LAUR-02-7834

Lagrangian Composite Schemes on Triangular Unstructured Grids

Richard Liska^1, Mikhail Shashkov^2, Burton Wendroff^2

1Faculty of Nuclear Sciences and Physical Engineering Czech Technical University in Prague Břehová 7, 115 19 Prague 1, Czech Republic

2Group T-7 Los Alamos National Laboratory Los Alamos, NM 87544

LAGRANGIAN COMPOSITE SCHEMES ON TRIANGULAR UNSTRUCTURED GRIDS

RICHARD LISKA, MIKHAIL SHASHKOV, AND BURTON WENDROFF

Abstract. A composite finite difference scheme for a system of conservation laws is given by the global composition of several time steps of a higher order dispersive scheme such as Lax-Wendroff followed by one time step of a diffusive scheme such as Lax-Friedrichs. The diffusive scheme acts as a filter, consistent with the conservation law, that removes dispersive oscillations of the higher order scheme typically appearing around discontinuities of the solution. Composite schemes have been shown to work well in several different settings for Eulerian coordinates. Here we construct a Lax-Wendroff and a Lax-Friedrichs scheme and their composite on an unstructured triangular grid in Lagrangian coordinates. Numerical results for Noh’s infinite strength shock problem and the Sedov blast wave problem are presented.

1. Introduction

Hyperbolic non-linear conservation laws form a very important class of mathematical models describing physical systems. The Euler equations for gas dynamics describe conservation of mass, momenta and energy in the dynamics of gases or more general fluids such as plasmas. A Lagrangian formulation of the Euler equations in the coordinate system moving with the fluid is very valuable in situations in which the total volume or shape of the fluid changes dramaticaly, e.g. by compression or expansion, or when one models a system involving two or more different non-mixing fluids.

There are two very well known finite difference schemes for conservation laws; the first order diffusive Lax-Friedrichs (LF) scheme and the second order dispersive Lax-Wendroff (LW) scheme. The two-step versions of these schemes for a 1D system of conservation laws u_t + f(u)_x = 0 have the same predictor

(1) u^{n+1/2}_{i+1/2} = 1 2 [u^n_i + u^n_{i+1}] − Δt 2Δx [f(u^n_{i+1}) − f(u^n_i )]

which advances the numerical solution from the primary grid x_i at time level n to the dual grid x_{i+1/2}at time level n + 1/2. The LF scheme uses the same formula (1) shifted by one half in both indices in corrector advancing solution from the dual grid at time level n + 1/2 to the primary grid at time level n + 1. The LW corrector is u^{n+1}_i = u^n_i + Δt Δx [f(u^{n+1/2}_{i+1/2} ) − f(u^{n+1/2}_{i−1/2} )]

1991 Mathematics Subject Classification. 35L65, 65M06 .

Key words and phrases. conservation laws, Lagrangian coordinates, finite difference schemes, triangular grid.

and the composite scheme LWLFk [4] is defined by global composition of k − 1 LW time steps followed by one LF time step

(2) u^{n+k} = L_F ∘ L_W ∘ · · · ∘ L_W u^n

where the operators L_F and L_W perform one timestep of LF and LW schemes respectively.

Composite schemes have been first used for 1D shallow water equations in [3], extended to 2D and Euler equations in [4], further extended to 3D in [5]. In [6] they have been applied to shallow water equations on trapezoidal meshes, in [7] to shallow water equations on the surface of a sphere, in [9] to gas dynamics in Largangian coordinates on quadrilateral grids and in [2] to Eulerian gas dynamics on triangular grids. Here we develop composite schemes in Lagrangian coordinates on triangular unstructured grids. Such grids can be constructed on an arbitrary domain which is in general not posible for the quadrilateral logicaly rectangular grids used in [9]. Traditional Lagrangian gas dynamics numerical method involving artificial viscosity has been developed on unstructured grids in [1].

The main advantage of composite schemes is their simplicity as they require neither eigenvector decomposition, nor Riemann solver. They are rather fast and well suited to vectorization or parallelization.

