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Abstract
We study the mimetic nite dierence discretization of di usion-t ype prob-
lems on unstructured polyhedral meshes. We demonstrate high accuracy of the
approximate solutions for generaldi usion tensors,the second-ordercorvergence
rate for the scalar unknown and the rst order convergencerate for the vector
unknown on smooth or slightly distorted meshes,on non-matching meshes,and
even on mesheswith irregular-shaped polyhedra with at faces. We shaw that in
generalthe mesheswith non- at facesrequire more than one ux unknown per

meshfaceto get optimal corvergencerates.

1 Intro duction

The dewelopmen of newmathematicalmodelsand numericalmethodsresultsin the need
for discretization methods handling unstructured polyhedral meshes.For instance,sud
meshesappearin the basinmodelingwheremeshcellshave to appraximate sophisticated
geologicalstructures. Other examplescome from applications using adaptive mesh
re nement algorithms or non-matding mesheswhere someof the meshelemerts are
degenerateand even non-corvex polyhedra.

The mimetic nite di erence discretizationhasbeensuccessfullyemployedfor solving
problemsof cortinuum medianics[14], electromagneticg8], gasdynamics[5], and linear
di usion on simplicial and polygonalmeshesn both the Cartesianand polar coordinates
[7,9, 10, 13 16]. The family of mimetic discretizationscontains the classicalmixed nite
elemen discretizations(on tetrahedral and hexahedralmeshes)17] and the symmetric
version[3] of multi-p oint ux approaximation methods [1].

The discretization methodology is basedon the support operator approad (see[7]
and referencestherein). According to this approad, the constructed discrete opera-
tors have to presene critical properties of the original cortinuousdi erential operators.
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Consenation law, solution symmetriesand relationships betweendi erential operators
are examplesof sud properties. For the linear di usion problem, this meansthat the
mimetic discretization mimics (a) the Gaussdivergencetheorem to enforcethe local
consenration law, (b) the symmetry between the gradiert and divergenceoperators,
G= DIV , to guarartee symmetry and positivity of the discreteoperator DIV G, and
(c) the null spacesof the involved operatorsto prove stability of the discretization.

In this paper, we considera generaldi usion problem on a conformal polyhedral
partition. The di usion problem is formulated asa rst-order systemconsistingof the
massbalanceequationand the constitutive equationdescribingthe relationship between
the vector unknown (ux) and the scalar unknown (pressure). The later equation is
known as the Darcy law in porous media applications. We assumethat the material
properties are descrited by a3 3 full tensor.

The discretization methodology employes the divide and conquer principle. First,
we consideread meshpolyhedronasa separatedomain and construct an independent
discretization for this polyhedron. If the polyhedron has at facesand the di usion
tensor is constar, this discretization will be exact for linear pressures. Second,the
systemof element-based discretizationsis closedby imposing cortinuity and boundary
conditions on polyhedron facesfor pressureunknowns and normal ux componerts.

For su cien tly smooth solutions, it wasprovedin [4] that the mimetic discretization
is secondorder accurate for the pressureunknown on unstructured polyhedral meshes
having degenerateand non-corvex polyhedrawith at faces.In this paper, we extend
the analysisto mesheswith more generalpolyhedra. If the facesof a polyhedron are
not at, we shall refer to them as curved faces. We showv with numerical experimerts
that the optimal cornvergencerates are held for polyhedral mesheswith slightly curved
faces. More speci cally, the deviation from a at face should be of order h? where h
is the local meshsize. In the caseof mesheswith strongly curved faces(see Section
6.3), we shav that more than one ux unknown per curved faceis required to get the
optimal corvergencerate. To the bestof our knowledge,there is no locally conserative
discretization method which usesl ux unknown per meshface, 1 pressureunknown
per meshelemen and corvergeson randomly perturbed meshes.

More than one ux unknown per meshfaceis alsousedin the multi-p oint ux ap-
proximation method (seee.qg. [1, 15]). Howewer, the method resultsin the discretization
sthemewith a non-symmetric coe cient matrix whosepositivity has not been proved
yet. The recerly proposedmimetic nite elemem method [11,12] on polyhedral meshes
is closeto our method, but its convergenceon randomly perturbed mesheshasnot been
studied yet. The advantage of our approad is exibilit y imbeddedin de nition of inner
products.

The results obtained in this paper are fundamertal extensionsof the 2D results
presered in [10]. In particular, we addressnew issuesrelated to curved meshfacesand
proposea new algorithm for computing interior uxes through boundary uxes.

