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Abstract

We dewelop a family of inexpensiwe discretization schemesfor di usion problems
on generalizedpolyhedral mesheswith elemens having non-planar faces. The ma-
terial properties are described by a full tensor. We also prove super-corvergencefor
the scalar (pressure)variable under very generalassumptions. The theoretical results
are con rmed with numerical experiments. In the practically important caseof logi-
cally cubic mesheswith randomly perturb ed nodes,the mixed nite elemen with the
lowest order Raviart-Thomas elemens doesnot convergewhile the proposedmimetic
method hasthe optimal cornvergencerate.

1 Intro duction

Tetrahedral and structured hexahedralmesheshave beenusedfor decadesn the majority

of engineeringsimulations; they are relatively easyto generateand there exists an enor-

mous repository of numerical methods designedfor these meshes. Nowadays, a growing

number of complexsimulations shav advantage of using polyhedral meshes.For example,
in the simulation of ow through a water jacket of an engine[14], the results obtainedon a

polyhedral meshare more accuratethan the results obtained on a tetrahedral meshwith a

comparablenumber of elemens. In oil reserwir simulations, the polyhedral meshtopology
o ers unlimited possibilities: elemens can be automatically joined, split, or modi ed by

introducing additional points, edgesand facesto model complexgeologicafeatures. Unfor-

tunately, most of the existing numerical methods cannot be extendedto polyhedral meshes,
especially to mesheswith elemerts having non-planar faces. This includesthe practically

important caseof logically cubic mesheswith randomly perturbed nodes.
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In this paper we considera di usion problem, which appearsin computational uid
dynamics, heat conduction, radiation transport, etc., and dewelop a family of simple in-
expensive numerical schemes. This paper cortinuesour analysisof the new discretization
methodology that we beganin [5]. The methodology follows the generalprinciple of the
mimetic nite dierence (MFD) method | to mimic the essetial underlying properties
of the original cortinuum di erential operators sud as the consenation laws, solution
symmetries, and the fundamertal identities and theorems of vector and tensor calculus
[7,11, 12, 4, 6] (seealsothe book [15 and the referencesherein).

The mixed form of our di usion problemis

F= Kgradp;, div F=b; (1.1)

wherethe rst equationis the constitutive equationrelating the scalarfunction p (pressure
in ow simulations) to the ow eld F and the secondone is the massconsenation law.
The material properties are described by the full symmetric tensor K, and b is the source
function. For this problem, the MFD method mimics the Gaussdivergencetheorem, the
symmetry betweenthe cortinuous gradiert and divergenceoperators, and the null spaces
of theseoperators. Therefore,it producesa discretization schemewhich is symmetric and
locally consenative.

The MFD method deweloped in [4] (the old method) usesone degreeof freedom per
elemen to approximate the pressureand one degreeof freedom per meshface (the av-
eragenormal componert of the ow) to approximate the ow eld. The samedegrees
of freedom are usedin the mixed nite elemen method on tetrahedral and hexahedral
meshes.We demonstratewith numerical experimerts that both methods lack corvergence
on generalizedpolyhedral meshes.

The MFD method deweloped in [5] (the new method) usesthree degreesof freedom
(three average ow componerts) to approximate the ow eld on non-planar faces. We
proved that this recoversthe optimal convergencerate on generalizedpolyhedral meshes,
thus making our discretization methodology appealing in practical applications. When
mesh elemens are regular polyhedra, the new MFD method is reducedto the old one.
When the elemen facesare strongly curved, the extra degreesof freedomallow the new
method to succeedand perform much better than other methods. Moreover, we prove that
the pressuresuper-corverges(with an O(h?) rate) under very generalassumptions. This
result was already obsened experimenrtally in the caseof at faces,but it wasnot proved.
Herewe prove it for both at and curved faces.

The outline of the paper is as follows. In Section 2, we presen the mimetic nite
di erence method on generalizedpolyhedral meshes. In Section 3, we dewelop a family
of e cien t (inexpensiwe and easy-to-cale) numerical schemes. In Section4, we prove the
super-corvergenceresult for the scalarvariable. In Section5, the theoretical results are
con rmed with numericalexperimerts onlogically cubicand generalizedpolyhedral meshes.

2 A mimetic nite dierence metho d

To simplify the presenation, we considerthe homogeneou®irichlet boundary value prob-
lem. Other typesof boundary conditions are naturally embeddedin the mimetic method-
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ology [10].

Let 2 <3 be a domainwith a Lipschitz cortinuous boundary. Furthermore, let |
be a non-overlapping conformal partition of into simply-connectedgenenlized polyhedral
elements The generalizedpolyhedral elemen is, roughly speaking, the image of a poly-
hedral elemen under a bi-Lipschitz mapping, and can be thought asa \p olyhedron™ with
possibly non-planar faces. Some basic assumptionsof shape regularity are necessaryto
prove corvergenceestimates[5]; howewver most of theseassumptionsare not required until
Section3 and will be discussedthere. To simplify the presenation, we assumethat the
tensor K is constan inside eath meshelemen but may strongly vary acrossmeshfaces.
We alsoassumethat K is strongly elliptic, that is there exist two positive constarts  and

sud that

kvk? kK¥™vk? kvk?  8v 2 <3 (2.1)

wherek k denotesthe Euclideannorm.