2. Finite Difference Lagrangian Schemes on Triangular Grids

The Lagrangian formulation of the gas dynamics equations in 2D has the form

(3) ρw_t = f_x + g_y where w = (η, u, v, E)^T , f = (u, −p, 0, −pu), g = (v, 0, −p, −pv), ρ is density, η = 1/ρ, u, v are x and y components of velocity, E = e + 1/2(u^2 + v^2) is total energy density with internal energy density e and p(ρ, e) is pressure given by an equation of state. The system of conservation laws (3) stated in coordinates x, y moving with the fluid is amended by two ordinary differential equations (ODEs)

(4) x_t = u, y_t = v

for each fluid particle (a, b). At time t the fluid particle labeled by (a, b) appears at point (x(a, b, t), y(a, b, t)) and initial position of this particle is (a, b) and defines initial conditions for two ODEs (4) x(a, b, 0) = a, y(a, b, 0) = b. For any region Ω(t) with boundary ∂Ω(t) evolving with the fluid motion the total mass of this region ∫ Ω(t) ρ(x, y)dx dy remains constant independent of time and one can from (3) derive

the integral formulation of the gas dynamics equations [9] (5) ∫ Ω(0) w_t ds = ∮ ∂Ω(t) f dy − ∮ ∂Ω(t) g dx, where s corresponds to mass ds = ρ dx dy = ρ J da db with J = x_ay_b − x_by_a being the Jacobian of coordinate transformation from (a, b) to (x, y).

As in 1D we have two grids, primary and dual. The primary grid is an unstructured triangular grid with triangular cells and vertices (x, y)_i and the dual grid has m-lateral cells whose vertices are the medians (x̃, ỹ)_j of the triangular primary cells, as shown in Fig. 1. At time level n we assume the values of w being constant inside

(a) (b)

Figure 1. Cell j of primary grid (a) and cell i of dual grid (b). Edges of primary grid are shown by solid lines and edges of dual grid by dashed lines.

each dual cell i. Now setting region Ω(t) to the primary triangular cell j shown in Fig. 1(a), performing integration of (5) and rearranging we get the finite volume predictor

(6) w^{n+1/2}_j = 3∑ k=1 ( s_k s w^n_{ik} + [ f^n_{ik} · Δy^n_k 4s − g^n_{ik} · Δx^n_k 4s ] · Δt ) , where s_k, k = 1, 2, 3 are submasses of triangular cell j (masses of the intersection of the primary cell j with dual cells i_k), s =

∑_3 k=1 s_k is the total mass of cell j and differences Δ are given by Δx^n_k = x^n_{k+1} − x^n_{k−1}, Δy^n_k = y^n_{k+1} − y^n_{k−1} with cyclic extension for k = 0, −1. The predictor gives us the values of w inside the primary triangular cells j on time level n + 1/2. Now we advance all vertices of primary grid (x, y)_i by the simplest approximation to (4) (7) x^{n+1/2}_i = x^n_i + u^n_i Δt/2, y^{n+1/2}_i = y^n_i + v^n_i Δt/2 and compute the medians (x̃, ỹ)^{n+1/2}_j of each triangle j which are vertices of the dual grid on time level n + 1/2.

Now we choose the dual m-lateral cell in Fig. 1(b) as the region Ω(t) in (5) from which with LF type forward time difference we get the LF corrector

w^{n+1}_i = m∑ k=1 ( s̃_k s̃ w^{n+1/2} j_k − [ f^{n+1/2} j_k · Δỹ^{n+1/2}_k 4s̃ − g^{n+1/2}_{jk} · Δx̃^{n+1/2}_k 4s̃ ] · Δt )

and with central time difference we get the LW corrector

w^{n+1}_i = w^n_i + Δt m∑ k=1 [ f^{n+1/2} j_k · Δỹ_k 4x̃ − g^{n+1/2}_{jk} · Δx̃_k 4s̃ ] , where s̃_k, k = 1, · · · , m and s̃ = ∑_m k=1 s̃_k are submasses and total mass of dual mlateral cell i and differences Δ are given by Δx̃^{n+1/2}_k = x̃^{n+1/2}_{k+1} − x̃^{n+1/2}_{k−1} , Δỹ^{n+1/2}_k = ỹ^{n+1/2} k+1 − ỹ^{n+1/2}_{k−1} again with cyclic extension. The corrector gives us the values of w at time level n + 1 inside the dual m-lateral cells. To close the loop we advance the primary points i (vertices of primary triangular grid) from time level n+1/2 to n+1 by the analog of (7) with velocities at points i obtained by linear interpolation of velocities at dual points j (triangle medians, m-lateral vertices) at time level n+1/2.

The composite scheme LWLFk is defined by the same way as in 1D (2) by global composition of k − 1 LW time steps with one LF step. Note that both LF and LW use the same predictor (6).

