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Abstract

We study the mimetic �nite di�erence discretization of di�usion-t ype prob-
lems on unstructured polyhedral meshes. We demonstrate high accuracy of the
approximate solutions for generaldi�usion tensors, the second-orderconvergence
rate for the scalar unknown and the �rst order convergencerate for the vector
unknown on smooth or slightly distorted meshes,on non-matching meshes,and
even on mesheswith irregular-shaped polyhedra with 
at faces.We show that in
general the mesheswith non-
at facesrequire more than one 
ux unknown per
meshface to get optimal convergencerates.

1 In tro duction

The development of newmathematicalmodelsandnumericalmethodsresultsin the need
for discretization methods handling unstructured polyhedral meshes.For instance,such
meshesappearin the basinmodelingwheremeshcellshave to approximate sophisticated
geologicalstructures. Other examplescome from applications using adaptive mesh
re�nement algorithms or non-matching mesheswhere someof the mesh elements are
degenerateand even non-convex polyhedra.

The mimetic �nite di�erence discretizationhasbeensuccessfullyemployedfor solving
problemsof continuum mechanics[14],electromagnetics[8], gasdynamics[5], and linear
di�usion on simplicial and polygonalmeshesin both the Cartesianand polar coordinates
[7, 9, 10, 13, 16]. The family of mimetic discretizationscontains the classicalmixed �nite
element discretizations(on tetrahedral and hexahedralmeshes)[17] and the symmetric
version[3] of multi-p oint 
ux approximation methods [1].

The discretization methodology is basedon the support operator approach (see[7]
and referencestherein). According to this approach, the constructed discrete opera-
tors have to preserve critical properties of the original continuousdi�erential operators.
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Conservation law, solution symmetriesand relationshipsbetweendi�erential operators
are examplesof such properties. For the linear di�usion problem, this meansthat the
mimetic discretization mimics (a) the Gaussdivergencetheorem to enforcethe local
conservation law, (b) the symmetry between the gradient and divergenceoperators,
G = DI V � , to guarantee symmetry and positivit y of the discreteoperator DI V G, and
(c) the null spacesof the involved operators to prove stabilit y of the discretization.

In this paper, we considera generaldi�usion problem on a conformal polyhedral
partition. The di�usion problem is formulated as a �rst-order systemconsistingof the
massbalanceequationand the constitutive equationdescribingthe relationship between
the vector unknown (
ux) and the scalar unknown (pressure). The later equation is
known as the Darcy law in porous media applications. We assumethat the material
properties are described by a 3 � 3 full tensor.

The discretization methodology employes the divide and conquerprinciple. First,
we considereach meshpolyhedron asa separatedomain and construct an independent
discretization for this polyhedron. If the polyhedron has 
at facesand the di�usion
tensor is constant, this discretization will be exact for linear pressures. Second,the
systemof element-baseddiscretizationsis closedby imposingcontinuity and boundary
conditions on polyhedron facesfor pressureunknowns and normal 
ux components.

For su�cien tly smooth solutions, it wasproved in [4] that the mimetic discretization
is secondorder accurate for the pressureunknown on unstructured polyhedral meshes
having degenerateand non-convex polyhedra with 
at faces. In this paper, we extend
the analysis to mesheswith more generalpolyhedra. If the facesof a polyhedron are
not 
at, we shall refer to them as curved faces. We show with numerical experiments
that the optimal convergencerates are held for polyhedral mesheswith slightly curved
faces. More speci�cally, the deviation from a 
at face should be of order h2 where h
is the local mesh size. In the caseof mesheswith strongly curved faces(seeSection
6.3), we show that more than one 
ux unknown per curved face is required to get the
optimal convergencerate. To the best of our knowledge,there is no locally conservative
discretization method which uses1 
ux unknown per mesh face, 1 pressureunknown
per meshelement and convergeson randomly perturbed meshes.

More than one 
ux unknown per meshface is also usedin the multi-p oint 
ux ap-
proximation method (seee.g. [1, 15]). However, the method results in the discretization
schemewith a non-symmetric coe�cien t matrix whosepositivit y has not beenproved
yet. The recently proposedmimetic �nite element method [11,12]on polyhedral meshes
is closeto our method, but its convergenceon randomly perturbed mesheshasnot been
studied yet. The advantage of our approach is 
exibilit y imbeddedin de�nition of inner
products.

The results obtained in this paper are fundamental extensionsof the 2D results
presented in [10]. In particular, we addressnew issuesrelated to curved meshfacesand
proposea new algorithm for computing interior 
uxes through boundary 
uxes.

The paper is organizedas follows. In Section2, we formulate the generaldi�usion
problem. In Section3.1, we describe the local support operator approach and build the
mimetic discretizationover a singlemeshpolyhedron. In Section3.2,weimposeinterface
conditionsand determinehow the boundaryconditionsareinvolved in the discretization.
In Section4, we derive the inner product in the spaceof 
uxes. The solution algorithm
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is described in Section5. The accuracyand robustnessof our discretization method are
analyzednumerically in Section6.

