference Schemes with Spectral-like Resolution, Journal of Computational Physics, 103 (1992), pp. 16-42.

[12] S. H. Leventhal, An Operator Compact Implicit Method of Exponential Type, Journal of Computational Physics, 46 (1982), pp. 138-165.

[13] R. E. Lynch and J. R. Rice, A High-Order Difference Method for Differential Equations, Math. of Comput., 34 (1980), pp. 333-372.

[14] A. A. Samarskii, V. F. Tishkin, A. P. Favorskii, and M. Yu. Shashkov, Employment of the Reference-Operator Method in the Construction of Finite Difference Analogs of Tensor Operations, Differential Equations, 18 (1982), pp. 881-885.

[15] A. A. Samarskii, V. F. Tishkin, A. P. Favorskii and M. Shashkov, Operational Finite- Difference Schemes, Differential Equations, 17 (1981), pp. 854-862.

[16] M. Shashkov. Conservative Finite-Difference Schemes on General Grids, CRC Press, Boca Raton, Florida, 1995.

[17] M. Shashkov and S. Steinberg, Solving Diffusion Equations with Rough Coefficients in Rough Grids, Journal of Computational Physics, 129, pp. 383-405, (1996).

[18] M. Shashkov, and S. Steinberg. Support-Operator Finite-Difference Algorithms for General Elliptic Problems, Journal of Computational Physics, 118 (1995), pp. 131-151.