3. Numerical Results

First we present results for Noh’s infinite strength shock problem [8]. Initial conditions for this problem consist of constant density and pressure ρ_0 = 1, p_0 = 0 everywhere and velocity of magnitude one, u^2_0 + v^2_0 = 1, directed towards the origin. This problem for an ideal gas withγ = 5/3 has the exact solution consisting of a circular infinite strength shock moving with velocity 1/3 out from the origin. Inside the circular shock the density is 16, pressure is 16/3 and velocity is zero. Outside the shock, i.e. for √ x^2 + y^2 > t/3, the density is (1+t/ √ x^2 + y^2), pressure remains zero and velocity remains the same as in the initial conditions. Fig. 2 (a),(b) shows numerical results by the LWLF4 composite scheme at time t = 1 on a hexagonal grid in the initial hexagonal region inscribed in the circle with radius 2. Our results have overshoot on the shock, however the typical (for numerical treatment of Noh problem) dip in origin is much less pronounced than that of standard Lagrangian methods, see [9, 1].

For the Sedov problem the initial density, velocity and pressure are constants ρ_0 = 1, u_0 = 0, v_0 = 0, p_0 = 0 except in a very small region around the origin where we set a very high pressure as a “point” explosion. Numerical results by LWLF3 scheme are presented in Fig. 2(c),(d).

Acknowledgement

R. Liska was supported in part by the Czech Grant Agency grant 201/00/0586. The work of M. Shashkov and B. Wendroff was performed at Los Alamos National Laboratory operated by the University of California for the US Department of Energy under contract W-7405-ENG-36. R. Liska and B. Wendroff were partly supported by the CHAMMP program of the US Department Energy. Los Alamos National Laboratory strongly supports academic freedom and a researcher’s right to publish; as an institution, however, the Laboratory does not endorse the viewpoint of a publication or guarantee its technical correctness.

References

[1] J. Campbell and M. Shashkov, The compatible lagrangian hydrodynamics algorithm on unstructured grids, Tech. Report LA-UR-00-3231, Los Alamos National Laboratory, 2000.

[2] K. Kozel, M. Janda, and R. Liska, Composite schemes on triangular meshes, Hyperbolic Problems: Theory, Numerics, Applications, Eighth International Conference in Magdeburg, Vol. II (H. Freistühler and G. Warnecke, eds.), Birkhäuser, Basel, ISNM Vol. 141, 2001, pp. 563–572.

[3] R. Liska and B. Wendroff, Analysis and computation with stratified fluid models, J. Comp.

Phys. 137 (1997), 212–244.

[4] , Composite schemes for conservation laws, SIAM J. Numer. Anal. 35 (1998), no. 6, 2250–2271.

(a) (b)

(c) (d)

Figure 2. Noh problem: (a) colormap of density with the grid with 50 cells on radius; (b) scatter plot of density depending on the radius for 25, 50 and 100 cells on radius with exact solution. Sedov problem with 25 cells on radius: (c) colormap of density with the grid; (d) scatter plot of density depending on the radius

[5] , Composite centered schemes for multidimensional conservation laws, Hyperbolic Problems: Theory, Numerics, Applications, Seventh International Conference in Zürich, Vol. II (M. Fey and R. Jeltsch, eds.), Birkhäuser, Basel, ISNM Vol.130, 1999, pp. 661–670.

[6] , Two-dimensional shallow water equations by composite schemes, Int. J. Numer. Meth.

Fluids 30 (1999), 461–479.

[7] , Shallow water conservation laws on a sphere, Hyperbolic Problems: Theory, Numerics, Applications, Eighth International Conference in Magdeburg, Vol. II (H. Freistühler and G. Warnecke, eds.), Birkhäuser, Basel, ISNM Vol. 141, 2001, pp. 673–682.

[8] W. F. Noh, Errors for calculations of strong shocks using an artificial viscosity and artificial heat flux, J. Comp. Phys. 72 (1987), 78–120.

[9] M. Shashkov and B. Wendroff, A composite scheme for gas dynamics in lagrangian coordinates, J. Comp. Phys. 150 (1999), 502–517.

Department of Physical Electronics, Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University, Břehová 7, 115 19 Prague 1, Czech Republic

Group T-7, MS-B284, Los Alamos National Laboratry, Los Alamos, New Mexico 87545, U.S.A.

E-mail address: liska@siduri.fjfi.cvut.cz, shashkov@lanl.gov, bbw@lanl.gov URL: http://www-troja.fjfi.cvut.cz/~liska, http://cnls.lanl.gov/~shashkov URL: http://math.unm.edu/~bbw