2 Problem form ulation

Let us considerthe 3D linear di�usion equation

� div
�
K gradp

�
+ cp = Q in 
 ; (2.1)

where p is an unknown scalar function that we refer to as the pressure,K = K (x) is
a full di�usion tensor, c(x) is a nonnegative function, Q(x) is a sourcefunction, and

 � R3 is a boundeddomain. We assumethat K is a symmetric, boundeduniformly
positive de�nite matrix, i.e.

� 1

�
� ; �

�
�

�
K (x) � ; �

�
� � 2

�
� ; �

�
; 8 � 2 R3; 8x 2 
 ;

with a positive constants � 1 and � 2 independent of x and � . Weassumethat the domain
boundary @
 is partitioned into two non overlapping sets� D and � R such that � D is a
closedset and the closureof � D [ � R is equal to @
.

Equation (2.1) is complemented with two boundary conditions

p = gD on � D ;�
K gradp

�
� n + � p = gR on � R ;

(2.2)

wheren is the outward unit normal vector to � R , � (x) is a nonnegative function, and
gD and gR are given functions. We alsoassumethat the data are smooth enoughsothat
problem (2.1)-(2.2) hasa unique solution [6].

We replace the secondorder problem (2.1) by an equivalent system of �rst-order
equations:

F + K gradp = 0 in 
 ;
div F + cp = Q in 
 ;

(2.3)

whereF denotesa vector-valued function that we refer as the 
ux.
Let 
 h be a non-overlapping conformal partition of 
 into polyhedral elements ei :


 h =
N[

i =1

ei :

The element ei is a closedsimply-connected"generalized"polyhedron. In particular, ei

may bea non-convex polyhedronor may have2D anglesequalto � . However, weassume
that there are no zero 2D angles. The conformal partition implies that closuresof any
two elements have either a common vertex, or a common whole edge,or a common
whole face,or do not intersect.

A curved (non-planar) faceof a "generalized" polyhedron is de�ned by a set of or-
dered vertices in 3D which makes its precisede�nition a non-trivial task. We assume
that there exists a one-to-onemap which transforms the curved faceto a regular (
at)
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polygon. Many production codesusing polyhedral meshesspecify this map by approx-
imating the curved face with a piecewiselinear surface. In this paper, we employ the
sameapproach. First, we de�ne an arbitrary point and call it the center of the curved
face. Second,we connectthis point with verticesof the curved faceto get a triangular
piecewiselinear surfacewhich we still refer to as the curved face.

It is obvious to require that the curved facesde�ned by the piecewiselinear surfaces
do not overlap and result in the valid mesh. In numerical experiments, we use the
geometriccenter as the facecenter and perform a few checks of meshvalidit y.

Later, we usenotation of a polyhedroncenter. In general,the center of polyhedrone
canbean arbitrary point insidee. However, to simplify the presentation, weassumethat
this point is the center of massof e. We shall also refer to a "generalized" polyhedron
simply as a polyhedron.

3 Mimetic �nite di�erence metho d

Let us integrate the massbalanceequation(the secondequation in (2.3)) over arbitrary
polyhedron e. The Gaussdivergencetheoremgives

X

A2 @E

Z

A
F � n dA +

Z

e
cpdV =

Z

e
Q dV:

It implies that one of the natural choices for the discrete unknowns are the normal
components of the 
ux averagedover the polyhedron facesand the pressureaveraged
over the polyhedron. The mimetic �nite di�erence method usesthese unknowns to
discretize the constitutive equation (the �rst equation in (2.3)) and to preserve the
essential propertiesof system(2.3). In order to formulate theseproperties,we introduce
the generalizedgradient, G, and the divergence,D, operators:

Gp = � K gradp and D F =
�

div F on e;
� F � n on @e:

(3.1)

For simplicity, we shall refer to the generalizedgradient operator as the 
ux operator.
Let us de�ne the following inner products:

(F; H )X =
Z

e
F � K � 1H dV and (p;q)Q =

Z

e
pqdV +

Z

@e
pqdA:

Then, the Gauss-Greentheorem,
Z

e
F � gradpdV +

Z

e
pdiv F dV =

Z

@e
pF � n dA;

givesus the following relationship betweenthe generalizedgradient and divergenceop-
erators:

(F; Gp)X = (D F; p)Q:

The last expressionclearly states that theseoperators are adjoint to each other:

G = D � :

We show in the next sectionthat the mimetic discretization preservesthis property.
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3.1 Discretization on element

In this section, we describe the mimetic discretization over the polyhedron e. First,
we introduce vector spacesof discrete functions and inner products on them. Then,
we construct the discrete generalizeddivergenceoperator and derive the discrete 
ux
operator as the adjoint to it.