The rst step of the MFD method is to specify the degreesof freedomfor the primary
variablesp and F which we shall refer to asthe pressureand the ow, respectively. With
a commonabuseof languagewe shall often referto F asthe velaity eld aswell.

We considerthe spaceQ" of discretepressureghat are constart on eat elemen E. For
q 2 Q", we denoteby ¢ its value on E. The number, Nq, of discrete pressureunknowns
is equalto the number of meshelemerts.

In order to introducethe spaceX " of discretevelocities we have rst to de ne, on eat
face of the decompsition, a referencesystem. For that, for every elemen E and for eadh
facee of E we considerthe unit outward normal ng, which variescortinuouslyone. Thus,
we can de ne the averagenormal vector rg as

Rg = iz ngd ; (2.2)
g e B

e

wherejg denotesthe areaof e. Later, we shall needthe unit vector

e;3 — I‘TE .
E  kntk’

It isnot di cult to seethat kngk 1 andequality is readedif andonly if eis planar. It is
alsoclearthat if E; and E; aretwo elemeits having the faceein commonthen rg, = ng,.
The sameis obviously true for af® = ag®.

Then we asseiate to ead face e two additional unit vectors a®! and a®? that are
orthogonal to ead other and to the vector rg. Note that (in cortrast to a§;3 that points
in the outward direction to E) the two vectorsa®! and a®? depend on the facee but not
on the elemen E.

The spaceX " of discrete velocities is then de ned as follows. To ewery element E
and to ewery facee of E, we assmiate a constart vector F§. We will now make precise
the cortinuity assumptionson our discretevelocity eld. For this, we needto distinguish
betweenmoderately curved facesand strongly curved ones.

(M1) (Moderately and strongly curved faces). Let be a constart independent of the
partition. Then, we sa that the facee of the elemen E is maderately curved if at
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ewvery point of e we have
kng ntk g (2.3)

Otherwise, we say that the facee is strongly curved.

We imposethe following continuity of the face-basedvelocity unknowns: we assume
that for ead facee, sharedby two generalizedpolyhedronsgE; and E,, we have

Fgl ﬁ§1: FEZ n§2: (2.4)

Moreover, we assumehat on strongly curved faceswe have the full cortinuity of the discrete
velocity vector. This meansthat together with (2.4) we also have

Fg, a¥'=Fg, & i=12 (2.5)

wherethe unit vectorsa®! and a®? are the oneschosenabove.

We denotethe vector spaceof face-basedselocity unknowns by X . The number, Ny,
of our discretevelocity unknownsis equalto three times the number of boundary facesplus
six times the number of internal faces. In our theoretical discussion,we shall considerX "
asthe subspaceof <Nx which veri es (2.4) on all facesand (2.5) on strongly curved faces.

On moderately curvedfaces,only the normal componert of F§ is subject to the cortinu-
ity requiremerns, and the other two componerts are treated asinternal degrees of freedom
and are eliminated during the asserbly processby static condensation Hence,in the nal
matrix, after static condensation,the total number of velocity unknowns equalsthe total
number of moderately curved faces,plus three times the number of strongly curved faces.

The second step of the MFD method is to de ne suitable inner products in the discrete
spaces.In the spaceQ", the inner product is almost straightforward:

X
[P; glon = Pe CeJEJ; (2.6)

E2 |

where Ej is the volume of E. In the spaceX ", the inner product is a sum of elemetal
inner products [F; G]g de ned for every element E in . Let Fg be the restriction of
F 2 X" to elemen E. Furthermore, let kg be the total number of facesin E, so that
the total number of scalar componerts of Fg and Gg is ¢ = 3kg. We denotethem by
fFegn; i fFeg. andfGegy; i fGeg ., respectively. For every positive integer number
r, we de ne two unique integer numbers (r) and (r) sud that

r=3(r)+ (r); (ry O 1 rn 3

(rys ()

Then, wesay that f Fg g, is assaiatedwith a faceeE(r) andaunit vector aZ (hereatfter,

we shall write a(Er) to simplify the notation).
Let us assumethat we are given (for ead E) a symmetric positive de nite "¢ g
matrix Mg. Then, we set
XEe
[F; Gle = Mgy fFEQsTGeQ:: (2.7)

r;s=1



Here and in the sequel,Mg., indicatesthe (s;r) erntry of the given matrix Mg. From
(2.7), we can easily construct the inner product in X" by setting

X
[F; Glxn = [F;Gle 8F;G2X": (2.8)

E2 &

Someminimal approximation properties for the scalarproduct (2.7) are required, that
make the construction of the matrix Mg a non-trivial task. We formulate and analyze
theseconditions in the next section.

The third step of the MFD method is to discretizethe divergenceoperator. For eah G
in X", we de ne DI V" G asthe elemen of Q" suc that

1 X
(DIV"G)g = — G nPje: (2.9)
JEJ s=1
Note that (2.9) is a discreteversion of the Gaussdivergencetheorem.

The fourth step of the MFD method is to de ne the discrete ux operator, G", asthe
adjoint to the discretedivergenceoperator, DI V", with respect to the inner product (2.8),
i.e.