The paper is organizedas follows. In Section2, we formulate the generaldi usion
problem. In Section3.1, we descrike the local support operator approad and build the
mimetic discretization over a singlemeshpolyhedron. In Section3.2,weimposeinterface
conditionsand determinehow the boundary conditionsareinvolvedin the discretization.
In Section4, we derive the inner product in the spaceof uxes. The solution algorithm



is descriked in Section5. The accuracyand robustnessof our discretization method are
analyzednumerically in Section6.

2 Problem form ulation
Let us considerthe 3D linear di usion equation
div Kgradp + cp= Q in ; (2.1)

where p is an unknown scalar function that we refer to asthe pressure,K = K (x) is
a full diusion tensor, c(x) is a nonnegatiwe function, Q(x) is a sourcefunction, and

R3 is a boundeddomain. We assumethat K is a symmetric, bounded uniformly
positive de nite matrix, i.e.

1 K(x) ; o 8 2R3 8x2 ;

with a positive constarts ; and , independen of x and . We assumethat the domain
boundary @ is partitioned into two non overlapping sets p and g sudthat pisa
closedset and the closureof [ r isequalto @.

Equation (2.1) is complemerted with two boundary conditions

p = O On p,;
Kgradp n+ p = gr oOn g; (2:2)
wheren is the outward unit normal vectorto r, (X) is a nonnegatiwe function, and
Op and gr aregivenfunctions. We alsoassumethat the data are smaoth enoughsothat
problem (2.1)-(2.2) hasa unique solution [6].
We replace the secondorder problem (2.1) by an equivalert system of rst-order
equations:
F + Kgradp = 0 in ;

divF + cp = Q in (2:3)

whereF denotesa vector-valued function that we refer asthe ux.
Let 1 be anon-overlapping conformal partition of into polyhedral elemelts g;:

[N
i=1

The elemen g is a closedsimply-connected’'generalized” polyhedron. In particular, €
may be a non-corvex polyhedronor may have 2D anglesequalto . Howewer, we assume
that there are no zero 2D angles. The conformal partition implies that closuresof any
two elemens have either a common vertex, or a common whole edge, or a common
whole face,or do not intersect.

A curved (non-planar) face of a "generalized" polyhedronis de ned by a set of or-
dered verticesin 3D which makesits precisede nition a non-trivial task. We assume
that there exists a one-to-onemap which transformsthe curved faceto a regular ( at)



polygon. Many production codesusing polyhedral meshesspecify this map by approx-
imating the curved face with a piecewiselinear surface. In this paper, we employ the
sameapproad. First, we de ne an arbitrary point and call it the certer of the curved
face. Second,we connectthis point with verticesof the curved faceto get a triangular
piecewisdinear surfacewhich we still referto asthe curved face.

It is obviousto require that the curved facesde ned by the piecewisdinear surfaces
do not overlap and result in the valid mesh. In numerical experimerts, we use the
geometriccerter asthe facecerter and perform a few cheds of meshvalidity.

Later, we usenotation of a polyhedroncerter. In general,the certer of polyhedrone
canbean arbitrary point insidee. Howeer, to simplify the presenation, we assumehat
this point is the certer of massof e. We shall alsoreferto a "generalized" polyhedron
simply as a polyhedron.

3 Mimetic nite dierence metho d

Let usintegrate the massbalanceequation (the secondequationin (2.3)) over arbitrary

polyhedrone. The Gaussdivergencetheorem gives
x Z z VA

F ndA+ cpdv= QdV:
A2 @ A e e

It implies that one of the natural choicesfor the discrete unknowns are the normal
componerts of the ux averagedover the polyhedron facesand the pressureaveraged
over the polyhedron. The mimetic nite dierence method usesthese unknowns to
discretize the constitutive equation (the rst equation in (2.3)) and to presene the
essetial propertiesof system(2.3). In orderto formulate theseproperties, we introduce
the generalizedgradiert, G, and the divergence D, operators:

divF on e
Fn on @:

For simplicity, we shall refer to the generalizedgradiert operator asthe ux operator.
Let us de ne the fo%owing inner products:

Gp= Kgradp and DF = (3.1)

Z Z
(F;H),= F K Hdv and (p;do= pqdV+  pqdA:
e e @

Then, the Gauss-Greertheorem,
Z Z Z

F gradpdV + pdivFdV = pF ndA;

e @
givesus the following relationship betweenthe generalizedgradiert and divergenceop-
erators:

e

(F; Gp)x = (DF; p)q:
The last expressionclearly statesthat theseoperators are adjoint to ead other:

G=D:

We shawv in the next sectionthat the mimetic discretization presenesthis property.
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3.1 Discretization on element

In this section, we descrite the mimetic discretization over the polyhedron e. First,
we introduce vector spacesof discrete functions and inner products on them. Then,
we construct the discrete generalizeddivergenceoperator and derive the discrete ux
operator asthe adjoint to it.