We begin by specifying the degreesof freedomfor physical variables p and F and
their location. The scalar unknowns are de�ned at the polyhedron center, p0, and at
the centers of its faces,p1; p2; : : : ; ps, where s is the number of polyhedron faces. We
denote the vector spaceof discretepressurefunctions ~p = (p0; p1; : : : ; ps)T as Qh . The
dimensionof Qh is equal to s + 1. The inner product on this spaceis given by

(~p; ~q)Qh = p0 jVej +
sX

k=1

pkqk jAk j; 8~p; ~q 2 Qh;

where jVej is the volume of e and jAk j is the area of the k-th face. It is not di�cult
to determinethe relationship betweenthis inner product and the standard dot product
< �; � > on the EuclideanspaceRs+1 :

(~p; ~q)Qh = < L~p; ~q >; L = diagfj Vej; jA1j; : : : ; jAsjg:

The vector unknowns are de�ned as the face-normalcomponents, f 1; f 2; : : : ; f s, lo-
cated at centers of polyhedron faces(seeFig. 1). For instance,f 1 approximates the dot
product of F with the outward unit normal n1. Let ~f = (f 1; f 2 : : : f s)T be a vector of
theseface-normalcomponents. We denote a discrete spacecontaining such vectors as
Xh. The dimensionof this spaceis equal to s. The inner product on Xh is de�ned as
follows:

( ~f ; ~g)Xh = < M ~f ; ~g >; 8 ~f ; ~g 2 Xh;

where M 2 Rs� s is a symmetric positive-de�nite matrix. The choice of the matrix
M is crucial and one of the most di�cult problemsin the support operator approach.
In particular, this inner product has to approximate the continuous onewith su�cien t
accuracy. In the next section,wepresent an algorithm for constructing a suitablematrix
M .

Now, we specify the discrete extended divergenceoperator. Based on the Gauss
divergencetheorem, Z

e
div F dV =

Z

@e
F � n dA;

and de�nition of discreteunknowns, we de�ne the discretedivergenceoperator,

DI V h ~f �
1

jVej

sX

k=1

f k jAk j; (3.2)

and the generalizeddiscretedivergenceoperator:

Dh ~f � (DI V h ~f ; � f 1; � f 2; : : : ; � f s)T : (3.3)
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Figure 1: Two possibleelements and the normals to their faces.

Finally we derive the discrete 
ux operator Gh which is adjoint to Dh with respect
to the inner products de�ned on spacesXh and Qh :

( ~f ; Gh~p)Xh = (~p; Dh ~f )Qh ; 8~p 2 Qh; 8~f 2 Xh: (3.4)

Sincevector ~f is arbitrary, formula (3.4) implies that

Gh~p = M � 1L̂

0

B
@

p0 � p1

...
p0 � ps

1

C
A ; L̂ = diagfj A1j; : : : ; jAsjg: (3.5)

It is pertinent to note that one of the important properties of the continuous 
ux
operator is that gradp = 0 if and only if p is a constant function. It is highly desirable
to have the sameproperty for the null spaceof the discrete 
ux operator. Indeed, if a
high-frequencymode enters the null spaceof the discrete gradient operator, a special
procedurefor �ltering noisefrom the solution will be required. SinceM is the positive
de�nite matrix, the null spaceof G contains only constant vectors.

The de�nitions of the discrete divergenceand gradient operators result in the fol-
lowing local equations:

~f = Gh~p;

DI V h ~f + ce p0 = Qe;
(3.6)

where

Qe =
1

jVej

Z

e
Q(x) dV and ce =

1
jVej

Z

e
c(x) dV:

3.2 In terface conditions

The system of discrete equations(3.6) is closedby imposing continuity conditions on
mesh facesfor primary variables p and F. Hereafter, we shall use the subscript i for
vectors, matrices and inner products which are associated with the polyhedron ei and
the superscript k for polyhedron faces. For instance, jAk

i j is the area of the k-th faces
of ei . The corresponding pressurevariable located on that face is pk

i and the normal
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component of the 
ux is f k
i . For the continuousproblem (2.3), we have continuity of the

pressureand of the normal component of the 
ux acrossmeshfaces. For the discrete
problem, it meansthat:

f k1
i 1

= � f k2
i 2

and pk1
i 1

= pk2
i 2

(3.7)

if polyhedron ei 1 sharesits k1-th facewith the k2-th faceof polyhedron ei 2 .
Furthermore, we determinehow the boundary conditionsare involved in the mimetic

discretization. If the k-th faceof the polyhedronei belongsto � D , then the corresponding
pressureunknown, pk

i , is equal to:

pk
i =

1
jAk

i j

Z

A k
i

gD (x) dA: (3.8)

If this facebelongsto � N , then pk
i and f k

i satisfy to the following relations:

� f k
i + � k

i pk
i =

1
jAk

i j

Z

A k
i

gR (x) dA where � k
i =

1
jAk

i j

Z

A k
i

� (x) dA: (3.9)

4 Scalar pro duct in the discrete 
ux space

In this section we derive the inner product in the spaceof 
uxes for a polyhedron e.
The derivation is basedon a partition of e into tetrahedra. Note that this partition is
obviously not unique.

We described in Section2, how to split the curved faceinto triangles. Now, connect-
ing the polyhedroncenter with verticesof thesetriangles, we get onepossibledecompo-
sition of e into tetrahedra. An exampleof such a partition is shown in Fig. 2.

Figure 2: The partition of a polyhedron into tetrahedra.