[F; G"plx» = [p; DI V" Flgn; 8p2Q" 8gF2XxM (2.10)
Usingthe discrete ux and divergenceoperators,the cortinuum problem(1.1) is discretized
asfollows:
DI V" Fy, = b; Frn= G'pn; (2.11)
whereb 2 Q" is the vector of mean values of the sourcefunction b. This completesthe
derivation of the MFD method.

3 A family of accurate scalar pro ducts

The choiceof the matrix Mg in the inner product (2.7) is not unique and every choiceone
makeswill resultin anewMFD method. In this section,we descrike a family of acceptable
matrices Mg . Recall our assumptionthat the tensor K has a constant value inside eat
meshelemen E, which we denoteby Kg. To simplify the notation, we omit the subscript
E unlessit becomesmecessaryto avoid confusion.

3.1 Matrix algebraic equation

For every vector-valued function G 2 (H%()) 3, wedene G' 2 X" asfollows. To de ne
the componerts of (G')¢ in the three orthogonal directions, we set

z
. 1 1

G')e a¥®:= —

(Ge 2 jgkagk g e

G ndd and (G')E a¥:= = G a%d ; (3.1)

wherei = 1;2. If G is cortinuous acrossthe interior meshfaces,it is easyto seethat the
resulting vector G' will satisfy the cortinuity conditions (2.4) and (2.5). HenceG' 2 X",

We begin our analysiswith two conditions on the inner product (2.7) that are su cien t
for getting a convergert MFD method [4].



(S1) There exist two positive constarts s and S sud that, for every elemen E, we have

Xe Xe
sjEj jGgj* [G;Gl SIjEj Ggj® 8G2XM" (3.2)

s=1 s=1

(S2) For ewery elemen E, every linear function g* on E, and every G 2 X", we have
Z Z
[(Krg)';Gle+ o' (DIV'G)edvV=  ¢'Ge ned : (3.3)
E @3

Assumption (S1) statesthat the matrix Mg is spectrally equivalert to the scalarmatrix
JEjl-. wherel-_ isthe ¢ "¢ identity matrix. In practice, the constaris s and S are
expectedto depend only on the skewnessof the meshelemens and on the tensor K.

Assumption (S2) is the discrete Gauss-Greerformula with the constart velocity Kr gt.
SinceDI V"G is a constart, the secondterm in (3.3) can be easily computed. Also, note
that all terms in (3.3) are linear functionals of . For ead g, this assumptionresultsin
a systemof linear equationswherethe unknowns are the coe cien ts of the matrix Mg.

Taking g* = 1in (3.3), we get the formula for the discrete divergenceoperator. As we
obviously expect frameinvariance,we usethis freedomand, for every elemern E, we setthe
origin in certer of massof E, which simpli es the construction of the matrix Mg. Thus,
Assumption (S2) can be replacedby the following one.

(S29 For ewery elemen E with certer of massat the origin, for ead i = 1;2;3, and for

eahrs= 1;:::; g, the ¢ g matrix Mg satis es,
Xe z
r=1 e ()

where (X1; X2; X3) are the Cartesian coordinates.

We cortinue by pointing out the Gauss-Greerformula for linear functions x; and x;:
Z

z
(Kr xj) ngx;d = Kr x; rxdVv = jEjK;;: (3.5)
@ E
If we further introducethe "¢ 3 matricesR and D by
z
Rsi = a® ngxd and  Dg;i = f(Kr x;)'gs; (3.6)
e (s)
wheres= 1;2;:::; g andi = 1;2; 3, then the idertity (3.5) becomes

R'D = JEjK; (3.7)

implying, among other things, that both matrices D and R have full rank 3. Using (3.6),
Assumption (S29 thus becomes
MeD = R: (3.8)

Next, we shall construct Mg asthe sumof two positive symmetric semi-de nite matrices,
Mg = Mo+ M4, whereM, satis es (3.8) and M;D = 0.
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Lemma 3.1 Let R be given by (3.6). Then, the symmetric and positive semi-de nite
matrix 1
Mo —RK 'RT 3.9
0 g (3.9)
satis es (3.8).
1
Proof. From (3.7) and (3.8) we have M(D = jERK 'R"D=R:

Since the matrix Mg is only positive semi-de nite, assumption (S1) does not hold.
The following result shavs how My can be completedto meet the positive de niteness
requiremert.

Theorem 3.2 LetChbean ¢ (‘g 3) matrix whose' g 3 columns span the null space
of the full rank matrix DT, sothat D'C = 0. Then, for every(Ce 3) (‘e 3) symmetric
positive de nite matrix U, the following symmetric matrix

Mg = Mg+ CUCT (3.10)

satis es (3.8) and is positive de nite.
Proof. By construction, MgD = MgD, and therefore by Lemma 3.1, the matrix Mg
satis es (3.8). Moreover, againby construction, Mg is symmetric and positive semi-de nite.

We show that it is nonsingular. Let us assumethat there exists a non-zerovector v sud
that Mg v = 0. Then we must have

1
JEj*=
which in turn implies that RTv = 0 and C"v = 0. Hence(v; Cu) = 0 for any vector u in
< £, and thereforewe get
v 2 fim(C)g’° = fker(D")g’ = im(D);

sothat R'v = RTDw = 0 for somew 2 <3. Now the identity (3.7) implies that w = 0,
sothat v = 0, and the non singularity of Mg follows.