We begin by specifying the degreesof freedomfor physical variablesp and F and
their location. The scalar unknowns are de ned at the polyhedron certer, p°, and at

dimensionof Q,, is equalto s+ 1. The inner product on this spaceis given by

xS
(;; @, = PiVei +  PdAY; 8P &2 Qn;
k=1
where jV,j is the volume of e and jAXj is the area of the k-th face. It is not di cult

to determinethe relationship betweenthis inner product and the standard dot product
< ; > onthe EuclideanspaceRs*:

cated at certers of polyhedronfaces(seeFig. 1). For instance,f ! appraximates the dot
product of F with the outward unit normal nt. Let = (f1;f2:::f5)T be a vector of
theseface-normalcomponerts. We denote a discrete spacecorntaining sud vectors as
Xh. The dimensionof this spaceis equalto s. The inner product on X}, is de ned as
follows:

(f5 &9)x, = < Mf5 9>, 87 92 Xp;

whereM 2 R® ® is a symmetric positive-de nite matrix. The choice of the matrix
M is crucial and one of the most di cult problemsin the support operator approad.
In particular, this inner product hasto appraximate the cortinuous one with su cient
accuracy In the next section,we preser an algorithm for constructing a suitable matrix
M.
Now, we specify the discrete extended divergenceoperator. Based on the Gauss
divergencetheorem, 7 7
divFdV = F ndA;
e @
and de nition of discreteunknowns, we de ne the discretedivergenceoperator,
DIVhE * f KA (3.2)
jVel ' '

& k=1

and the generalizeddiscrete divergenceoperator:

D' (DIVPE: £l f2 £5)T: (3.3)



Figure 1. Two possibleelemeits and the normalsto their faces.

Finally we derive the discrete ux operator G" which is adjoint to D" with respect
to the inner products de ned on spacesX;, and Qy:

(5 G'P)x, = (; D"Mq,; 8p2 Qn;, 82 Xj: (3.4)

Sincevector f~ is arbitrary, formula (3.4) implies that

0 1
0

pP° P
Gp=M 10%} : K: (= diagfj AYj;:::;jASjg: (3.5)
S o
It is pertinent to note that one of the important properties of the cortinuous ux
operator is that gradp = 0 if and only if p is a constart function. It is highly desirable
to have the sameproperty for the null spaceof the discrete ux operator. Indeed, if a
high-frequencymode ernters the null spaceof the discrete gradiert operator, a special
procedurefor Itering noisefrom the solution will be required. SinceM is the positive
de nite matrix, the null spaceof G cortains only constart vectors.

The de nitions of the discrete divergenceand gradiert operators result in the fol-
lowing local equations:

f- = ap;
P (3.6)
DIV + cp’ = Qe
where 1 Z 1 Z
Qe= — Q(x)dVv and G = -~ c¢(x)dV:
Vel e JVel ¢

3.2 Interface conditions

The system of discrete equations(3.6) is closedby imposing cortinuity conditions on
mesh facesfor primary variablesp and F. Hereafter, we shall usethe subscripti for
vectors, matrices and inner products which are assaiated with the polyhedrone and
the superscript k for polyhedron faces. For instance,jAkj is the areaof the k-th faces
of &. The correspnding pressurevariable located on that faceis pf and the normal
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componert of the ux isfX. For the cortinuousproblem (2.3), we have cortinuity of the
pressureand of the normal componen of the ux acrossmeshfaces. For the discrete
problem, it meansthat:
fio= ff and po=p? (3.7)
if polyhedrone, sharesits k;-th facewith the k,-th faceof polyhedrone,.
Furthermore, we determinehow the boundary conditions are involvedin the mimetic

discretization. If the k-th faceof the polyhedrone; belongsto p, thenthe correspnding
pressureunknown, pk, is equalto:

1 Z
P = A% o POVIA (38)
If this facebelongsto y, then pk and f ¥ satisfy to the following relations:
1 z 1 z
fl+ ko= A N gr(x)dA  where K= A N (x) dA: (3.9)

4 Scalar product in the discrete ux space

In this sectionwe derive the inner product in the spaceof uxes for a polyhedron e.
The derivation is basedon a partition of e into tetrahedra. Note that this partition is
obviously not unique.