To construct an inner product over a polyhedron,we usean accurateinner product
over a tetrahedron [7]. We assumethe medium in each tetrahedron is homogeneousbut
material properties (di�usion tensor) may vary betweentetrahedra.
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4.1 Deriv ation of the inner pro duct over a tetrahedron

Consider a single tetrahedron �. Note, that the whole 
ux (a 3D vector) can be re-
coveredat each vertex of � from three normal components associated with three adja-
cent triangles. We denote the recovered vectors by F k where k is the vertex number,
k = 1; : : : ; 4. Supposethat the k-th vertex belongsto the faceswith indices i 1; i2; i3.
Then, the vector Fk can be recoveredusing the corresponding face-normalcomponents
f i 1 ; f i 2 and f i 3 . Let n i k = (ni k

x ; ni k
y ; ni k

z ) be the unit outer normal to the i k-th face. Then,

Fk =

0

@
ni 1

x ni 1
y ni 1

z

ni 2
x ni 2

y ni 2
z

ni 3
x ni 3

y ni 3
z

1

A

� 1 0

@
f i 1

f i 2

f i 3

1

A :

With the recovered vectors, the continuous inner product can be approximated as
follows: Z

�
K � 1F � H dV �

jV� j
4

4X

k=1

K � 1
� Fk � H k ; (4.1)

wherejV� j is the volumeof the tetrahedron � and K � is the valueof the di�usion tensor
at the center of massof �. This approximation is obviously exact for constant 
uxes
and constant tensors. The right hand sideof formula (4.1) can be written as follows:

jV� j
4

4X

k=1

K � 1
� Fk � H k = < M �

~f ; ~h >; (4.2)

where ~f = (f 1; f 2; f 3; f 4)T , ~h = (h1; h2; h3; h4)T , M � is a 4 � 4 symmetric positive
de�nite matrix and < �; � > is the standard dot product on the EuclideanspaceR4.

4.2 Deriv ation of the inner pro duct over a polyhedron

According to the proceduredescribed above the polyhedron e can be partitioned into
t non-overlapping tetrahedra, � l ; l = 1: : : t. On each triangular face of this partition,
we de�ne a unit normal vector in such a way that on the facebelongingto @e the nor-
mal vector is outer. Moreover, we temporary introduce additional unknowns, normal
components of the 
ux associated with thesenormal vectors. Let ~f int be the vector of
auxiliary unknowns locatedon the internal faces(with respect to the polyhedronbound-
ary) and ~f ext be the vector of auxiliary unknowns located on the remaining triangular
faces. The dimensionof vectors ~f int and ~f ext is denotedby ni and ne. Note that the
current partitioning proceduregivesni = 3t=2 and ne = t.

Furthermore, let ~f l 2 R4 be the vector of normal components of the 
ux associated
with the facesof a tetrahedron � l . In this section,we shall usethe subscript l for the
vectorsassociated with the tetrahedron � l and the superscript i for their components.

Let ~̂f = ( ~f ext ; ~f int ). Using the above notation, we write the inner product over the
polyhedron e as sum of the inner products over tetrahedra � l :

< M̂ ~̂f ; ~̂h > =
tX

l=1

< M � l
~f l ;~hl >; (4.3)
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where M � l 2 R4� 4 is de�ned in (4.2) and M̂ is a symmetric positive de�nite matrix
obtainedby the standard assembling of matricesM � l ; l = 1: : : t. This statement follows
from the fact that the matrices M � l are symmetric positive de�nite and the matrix M̂
is irreducible.

Our goal is to derive a discretization schemeusing only one 
ux unknown per mesh
face. Thus, we have to eliminate the temporary unknowns in favor of the original
unknowns f 1; f 2; : : : ; f s. The unknowns ~f ext can be eliminated by setting them equal
to the corresponding unknowns associated with the polyhedron faces. In other words,
f i

l = f k if the i -th face of � l is a part of to the k-th face of e. In matrix form, this
relation can be written as follows:

~f ext = Bext
~f (4.4)

whereBext is a matrix whosenon-zeroentries are equal to 1.
The unknowns ~f int can be eliminated by requiring that the divergence over each

tetrahedron is equal to the divergence over the polyhedron:

DI V h
l

~f l = DI V h ~f ; l = 1: : : t: (4.5)

The de�nition of the discretedivergenceoperator (3.2) results in the following system
of linear equations:

1
jV� l j

4X

i =1

� i
l jA

i
l jf

i
l =

1
jVej

sX

k=1

jAk jf k ; l = 1; : : : ; t (4.6)

wherejA i
l j is areaof the i -th faceof � l , � i

l = 1 if the normal de�ned on this faceis the
exterior normal for � l and � i

l = � 1 otherwise.
It is easyto show that this systemof equationsis linearly dependent. To make it

linearly independent, we excludeone of theseequationsand considera systemof t � 1
equations. Using (4.4), the reducedsystemcan be written as follows:

B i
~f int = Be

~f ; (4.7)

whereB i 2 R(t � 1)� n i and Be 2 R(t � 1)`� s. The compatibilit y of this systemis analyzed
in the following lemma:

Lemma 4.1 The system(4.7) has a solution ~f int for any vector ~f .