K K RTvk?+ kU™CTvk? = 0; (3.11)

SinceU hassize ¢ 3, a generalsymmetric positive de nite matrix of this size has
(e 2)(Ce 3)=2freeparameters,yielding afamily of matriceswith the requiredproperties.
The liberty of choosing U within this family could be usedto tackle other computational
problems,e.g.,enforcemen the discrete maximum principle.

One of the e cien t ways for solving the discrete problem (2.11) is basedon the KKT
theory of constrained minimization (seee.g. [13 Chapter 16]) where the constraints are
given by (2.4) and (2.5). The solution of the KKT systemis reducedto the solution of a
sparsesystemfor Lagrangemultipliers with a symmetric positive de nite matrix. This is
what in the Finite Element context is often called hybridization and is usually attributed
to Fraeijs de Veubeke [8] (seealso[1], or [3] pag. 178{181). The procedurerequiresthe
inversion of matrix Mg. More precisely during the whole procedure we only need the
matrix M:*, while the explicit knowledgeof the matrix M is not required. We show that
we can directly compute a matrix Wg, the inverseof an inner product matrix, with the
required properties.



Theorem 3.3 LetQbea ¢ (g 3) matrix whose g 3 columnsspan the null space of
the full rank matrix RT, sothat R" Q = 0. Then, for every(Ce 3) (‘g 3) symmetric
positive de nite matrix 8, the following symmetric matrix
1
We = J.E.DKElDT +QBQT (3.12)
satis es WgR = D and is positive de nite.

The proof of this result follows the proofs of Lemma 3.1 and Theorem 3.2; therefore,
it is omitted. Note that the matrix D cortains the material properties and thus the rst
term in (3.12) is scaledproperly.

Since,in practice, we areinterestedonly in the matrix M %, we could de ne ME1 = WEe.
Indeed, the matrix Mg de ned in this way will be symmetric positive de nite, and will
satisfy (3.8). Moreover, it is not dicult to seethat the matrix Mg := We ! canstill be
written in the form (3.10), where the choice of the matrices U and C obviously depends
on the choiceof B and Q. In Section3.3 we explicitly derive a matrix Q that satis es the
hypothesesof Theorem 3.3, and we provide the computational costs asseiated with the
useof Wg.

3.2 Spectral analysis

Assumption (S1) imposessomerestrictions on the choice of the parameter matrix U in
Theorem 3.2 (or on B in Theorem 3.3), and requires xing somefurther hypotheseson
the shape-regularity of the meshelemens formulated in [4, 5]. They hold for basically all
mesheswhich are not totally unreasonablethus making our discretization methodology
appealing in practical applications. For instance, they allow degenerateand non-corvex
elemerts. Let hg denotea diameter of E and let the following assumptionshold.

(M2) There exist a positive integer N sud that ewvery elemen E hasat most N faces.

(M3) There exist a positive number  sud that, for every generalizedpolyhedron E,
there exist a polyhedron E, (with planar facesey.s) and a radial map  with certer
at a point ¢z and sudh that ( Eo) = E, ( &) = &,

kd () k . and kI ( Hk : (3.13)
whereJ denotesthe Jacobi matrix.

(M4) There existsa positive number  sud that ewvery elemen E and the correspnding
polyhedron E, are star-shaped with respect to every point of a common sphere of
radius hg certered at the point cg.

Before ertering the discussionon Assumption (S1), we re-scalethe matricesD and R
and prove a technical lemma. Let us de ne
: 1

and R:= —/—R; 3.14
E] (3.14)

B := DK



sothat
R'B=B'R= I3 (3.15)

It is not dicult to seethat the r-th row of the matrix B is (al’)T. Let Ds bethe 3 3
matrix whoserows are the orthonormal vectors a%1, a%2, and ags;3 of the face e; and

DD! =DI{Ds=13 and DD'=D'D=I.: (3.16)
If we further introducethe "¢ 3 matrix N by
Z
Ns;i: I X (s) nEXid ;
e (s)
wheres= 1;:::; g andi = 1;2; 3, then
0 1
D1
D>
R=DN and D= . : (3.17)
D

ke

With the notation above, the following bounds hold.

Lemma 3.4 Assumethat (M3) and (M4) hold. Then for every elementE we havethe
following bounds:

1 kRwk 3 2
"ke  kwk ’

p—
kBwk = kekwk  and 8w 6 O: (3.18)

Proof. Using (3.17), for everyw 2 <3 we have kDwk? = w'D"Dw = kgw'w, which proves
the equality in (3.18). To estimate the norm of R, we note that

KE Z 2
JEj?kRwk? = KNwk? = ne(w x)d (3.19)

s=1 €s

Recallthat we put the origin in the certer of massof E, sothat kxk hg for any x in E.
Thus I
e 2 e 2
JEj’kRwk?  kwk?® jej kxk*d kwk?h2 jesj (3.20)
s=1 €s s=1
Now, we considerthe pyramids Py.s having ey.s asbasesand the point cz from Assumption
(M3) ascommonvertex. Assumption (M4 ) implies that the heigh, he.s, of the pyramid
Pos IS biggerthan hg. Assumption (M3) implies that the volume of E is bounded by
the volume of Eq. More precisely we have