We descrited in Section2, how to split the curved faceinto triangles. Now, connect-
ing the polyhedroncerter with verticesof thesetriangles, we get one possibledecom-
sition of e into tetrahedra. An exampleof sud a partition is shown in Fig. 2.

Figure 2: The partition of a polyhedroninto tetrahedra.

To construct an inner product over a polyhedron, we usean accurateinner product
over a tetrahedron [7]. We assumethe medium in ead tetrahedron is homogeneou$ut
material properties (di usion tensor) may vary betweentetrahedra.



4.1 Deriv ation of the inner product over a tetrahedron

Considera single tetrahedron . Note, that the whole ux (a 3D vector) can be re-
coveredat ead vertex of from three normal componens assaiated with three adja-
cert triangles. We denote the recovered vectors by Fy wherek is the vertex number,
k = 1;:::;4. Supposethat the k-th vertex belongsto the faceswith indicesiy;i,;is.
Then, the vector F can be recovered using the correspnding face-normalcomponerts
fi;fi2andf's. Let n's = (nj¥;ni; i) bethe unit outer normalto the i\-th face. Then,

[ [ [ 10,1
nxl nyl nzl f 11
Fi=@ng niz nzA  @fi2A
ny3 n'y3 ni fls

With the recovered vectors, the cortinuous inner product can be approximated as
follows: 7
K '*F Hav 217 kR H, (4.2)

k=1
wherejV | isthe volumeofthe tetrahedron andK isthe value of the di usion tensor
at the certer of massof . This appraximation is obviously exact for constart uxes
and constart tensors. The right hand side of formula (4.1) can be written asfollows:

v X

1 K Fx He=<M 1> (4.2)

k=1
wheref~ = (f4£2,f3f97, n = (h;h%,h3hHT, M isa4 4 symmetric positive
de nite matrix and < ; > isthe standard dot product on the Euclidean spaceR*.

4.2 Deriv ation of the inner product over a polyhedron

According to the proceduredescriked above the polyhedron e can be partitioned into
t non-overlapping tetrahedra, ;1 = 1:::t. On ead triangular face of this partition,
we de ne a unit normal vector in sud a way that on the facebelongingto @ the nor-
mal vector is outer. Moreover, we temporary introduce additional unknowns, normal
componerts of the ux assaiated with thesenormal vectors. Let ™ be the vector of
auxiliary unknowns locatedon the internal faces(with respectto the polyhedronbound-
ary) and f® be the vector of auxiliary unknowns located on the remaining triangular
faces. The dimensionof vectors ™" and f* is denotedby n; and n.. Note that the
current partitioning proceduregivesn; = 3t=2 and ne = t.

Furthermore, let f7 2 R* be the vector of normal componerts of the ux asswiated
with the facesof a tetrahedron . In this section, we shall usethe subscript| for the
vectorsassaiated with the tetrahedron | and the superscript i for their componerts.

Let f = (fe; i) Using the above notation, we write the inner product over the
polyhedron e as sum of the inner products over tetrahedra :

Xt
<Mfii>= <M f;f > (4.3)

1=1
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whereM | 2 R* % is de ned in (4.2) and M is a symmetric positive de nite matrix
obtained by the standard asserbling of matricesM ;1 = 1:::t. This statemert follows
from the fact that the matricesM |, are symmetric positive de nite and the matrix M
is irreducible.

Our goalis to derive a discretization shemeusing only one ux unknown per mesh
face. Thus, we have to eliminate the temporary unknowns in favor of the original

to the correspnding unknowns assaiated with the polyhedronfaces. In other words,
fl = f¥if the i-th faceof | is a part of to the k-th faceof e. In matrix form, this
relation can be written as follows:

xt = Bextr (4.4)

whereBey IS a matri_x whosenon-zeroertries are equalto 1.
The unknowns ™™ can be eliminated by requiring that the divergen@ over each
tetrahadron is equal to the divergen@ over the polyhedron:

DIV"fi = DIV l=1:::t: (4.5)

The de nition of the discrete divergenceoperator (3.2) results in the following system
of linear equations:

X X

o 1
— ANE = —  jANER 1= 1t 4.6
Vi AT Vi k=1J J (4.6)
wherejAlj is areaof the i-th faceof |, ! = 1if the normal de ned on this faceis the
exterior normal for ;and | = 1 otherwise.