The proof follows the proof of a similar result in [10]. In particular, it may be
shown that the solution is not unique. To guarantee uniqueness,we imposeone addi-
tional constraint; namely that the vector ~f int is a solution of the following minimization
problem:

min
~f int

1
2

< M̂ ~̂f ; ~̂f > subject to B i
~f int = Be

~f : (4.8)

The matrix M̂ can be represented in block form following the partition of vector ~̂f
into vectors ~f int and ~f ext :

M̂ =
�

M̂11 M̂12

M̂21 M̂22

�
: (4.9)
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SinceM̂ is the symmetric matrix and the terms not involving ~f int do not a�ect the
minimizer of problem (4.8), we get the following problem:

min
~f int

�
1
2

< M̂11
~f int ; ~f int > + < M̂12Bext

~f ; ~f int >
�

s.t. B i
~f int = Be

~f : (4.10)

Lemma 4.2 The minimization problem(4.10) hasthe uniquesolution ~f int for any vec-
tor ~f :

~f int = B int
~f ;

where

B int � M̂ � 1
11

�
� M̂12Bext + B i

h
B i M̂ � 1

11 B T
i

i � 1 h
Be + B i M̂ � 1

11 M̂12Bext

i �
:

Proof. The constrainedminimization problem canbe written, usinga Lagrangemul-
tiplier ~� , as follows:

�
M̂11 � B T

i
B i 0

� "
~f int

~�

#

=

"
� M̂12Bext

~f
Be

~f

#

: (4.11)

Solving the �rst set of equationsfor ~f int , we get

~f int = M̂ � 1
11 (� M̂12Bext

~f + B T
i

~� ):

This result can be substituted into the secondset of equationswhich can be solved for
~� to produce

~� =
h
B i M̂ � 1

11 B T
i

i � 1 h
Be + B i M̂ � 1

11 M̂12Bext

i
~f :

Substituting this result into the formula for ~f int , we prove the assertionof the lemma.�

Using (4.4) and Lemma 4.2, we may rewrite the inner product (4.3) as follows:

< M ~f ; ~h > �

* �
M̂11 M̂12

M̂21 M̂22

�  
B int

~f
Bext

~f

!

;

 
B int

~h
Bext

~h

!+

:

It is obvious that M is a symmetric positive de�nite matrix. Indeed, it is the
restriction of the symmetric positive de�nite matrix M̂ to the subspaceof vectors
(B int

~h; Bext
~h)T . Thus, it may be usedto generatethe inner product on Xh. The explicit

formula for matrix M is as follows:

M = B̂ T
ext M̂22Bext + B T

int M̂11B int + B T
ext M̂21B int + B T

int M̂12Bext :
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5 Solution algorithm

Let us collect the face-based
ux unknowns and cell-centered pressureunknowns into
two global vectors

~f A = ( ~f T
1 ; ~f T

2 ; : : : ; ~f T
N )T ; and ~p0 = (p0

1; p0
2; : : : ; p0

N )T ;

respectively. Taking into account continuity conditions (3.7), we collect unique face-
basedpressureunknowns into a global vector ~pA . The sizeof this vector is equal to the
number of meshfaces.

Then, the system of discrete equations(3.6), 
ux continuity conditions (3.7), and
boundary conditions (3.8) and (3.9) can be written in the matrix form:

A

0

@
~f A

~p0

~pA

1

A =

0

@
~gD
~Q0

~gR

1

A ; (5.1)

with the saddlepoint matrix

A =

0

@
M B C
B T � D 0
CT 0 � �

1

A ;

where

M =

0

B
@

M1 0
.. .

0 MN

1

C
A

is the block diagonalmatrix with symmetric positive de�nite blocks on the diagonal,D
is the diagonal positive de�nite or semi-de�nite matrix and � is the diagonal positive
semi-de�nite matrix.

Lemma 5.1 Using O(N ) arithmetical operations the system(5.1) can be transformed
into the following system:

S~pA = ~hA ; (5.2)

where
S = CT M � 1C � CT M � 1CB(B T M � 1B + D) � 1B T M � 1C + �

is the symmetric matrix and

~hA = CT M � 1~gD � CT M � 1B(B T M � 1B + D) � 1( ~Q0 + B T M � 1~gD ) � ~gR :

Proof. It is pertinent to note that the primary variables ~f i and p0
i i = 1; : : : N are only

connectedwithin a singlepolyhedron. Sowe can easily excludethe unknowns:

~f A = M � 1(~gD � C~pA � B~p0) (5.3)

and
~p0 = (B T M � 1B + D) � 1(~gD � C~pA � B~p0): (5.4)
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The structure of matricesM , B and D implies that matrix B T M � 1B + D is diagonal
and so it is easily invertible. This implies optimal arithmetical complexity. The other
assertionsof the lemma follow by substituting (5.3) and (5.4) in the last equation of
system(5.1). �

The matrix S is positive de�nite exceptthe caseof the Neumannboundary condition
on @
 when it is positive semi-de�nite. Thus, we can apply a preconditionedconjugate
gradient (PCG) method for solving system(5.2). After that, the primary unknowns ~p0

and ~f A can be recovered locally, element-by-element.
The matrix A hasa very useful representation, namely

A =
NX

i =1

N i A i N T
i ;

where

A i =

0

@
M i B i Ci

B T
i � D i 0

CT
i 0 � � i

1

A (5.5)

is the local saddle point matrix for the polyhedron ei and N i is the corresponding
assembling matrix. To show the important properties of matrices M i , B i and Ci and
D i , we consider an internal polyhedron ei , i.e. ei \ @
 h = ; . In this caseM i is a
symmetric positive de�nite matrix,

B i =
�
�j A1

i j; �j A2
i j; : : : ; �j Asi

i j
� T

; Ci = diag
�

jA1
i j; jA2

i j; : : : ; jAsi
i j

	

and D i = ci jVei j.