R I 1, N B, GRS he X he X
JEJ _JEOJ = — JPO;SJ = 3— Jeo;sJ h0;s £

s=1 s=1 s=1 s=1




Inserting this in (3.20), we have

9 4
2 2.
KRwk®  —5 kwk*: (3.21)
The proof of the lower bound follows from the Gauss-Greerformula
Z Z
Nei(w x)d = rxi wdv = wijEj:
@ E

Applying this result to (3.19), we get

X ¥ £ @ -
JEj°kRwk? 1 Nei(W X)d 1 JEj2w? = JE)°
kE I'(E kE

i=1 s=1 & i=1

kwk?:

This provesthe assertionof the lemma.

From Lemma 3.4 we may easily obtain estimatesfor the unsaled matricesR and N and
their products with the tensor K. In particular, using Assumption (M2 ), we may prove

that k 1=2pT k 2
1 I K *“R'w 3 ° ..
———JE Ej; 8w 6 0: 3.22
(N. )1:2J J kwk = JEL w ( )
It is obviousthat the matrix Mg will satisfy Assumption (S1) if and only if its inverse
matrix satis esit. Hence,in what follows, we discussonly the caseof the matrix Mg. If one
decidesto follow the path of Theorem 3.3 (constructing directly the matrix We = M%),

the sameargumernts will hold for Wg aswell.

Theorem 3.5 Let the assumptionsof Theorem 3.2 and Lemma3.4 hold. Assumefurther
that there exist two positive constantss; and S, independentof E, suchthat

syjEjkvk? kU¥™CTvk?  8v 2im(C) (3.23)

and ‘
kU™CTvk® S jEjkvk® 8v2<©E 3 (3.24)

Then, the matrix Mg constructed asin (3.10) satis es Assumption(S1). In particular, we
have

. 1 . = N
min - Ssu; JEjkvk?  kME?vk?  maxfS,; gjEjkvk; (3.25)
where ) g 4
= Su and = —:
Ne (18 *+s, 2 2

The proof of this theorem follows closelythe proof of Theorem 3.6 in [6]; therefore, it is
omitted.

In actual numerical computations (basedon Theorem 3.2), we recommendto multiply
the matrix U by a characteristicsvalue of K ., for example,its trace. This will improve the
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spectral properties of the matrix Mg with respect to material properties. The estimates
in (3.25) provide an illustration of the practical role of U in the conditioning of Mg. As
long asthe extremeeigervaluesof U are within those of KEl, the conditioning of Mg is not
strongly a ected by the choiceof U. The sameremark obviously appliesto the matrix ©, if
we decideto use Theorem 3.3 to construct directly the matrix M:*. This latter approadh
is what we have employed in our experimerts.

3.3 Computational considerations

Accordingto Theorem3.3,the mostcomputationally demandingpart in building the matrix
Mc! = We is the construction of the matrix Q. For the particular choice U = ul, a
cheap algorithm was proposedin [6] to directly build a matrix Q = QQT with Q having
orthonormal columns. The computation of Q in [6] with our notation requires3'Z + O('g)
oating point operations (ops). The samealgorithm can be e ciently applied to the
presen caseaswell.

Let mg be the number of internal degreesof freedomfor Fg and mg 6 0. In this case,
only part of matrix Wg hasto be computed. After permutation of columnsand rows,

matrices Mg and Wg may be written in a2 2 block form:
I |

" ME MEP 4w WE wg
= an = ’

E M2l M2 E w2l w22
with the rst diagonalblocks correspndingto internal degreesf freedom. The algorithms
of static condensationand subsequet hybridization require the inverseof the Sdur com-
plemert M2 M2 [M1] * M2 which is nothing but the matrix W22. The correspnding
block of Q canbe computedwith 3(¢  mg)2+ O(eg) ops. If all facesof elemen E are
moderately curved, mg = 2kg and the above modi cation becomesessetial.

In the rest of this subsectionwe presert an alternative strategy for the explicit con-
struction of a matrix Q satisfying the hypothesesof Theorem 3.3, so that no restrictions
are posedon B, and the full family of MFD methods can be generated.

Prop osition 3.6 Let the matrix | be de ned as follows:

0 1
I3

I3 I3
2<\E (\E 3):

I3

I3
I3
Then, the matricesC and Q given by
C= DI and Q=C j%DK INTI: (3.26)
resyectively, havefull column rank and satisfy C'D = RTQ = 0. Moreover,
P—
max(Q) 1+ 3 E ?= .
min (Q) Sin( :(ZkE )) ,

11

cond@Q) :=




whee 1ax(Q), min(Q) are the largestand smalest non-zeo singular valuesof Q, respec-
tively.