It is easyto show that this systemof equationsis linearly dependern. To make it
linearly independen, we excludeone of theseequationsand considera systemoft 1
equations. Using (4.4), the reducedsystemcan be written as follows:

Bif™ = B (4.7)

whereB; 2 Rt D " and B, 2 Rt V" s, The compatibility of this systemis analyzed
in the following lemma:

Lemma 4.1 The system(4.7) hasa solution ™"t for any vector f~.

The proof follows the proof of a similar result in [10]. In particular, it may be
shawn that the solution is not unique. To guarartee uniquenesswe imposeone addi-
tional constrairt; namelythat the vector f™ is a solution of the following minimization
problem:

min = < M > subjectto  Bif"" = Bf" (4.8)
frint

The matrix M can be represeted in block form following the partition of vector f°
into vectorsf™ and f*x:
M - |\ﬂll |\ﬂ12

M21 Mzz ; (4.9)
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SinceM is the symmetric matrix and the terms not involving " do not a ect the
minimizer of problem (4.8), we get the following problem:

min %< M > 4+ < MpBeg ™ £ > st Bif™ = B (4.10)
frint

Lemma 4.2 The minimization problem(4.10) hasthe unique solution f"* for any vec-

tor = _
it = Bint T

whee
h i ,h i
Bint Mlll I\ﬂlzBext + Bi BimlllBiT Be+ BiM111M12Bext

Proof. The constrainedminimization problem can be written, using a Lagrangemul-
tiplier ~, asfollows:
" # " #
I\ﬁl BiT ﬁnt — |\ﬂlzBextfv

= 411
Bi 0 - Bef™ ( )

Solvingthe rst setof equationsfor " | we get
it = M1 MpBeef + BI7):

This result can be substituted into the secondset of equationswhich can be solved for
~ to produce h i

i .h
Substituting this result into the formula for f"' | we prove the assertionof the lemma.

Using (4.4) and Lemma4.2, we may rewrite the inner product (4.3) as follows:
* ! I+

Miu Mz B . Biyh
< M f', h > int : int
Mo My Bexf Bext

It is obvious that M is a symmetric positive de nite matrix. Indeed, it is the
restriction of the symmetric positive de nite matrix M to the subspaceof vectors
(Bint Ti; BexeN)T. Thus, it may be usedto generatethe inner product on X". The explicit

formula for matrix M is asfollows:

M = |§gxt|\ﬁ223ext + B;t MllBint + ngtmleint + Bi-rrnleBext:
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5 Solution algorithm

Let us collect the face-basedux unknowns and cell-certered pressureunknowns into
two global vectors

fa= (00T and  po= (P2 )’

respectively. Taking into accourt cortinuity conditions (3.7), we collect unique face-
basedpressureunknowns into a global vector po. The sizeof this vector is equalto the
number of meshfaces.

Then, the system of discrete equations(3.6), ux cortinuity conditions (3.7), and
boundary conditions (3.8) and (3.9) can be written in the matrix form:

0O 1 o0 1
A <)o)
A @pA = @QA ; (5.1)
Pa Or
with the saddlepoint matrix
0
M B C
A=@T D O0A;
Ct o
where 0 1
E.DMl 0 E{
0 My

is the block diagonalmatrix with symmetric positive de nite blocks on the diagonal,D
is the diagonal positive de nite or semi-de nite matrix and is the diagonal positive
semi-de nite matrix.

Lemma 5.1 Using O(N) arithmetical operations the system(5.1) can be transformed
into the following system:
SﬁA = hA; (52)

where
Ss=C'M 'c Cc'M 'cB(B™ 'B+D) 'B™™ !C+

is the symmetric matrix and
Ma=C'M 'gp C'M 'B(B'M 'B+D) (Qo+B'M ‘&) ¢

Proof. It is pertinent to note that the primary variablesf; and p® i = 1;:::N are only
connectedwithin a single polyhedron. Sowe can easily excludethe unknowns:

fa=M oo Cpa Bpo) (5.3)

and
p=(B'™M 'B+D) b Cpa Bpo): (5.4)
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The structure of matricesM , B and D impliesthat matrix B™™ 1B + D is diagonal
and soit is easily invertible. This implies optimal arithmetical complexity. The other
assertionsof the lemma follow by substituting (5.3) and (5.4) in the last equation of
system(5.1).

The matrix S is positive de nite exceptthe caseof the Neumannboundary condition
on @ whenit is positive semi-de nite. Thus, we can apply a preconditionedconjugate
gradiert (PCG) method for solving system(5.2). After that, the primary unknowns po
and f, can be recoveredlocally, elemert-by-elemen.