6 Numerical exp erimen ts

In this section, we present computational results which demonstrate accuracy of the
mimetic discretization, its 
exibilit y, and e�ciency of the solution method.

6.1 Implemen tation issues

To solve system(5.2) we apply the PCG method with the algebraicmultigrid precondi-
tioner discussedin [18]. This method is applicableto arbitrary matrix stencils;however,
its theoretical justi�cation is limited to M-matrices.

We investigatethe convergenceof pressureunknowns in the following norms:

"p
1 = max

1� i � N

�
�pex

i � p0
i

�
� and "p

2 =

"
NX

i =1

�
pex

i � p0
i

� 2
jVei j

#1=2

;

wherepex
i is the exact pressurevalue at the center of massof the polyhedron ei .

For the 
ux unknowns, we usetwo similar norms:

" f
1 = max

1� i � N
k ~f ex

i � ~f i k1 and " f
2 =

"
NX

i =1

< M i ( ~f ex
i � ~f i ); ( ~f ex

i � ~f i ) >

#1=2

;
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wherethe components of vector ~f ex
i are normal components of the exact 
ux averaged

over the facesof polyhedron ei and k � k1 is the maximal norm in the Euclideanspace.
Note that "p

2 and " f
2 are meshnorms equivalent to L 2-norms in the corresponding con-

tinuousspaces.

6.2 Smooth meshes

In the �rst group of numerical tests, we investigate the accuracyof the mimetic dis-
cretization on smooth meshes.As the exampleof a smooth mesh,we considerthe mesh
obtained by a smooth (C2-regular) mapping of a uniform cubic mesh. Let us consider
a uniform partition of the unit cube [0; 1]3 and the following mapping:

0

@
~x
~y
~z

1

A =

0

@
x
y
z

1

A + 0:1

0

@
1
1
1

1

A sin(2� x)sin(2� y)sin(2� z): (6.1)

Sincethe Jacobianof this mapping is positive, the resulting smooth mesh,
 h , does
not contain degeneratepolyhedra. Note that most of the meshfacesare curved, so the
convergencetheory developed in [4] can not be applied here. However, the deviation
from 
at facesis of order h2 which is typical for smooth meshes. An example of 
 h

is presented in Fig. 3 where we show the internal mesh structure. We visualize the
polyhedra whosecenters are inside domain (0; 1)3 n [0:25; 1]3.

Figure 3: An exampleof a smooth mesh.

Now, weconsidera di�usion problemof type(2.1), with a non-homogeneousDirichlet
boundary condition on @
. Let c(x) � 0, K (x) � 1 and the exact solution be

pex(x; y; z) = x2y3z + 3x sin(yz):

The convergenceresults are shown in Table 1 where h denotesthe sizeof a cubic
cell in the original uniform partition of the computational domain. We use a linear
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regressionalgorithm to estimate convergencerates. The decreasein both errors " 2
p and

"2
f approaches the optimal rate which is 2. This is clear when looking at the errors in

rows corresponding to 1=h = 32 and 1=h = 64.

1/h "p
1 "p

2 " f
1 " f

2

8 1.037e-2 2.250e-3 1.873e-1 4.053e-2
16 5.017e-3 7.483e-4 7.211e-2 1.089e-2
32 1.669e-3 2.027e-4 2.191e-2 2.707e-3
64 4.753e-4 5.177e-5 5.987e-3 6.628e-4

rate 1.49 1.82 1.66 1.98

Table 1: Discretization errors on smooth meshesfor K = 1.

Now wechangethe setupof the previousexperiment in order to analyzethe in
uence
of a full di�usion tensor on the convergencerates. Let K be as follows:

K (x; y; z) =

0

@
y2 + z2 + 1 xy xz

xy x2 + z2 + 1 yz
xz yz x2 + y2 + 1

1

A : (6.2)

This tensor is symmetric and positive de�nite for arbitrary x. The exact solution and
the meshesare as in the previous experiment. The convergenceresults are presented
in Table 2. Again, the decreasein both errors " p

2 and " f
2 approachesthe optimal rate.

We observed in many other experiments that the full di�usion tensor does not a�ect
asymptotic convergencerates.

1/h "p
1 "p

2 " f
1 " f

2

8 2.059e-2 4.359e-3 8.974e-1 1.011e-1
16 5.552e-3 1.129e-3 3.008e-1 2.826e-2
32 1.402e-3 2.875e-4 8.572e-2 7.278e-3
64 3.514e-4 7.229e-5 2.999e-2 1.821e-3

rate 1.96 1.97 1.65 1.93

Table 2: Discretization errors on smooth meshesfor the full tensor K .