Proof. It is obvious that C has full column rank and spansthe null spaceof DT. Let us
show that RTQ = 0. SinceD is an orthogonal matrix, we have

1
RTQ = R'C RTJ_EDK INT]

R'C N'I =N'D'DI N'I =0

Let us shav now that Q hasfull columnrank. The de nition (3.26) yields
0 1

- |

We useagain property (3.16) and the simple fact that [I3;  ;13]1 = 0 to show that
Kk
ToO=1T| + —E | TNNT] -
QQ=1"1 jEj2I NN'I:

Sincethe matrix |1 71 hasfull rank equalto "¢ 3 and matrix | TNNTI is symmetric and
positive semi-de nite, the matrix Q" Q is symmetric and positive de nite and hasfull rank.
Therefore,the matrix Q hasfull column rank.

We next obtain bounds for the extreme singular valuesof Q. Straightforward calcu-
lations shaw that | Tl is a tensor product of I; and a tridiagonal matrix of sizekg 1
with 2 on the main diagonal and -1 on the o diagonals. Thus, ;(QTQ) (1T =
4sin’(j =(2kg)) wherej = 1;:::;ke 1. Therefore,

min (Q) = min (QTQ)1:2 2sin ——
2ke
Noticing that kDk = 1 and kl k 2, and recalling (3.19) and (3.21), we obtain
0 1

I3
a(Q) = KOK K j%_%p . K NTKKI K
I3

P — p_—-3°2
2 1+j%j "ekNk 2 1+ ‘E3—

Collecting the boundsfor in(Q), max(Q) the nal result follows.

The shape regularity constart  makesusually biggerimpact on the condition number
cond(@) than . For a shape-regularelemen E, the condition number grows as ‘ézz.
If cond(Q) becomestoo large, the matrix Q 2 <& (e 3 can be orthogonalizedby the
modi ed Gram-Sdmidt processwith a computational costof 2'¢ (e 3)? ops [9]. This
approad may be advantageouswhen "¢ is not much greaterthan 3.

12



4 Superlinear convergence

In [5], we proved the super-linear corvergenceof the pressurevariable for the casein which
the inner product matrix Mg is constructed as follows. For ewvery element E, we de ne a
lifting operator R(Gg) with valuesin (L?(E))® and the following properties:

R(G G on ;
divR(Gg) (DIV'G)e in E
for all Gg and
Re(Gg) = G (4.28)

for all constart vector-valued functions G (where G' is constructedusing G asin (3.1)).
Then, the choice 7

[F;Gle .= K 'Re(Fg) Re(Geg)dVv (4.29)
E

allowed usto prove the secondorder corvergenceate for the pressurevariable. In practical
computationsthe matrix Mg wasconstructedin a di erent way, essetally following The-
orem 3.2 or Theorem 3.3. Howewer the numerical evidencestill shaved super-corvergence
for the pressure.In orderto obtain a theoretical justi cation of sud numerical evidencewe
adopt the following strategy: For every matrix Mg givenby (3.10), nd a lifting operator
REe suchthat the matrix Mg coincideswith the matrix induced by Rg through(4.29).

Let us x apwith 6=5 p < 2, and for every Gg considerthe following Stokes-like
problem: nd 2 (WYP(E))®and 2 LP(E) sud that

+r =0 in E;
div. =DIV'"Gg in E; (4.30)
= Gg on @k:

We recallthat for p  6=5, in three dimensions,we have WP(E) L2(E). It is clearthat
the lifting operator R: de ned by =: R (Gg) satis es properties (4.27) and (4.28).

We can now considerthe spaceX g madeby the restrictions of X " to E, and the space
W obtained asW := R (Xg). The dimensionof both spacesis equalto "g. It is clear
that the spaceW cortains the constart vectors.

For notational conveniencewe apply a changeof basisin W, putting the three constart
vectorsin the last three positions, and we apply the correspnding changeof variablesin
Xe. Let Wy;;;W-_ be the new orthogonal basisin (L,(E))3, whereW-_ ,, W-_ ;, and
W-_ are constart vectorsin E. The change of basisin Xg results in an equivalency
transformation for the matrix Mg. We denotethe transformed matrix by Mg. The matrix
obtained from the lifting operator B¢ using (4.29) will be given by

Z

&= K 1w, W, dv:
E

Let S be the represemation of matrix $ in the original basisof X .
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We cannot expect that the matrix $ coincideswith Mg basedon (3.10). We note
howeer that, due to our changeof basis, the last three columnsand the last three rows
of all possibletransformed matrices Mg obtained through (3.10) will coincide with the
correspnding columns and rows of §. This is due to the fact that all inner products
inducedby all thesematriceswill be exacton constart vectors. The rigorousproof is based
on Assumption (S2) and properties (4.27) and (4.28):

Z Z Z
0= KW, W,dv= r"'! WsdVv= "W ned = [(Kr ' HE (We)ele;
E E @
wherel s g, g 3<r e and we denotedby ' ! a linear function suc that
r'l=K w,.

Thus, the matrices $ and Mg are block diagonalwith two blocks of size’¢ 3 and 3,
respectively. Moreover, in the new basis,im(D) is spannedby the last three columns of
either S or M. We are going thereforeto modify the rst "¢ 3 elemens of the basis
W;y; i W-_, and then usethe new basisto construct a new lifting operator Rg in sud
a way that the matrix obtained from it by (4.29), coincideswith the matrix Mg baseal on
(3.10). This will not be feasiblefor all matricesMg, but, aswe shall see for many of them.

Lemma 4.1 The matrix Mg given by (3.10) is induced by an inner product (4.29) if and
only if
kMi?vk  k&“2vk  8v2im(Mg §):

Proof. Re-usingthe original ideafrom [2], we considerthe spaceof vector-valued functions
V satisfying
divv =0 in E;

y=20 on @&; (4.31)

K W, vdv=0 s=12:: :
E

It is clearthat sudh spaceis nonempty, and actually isin nite dimensional. Then we choose
‘e 3independer elemerts Vy;::;; V- 3 in this space,and considerthe lifting functions

Wi+ Vi, Wo+ Vo i Wy 3+ Ve 35 W o) W g Wit

c
We denoteby T the matrix induced by (4.29). The orthogonality property gives:
T=8+V; (4.32)

whereV is the Gram matrix of functions Vs (s = 1;2;::;; g 3), completedby zercesin
the last three rows and columns. The matrix V is symmetric and positive semi-de nite.
With an abuseof notation, we shall indicate by V the "¢ ¢ matrix V as well as its
(e 3) (e 3) principal diagonalblock. We note that for any symmetric positive semi-
denite (¢ 3) (g 3) matrix P, it is possibleto nd functions Vs that will generate
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this matrix. Indeed,if we choose ¢ 3 orthonormal vectors V. satisfying (4.31) and a
matrix Z sud that ZTZ = P, then taking

X 3
Vs = Zs:Vor;

r=1

we easilyobtainV=2Z" = P.

Now, the assertionof the lemma can be rephrasedas follows: Find necessaryand su -
ciert conditions for the transformed matrix Mg (de ned above) to be one of the matrices
T. It follows from (4.32) that Mg = T if and only if

Mg €=V 0
or \
(Mg Sv;v) O 8v 2 <E: (4.33)
This provesthe assertionof the lemma.

Corollary 4.2 The matrix Mg given by (3.10) is induced by an inner product (4.29) if
and only if
kME?vk  kSF2vk  8v 2 im(C):

The proof of this corollary is basedon deriving an explicit form for the equivalencytrans-
formation mertioned above. We leave it asthe exercisefor the reader.

When C has orthonormal columnsand U = ul, the above lemma requiresu to be
su cien tly large. Indeed, sinceCC"v = v, we get

(Mgv;v) =k

£ K RTvk?+ ukvk® ukvk?® (4.34)
On the other hand,
(SV; V)  max (Skvk?; (4.35)

where nax(S) is the maximum eigervalue of S. Thus, it is su cient to take u larger than
max (S) to satisfy (4.33) and hence,to guarartee superlinear convergenceof the family of
MFD methods.
It is pertinent to note that the approad basedon the lifting operator R is only one of
the ways to provethe superconvergenceaesult. Therefore,in practice, the supercorvergence
may be obsened for a wide range of parametersu.

5 Numerical experiments
We shall considerdi usion problemswith su cien tly smooth solutions, so that we may

expect the secondorder convergencerate for the scalar variable p, and the rst order
convergencerate for the other primary variable Fy, on generalizedpolyhedral meshes.
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We shall measurethe accuracyof the discrete solution (py; Fp) in the natural norms
induced by the scalar products (2.6) and (2.8). Let (p'; F') be the interpolated solution
wherep' is the vector of meanvaluesof the solution p over the elemerts and F' is given
by (3.1). We de ne the following discretelL , errors:

iip' Pl = ' pniP' plg HIFN Fuili = [FOFaiFDOFel

For all meshesconsideredin this section, we have performedthe following consistency
che&. We have solved the Dirichlet boundary value problemwith a constart tensorK and
an exactsolution pt givenby p! = x; + 2x,+ 3x3. All non-planar meshfaceswere classi ed
asstrongly curved. As pt is linear, it follows from Assumption (S2) that the errors should
be zero, and this is indeedobsened in our experimerts.

The discreteproblem (for the Lagrangemultipliers) wassolved with the preconditioned
conjugate gradiert (PCG) method. A V-cycle of the algebraic multigrid [16] was chosen
asthe preconditioner. The stopping criterion for the PCG method was a reduction of the
Euclidean norm of the residual by a factor 10 2. In both experimerts below, meshfaces
were classi ed on moderately and strongly curved using = 0:2.

Example 1. We considerthe Dirichlet boundary value problem (1.1) in the unit cube
[0; 1] with the identity tensor K and the exact solution

p(X; yv; z) = x?y3z + 3xsin(yz):

We considera sequenceof generalizedhexahedralmeshesas showvn in Fig. 1 wherea
part of the unit cube wascut out to show the interior mesh. The meshesare generatedby
moving eat meshpoint P (of an originally uniform meshwith meshstep h) to a random
position inside a cube C(P) certered at the point. The sidesof C(P) are alignedwith the
coordinate axesand their length equalsto 0:8h.

For every elemen E, we de ne a scalarmatrix ® = gl wherews = trace(Kg)5Ej.
The convergencegraphsin Fig. 1 shav the optimal corvergenceof the new MFD method
and the lack of corvergencefor the mixed nite elemen method with the lowest order
Raviart-Thomas elemerts and the old MFD method. Recallthat the last two methods use
one degreeof freedomper meshfaceto approximate the ow eld. Note that we have the
rst order corvergencerate for the ux variable and the secondorder corvergencerate for
the pressurevariable.