6.3 Randomly perturb ed meshes

The next setof testsaddressesthe convergenceof the mimetic discretizationon randomly
perturbed meshes.Such a meshis obtained by random distortion of positions of mesh
points in a uniform cubic mesh. The new positions are determined by the following
formulas:

~x = x + � xh; ~y = y + � yh; ~z = z + � zh

where� x ; � y; � z arerandomnumbersbetween� 0:3 and 0:3 and h is the meshstepsize. In
other words each meshpoint is randomly moved in a cube of size0:6h which is centered
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at the point and whoseedgesarealignedwith the coordinate axes. It is pertinent to note
that in many publications related to convergenceof discretemethods on generalmeshes,
the authors considera sequenceof meshesobtained by uniform re�nement of a coarse
randomly perturbed mesh. In this case,the mimetic discretization results in optimal
convergencerates. Sequencesof true randomly perturbed meshesare more generaland
more di�cult for convergenceanalysis.

Applying the distortion described above, we obtain polyhedra with strongly curved
faces. To the best of our knowledge, there is no locally conservative discretization
method which usesone 
ux unknown per meshface, one pressureunknown per mesh
element and convergeson randomly perturbed meshes(seealso Table 3). Therefore,
we proposeto usemore than one 
ux unknown per strongly curved face. We useour
de�nition of a curved face to replace it with a set of triangular facets. As shown in
Fig. 4, a distorted cube is transformed into a polyhedron with 24 planar triangular
faces. Finally, approximating all curved faces, we obtain a mesh like one shown in
Fig. 5. The mimetic discretization described above will useone 
ux unknown per each
triangular faceand onepressureunknown per each 24-facepolyhedron. With respect to
the original hexahedralmesh,we shall refer to this discretization as the discretization
with 4 
ux unknowns per meshface.

Figure 4: Transformation of a cube to a polyhedron with 24 planar faces.

We considerthe samedi�usion problem as in the previousset of experiments. The
computational results are shown in Tables3 and 4. For the caseof 4 
ux unknowns
per meshface,the convergencerates are closeto optimal. Note that there is no super-
convergenceresults for the 
ux variable on randomly perturbed meshes.With only one

ux unknown per curved face,we loseconvergencefor both pressureand 
ux variables
(seeTable 3).

6.4 Meshes with irregular-shap ed polyhedra

In this subsection, we analyze convergencerate and robustnessof the mimetic dis-
cretization on mesheswith irregular-shaped elements. Following the analysisin [10], we
anticipate that in most practically important cases,the irregular-shaped elements will
not present computational problems.
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Figure 5: An exampleof a randomly perturbed mesh.

1/h "p
1 "p

2 " f
1 " f

2

8 4.121e-2 1.115e-2 2.993e-0 3.132e-1
16 2.165e-2 6.861e-3 2.803e-0 2.297e-1
32 1.829e-2 5.756e-3 4.242e-0 2.112e-1
64 1.750e-2 5.504e-3 4.544e-0 2.094e-1

Table 3: Discretization errors on randomly perturbed meshesusing 1 
ux unknown per
curved face.

Let usmodify the uniform cubic partition of 
 = (0; 1)3 with meshstepsizeh in such
a way that irregular-shaped polyhedra appear. We assumethat a meshpoint with the
logical coordinates(i; j; k) hasthe physical coordinates(ih; j h; kh), i; j; k = 0; : : : 1=h.
Let us introduce a distortion parameter � 2 [0; 0:5] such that the smaller valuesof �
correspond to elements with lessshape regularity. Then, for all odd i and k and for any
j the coordinates of point (ih; j h; kh) are changedto (ih � � h; j h; kh � (1 � � )h).
The exampleof such a modi�cation is shown in Fig. 6.

As wecanseein Fig. 6, the neighboring polyhedrahavea commonfacewith relatively
small area. Moreover, the left polyhedron has two faceswith 2D angle between them

1/h "p
1 "p

2 " f
1 " f

2

8 1.160e-2 2.844e-3 7.957e-1 9.861e-2
16 3.088e-3 7.140e-4 6.000e-1 4.537e-2
32 1.068e-3 1.790e-4 3.494e-1 2.246e-2

rate 1.72 1.99 0.59 1.07

Table4: Discretization errorson randomly perturbed meshesusing4 
ux unknowns per
curved face.
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Figure 6: The meshwith irregular-shaped polyhedra (left) and two typical neighboring
elements.

equal to � .
We considerthe samedi�usion problem as in the previousset of experiments. But

now we investigate the dependenceof convergencerates on shape regularity of mesh
elements. The computational results are presented in Table 5 where � is the ratio of
the maximal facearea to the minimal one. Thus, � = 1 meansthat a hexahedronis
transformed into a pentahedron.

1/h "p
2 " f

2

� = 0:1 � = 0:01 � = 0:0 � = 0:1 � = 0:01 � = 0:0
� = 700 � = 7000 � = 1 � = 700 � = 7000 � = 1

8 5.386e-3 5.858e-3 5.944e-3 1.280e-1 1.459e-1 1.495e-1
16 1.358e-3 1.484e-3 1.506e-3 6.101e-2 6.974e-2 7.159e-2
32 3.407e-4 3.731e-4 3.789e-4 2.982e-2 3.407e-2 3.501e-2
64 8.528e-5 9.353e-5 9.497e-5 1.474e-2 1.683e-2 1.731e-2

rate 1.99 1.99 1.99 1.04 1.04 1.04

Table 5: Discretization errors on mesheswith irregular-shaped polyhedra.