Example 2. Let usconsiderthe Dirichlet boundary described in the previousexampleon
a di erent sequenceof generalizedpolyhedral mesheg(seeFig. 2 where we show only the
meshtrace). It is pertinent to note that 68% of interior meshfacesare strongly curved
accordingto de nition (M1) with = 0:2.

The mixed nite elemen method can not be used on sudr meshes. The old MFD
method lacks corvergencefor both primary variables. For the new MFD method, we have
againthe rst order corvergenceaate for the ux variable and the secondorder corvergence
rate for the pressurevariable.
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Figure 1: A logically cubic meshwith randomly perturbed interior points (left picture) and
the convergencegraphs(right picture) shaving optimal corvergencerate for the new MFD
method (blue), and the lack of corvergencefor the mixed nite elemen (black) and the
old MFD (red) methods.

norm of error

2

mesh L

—6—MFD new: pressure|
—©—MFD old: pressure
—v—MFD new: velocity
—v—MFD old: velocity

Figure 2: The trace of the generalizedpolyhedral mesh (left picture) and convergence
graphs (right picture) showing the optimal cornvergencerates for the new MFD method
(blue) and lack of convergencefor the old MFD method (red).

Conclusion

We gave arigorousmathematical descriptionof a family of mimetic nite di erence methods
for di usion problemson generalizedpolyhedral meshes.We deweloped an inexpensiwe and
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easy-to-implemeh numerical algorithm, analyzedit both theoretically and numerically,
and proved the super-corvergenceresult for the scalar variable. With this new method,
discretizationsof elliptic equationson generalizedpolyhedral meshesbecomesas simple as
on tetrahedral meshes.The results were obtained for the full material tensor.

Ac knowledgmen ts

The work was partly performed at the Los Alamos National Laboratory operated by
the University of California for the US Departmert of Energy under cortract W-7405-
ENG-36. The rst author adknowledgesthe partial support of the PRIN-2004 Program
of Italian MIUR. The secondand the third authors acknowledgethe partial support of
the DOE/ASCR Program in the Applied Mathematical Sciences.The authors thank Dr.
V.Dyadedko (LANL) for his help in generatingthe meshedor Example 2.

References

[1] D.N. Arnold and F. Brezzi. Mixed and non-conforming nite elemen methods: im-
plemertation, post-processingand error estimates. Math. Modeling Numer. Anal.,
19:7{35,1985.

[2] C. Baiocdhi, F. Brezzi,and L. Franca. Virtual bubblesand galerkin-least-squaresype
methods (Ga.L.S.). Comput. Meth. Appl. Mech. Engrg., 105:125{144,1993.

[3] F. Brezzi and M. Fortin. Mixed and hybrid nite elementmethals. Springer-\erlag,
New York, 1991.

[4] F. Brezzi, K. Lipnikov, and M. Shashlkov. Convergenceof mimetic nite dierence
method for di usion problemson polyhedral meshes.SIAM J. Numer. Anal., 2005.
to appear.

[5] F. Brezzi, K. Lipnikov, and M. Shashkv. Convergenceof mimetic nite dierence
method for di usion problemson polyhedral mesheswith curved faces. Math. Mod.
Meth. Appl. Sci., 2005.to appear.

[6] F. Brezzi, K. Lipnikov, and V. Simoncini. A family of mimetic nite di erence methods
on polygonaland polyhedral meshesMath. Mod. Meth. Appl. Sci., 15(10):1533{1552,
2005.

[7] 3. Campbell and M. Shashlkov. A tensor arti cial viscosily using a mimetic nite
di erence algorithm. J. Comput. Phys, 172:739{765,2001.

[8] B. Fraeijs de Veubeke. Displacemem and equilibrium modelsin the nite elemen
method. In O. C. Zienkiewiczand G. Holister, editors, StressAnalysis John Wiley
and Sons,New York, 1965.

[9] G. Golub and C. Van Loan. Matrix Computations The John Hopkins university Press,
Baltimore and London, 1989.

18



[10] J. Hyman and M. Shashlov. The approximation of boundary conditions for mimetic
nite di erence methods. Computersand Mathematics with Applications, 36:79{99,
1998.

[11] J. Hyman and M. Shashkv. Mimetic discretizations for Maxwell's equations and
the equationsof magneticdi usion. Progressin ElectromagneticResearch, 32:89{121,
2001.

[12] J. Hyman, M. Shashlov, and S. Steinberg. The numericalsolution of di usion problems
in strongly heterogeneoushon-isotropic materials. J. Comput. Phys, 132:130{148,
1997.

[13] J. Nocedaland S. Wright. Numerical Optimization. Springer, Berlin, Heidelberg, New
York, 1999.

[14] M Peric and FergusonS. The advantage of polyhedral meshes.Tednical report, CD
Adapco Group, 2005. www.cd-adapo.com/news/24/TetsvPoly.htm.

[15] M. Shashlkov. ConservativeFinite-Di er ene Methads on Geneial Grids. CRC Press,
Boca Raton, 1996.

[16] K. Stuben. Algebraic multigrid (AMG): experiencesand comparisons. Appl. Math.
Comput,, 13:419{452,1983.

19