The numerical results presented in Table 5 verify that decreaseof shape regularity
of meshelements doesnot a�ect convergenceof the mimetic discretization.

6.5 Non-matc hing meshes

In the next group of numerical tests, we consider non-matching cubic meshes. Let

 1 = (0; 1)3, 
 2 = (1; 2) � (0; 1)2 and 
 = 
 1 [ 
 2. We considerthe samedi�usion
problem as in the previousexperiment, only now in the bigger domain.
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Let 
 1;h and 
 2;h be uniform cubic mesheswith meshsizesh1 and h2, respectively.
In order to obtain the conformalpartition of 
, we introduceadditional facesand edges
on the non-matching interface. One example of a conformal partition of 
 and the
modi�ed interfacebetweensubdomains
 1 and 
 2 are shown in Fig. 7.

Figure 7: An exampleof non-matching mesheswith h1 = 1=5 and h2 = 1=7.

In the caseof non-matching meshes,the interface elements have many more faces
then other meshelements and their shape regularity may be very poor. For example,
one of the interface polyhedra shown in Fig. 7 has 14 face. However, it was shown in
the previous subsectionthat the presenceof degenerateelements does not a�ect the
rate of convergence.The numerical results presented in Table 6 onceagain con�rm this
statement. The superconvergencerate of 1.5 for the 
ux variable is observed in other
lower order discretization methods, e.g., in the mortar �nite element method with the
lowest order Raviart-Thomas elements [2].

1=h1 1=h2 "p
1 "p

2 " f
1 " f

2

7 5 1.126e-3 1.604e-4 4.61e-2 3.5029e-3
14 10 3.206e-4 4.078e-5 3.232e-2 1.144e-3
28 20 8.627e-5 1.025e-5 2.142e-2 3.837e-4

rate 1.853 1.983 0.552 1.595

Table 6: Discretization errors on non-matching meshes

6.6 Flo w through a system containing an imp ermeable pip e

Let us considerthe unit cube 
 = (0; 1)3 and a pipe imbeddedin it. We assumethat
the pipe pro�le in any yz-plane is a circle with constant radius r . The circle centers
form a curve � (t) : f x = x(t); y = y(t); z = z(t)g whosestarting and ending points are
in the planesx = 0 and x = 1, respectively. This problem was selectedto demonstrate
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capability of the mimetic discretization to producequalitativ ely accurateresults. Since
the problem does not have an analytical solution, it is extremely di�cult to quantify
accuracyof the result.

Let us considera uniform cubic partition of 
. We modify this partition in such a
way that the facesof the new partition, 
 h , approximate the pipe surface. In order to
do so, we usean algorithm for building locally �tted meshes.Sincethe resulting mesh
may have degenerateand non-convex elements, we usethe following simple algorithm:
if the pipe surfaceintersectsa cubic element and the center of massof this element is
inside the pipe than the element verticeslocatedoutsidethe pipe are moved to the pipe
surface. Otherwise, if the center of massis outside the pipe then the element vertices
located inside the pipe are moved to the pipe surface. The points are moved only in
yz-planes. An exampleof a locally �tted meshis shown in Fig. 8.

Figure 8: A cut of the original and locally �tted meshesby a yz-plane.

Now, we consider the di�usion equation (2.1) with c(x) � 0 and Q(x) � 0. We
impose the non-homogeneousDirichlet boundary condition gD (x) = 1 on the plane
x = 0, the homogeneousDirichlet boundary condition on the plane x = 1 and the
homogeneousNeumannboundary condition on the remaining part of @
.

The di�usion tensor K is uniform and isotropic everywhere in the computational
domain (K = 1) except in the pipe where it is set such that the component parallel to
the local pipe orientation (k jj ) is equal to 0.1 and other two components perpendicular
to the pipe orientation (k 1

? and k 2
? ) are equalsto 0.001. Inside the pipe, K is the full

tensor depending on the spacecoordinate x. The vector k jj coincideswith the tangent
vector t to the curve t ! � (t):

k jj = t = � (t)0

Vectorsk 1
? and k 2

? coincidewith the normal vector n and the binormal vector b to the
curve t ! � (t), respectively:

k 1
? = n =

� (t)00

j� (t)0j
and k 2

? = b = [t � n ]:
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Then, the di�usion tensor inside the pipe is calculatedby the following formula:

K = T �

0

@
0:1 0 0
0 0:001 0
0 0 0:001

1

A T ; T =

0

@
t x n x bx

t y n y by

t z n z bz

1

A :

Fig. 9 displays streamlinesof the calculated 
ux function in the casewhere � (t) =
f x = t; y = 0:75 � 0:4t2; z = 0:3g. The locally adapted mesh has both non-convex
and almost degenerateelements. However, none of the streamlinesintersectsthe pipe
boundary.

Figure 9: The streamlinesof the calculated
ux function.
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