The matrix A hasa very useful represetation, namely

X
A= NAN;
i=1
where 0
|\/|, Bi C|
Ai=@T D; 0A (5.5)
c' o :

is the local saddle point matrix for the polyhedron e and N; is the correspnding
asserbling matrix. To show the important properties of matrices M;, B; and C; and
D;, we consideran internal polyhedrone, i.e. ¢\ @y = ;. In this caseM; is a
symmetric positive de nite matrix,

Bi= j A4 j Af;iiiij A% T Ci = diag jAY;jAZ; AT
andD; = G Vg .

6 Numerical experimen ts

In this section, we presen computational results which demonstrate accuracy of the
mimetic discretization, its exibilit y, and e ciency of the solution method.

6.1 Implemen tation issues

To solwe system(5.2) we apply the PCG method with the algebraicmultigrid precondi-
tioner discussedn [18]. This method is applicableto arbitrary matrix stencils;howe\er,
its theoretical justi cation is limited to M-matrices.

We investigate the convergenceof pressureunknowns in the following norms:

" #=
X 1=2

and 5= S \VA B
i=1

np eX 0

= max p -

1= mag kb

wherep™ is the exact pressurevalue at the certer of massof the polyhedrone,.
For the ux unknowns, we usetwo similar norms:

n #1=2

X
o= max ki fike o oand = < MR MR M)>

i=1
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wherethe componerts of vector ¥ are normal componerts of the exact ux averaged
over the facesof polyhedrone and k k; isthe maximal norm in the Euclidean space.
Note that "> and ", are meshnorms equivalert to L,-normsin the correspnding con-
tinuous spaces.

6.2 Smooth meshes

In the rst group of numerical tests, we investigate the accuracy of the mimetic dis-
cretization on smoaoth meshes.As the exampleof a smooth mesh,we considerthe mesh
obtained by a smooth (C?-regular) mapping of a uniform cubic mesh. Let us consider
a uniform partition of the unit cube [0; 1]* and the following mapping:

0 1 O 1 0 1
x X 1

@pA=Q@yA+01@1Asin@2 x)sin(2 y)sin(2 2): (6.1)
g z 1

Sincethe Jacobianof this mapping is positive, the resulting smaoth mesh, , does
not cortain degeneratepolyhedra. Note that most of the meshfacesare curved, sothe
convergencetheory deweloped in [4] can not be applied here. Howewer, the deviation
from at facesis of order h? which is typical for smooth meshes. An exampleof |
is presened in Fig. 3 where we show the internal mesh structure. We visualize the
polyhedrawhosecerters are inside domain (0; 1)° n[0:25; 1.

Figure 3: An exampleof a smooth mesh.

Now, we considera di usion problemoftype(2.1), with a non-homogeneouBirichlet
boundary condition on @. Let ¢(x) 0,K(x) 1 andthe exactsolution be

pX(X;y;z) = x?y3z + 3xsin(yz):

The convergenceresults are shovn in Table 1 where h denotesthe size of a cubic
cell in the original uniform partition of the computational domain. We use a linear
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regressionmalgorithm to estimate corvergencerates. The decreasen both errors f, and
"¢ approatesthe optimal rate which is 2. This is clear when looking at the errorsin

rows correspnding to 1=h= 32 and 1=h = 64.

vh || "} g g g

8 1.037e-2 2.250e-3| 1.873e-1 4.053e-2
16 || 5.017e-3 7.483e-4| 7.211e-2 1.089e-2
32 || 1.669e-3 2.027e-4| 2.191e-2 2.707e-3
64 || 4.753e-4 5.177e-5| 5.987e-3 6.628e-4
rate 1.49 1.82 1.66 1.98

Table 1: Discretization errors on smooth meshedor K = 1.

Now we changethe setup of the previousexperimert in orderto analyzethe in uence
of a full di usion tensoron the corvergencerates. Let K be asfollows:

1
y2+ 72+ 1 Xy Xz
K(xy;z)= @ xy X2+ 72+ 1 yz A (6.2)
XZ yz X2+ y?+ 1

This tensor is symmetric and positive de nite for arbitrary x. The exact solution and
the meshesare asin the previous experimert. The cornvergenceresults are presened
in Table 2. Again, the decreasen both errors"’, and ", approatiesthe optimal rate.
We obsened in many other experimerts that the full diusion tensor doesnot a ect
asymptotic corvergencerates.

uh | "} g g "

8 2.059e-2 4.359e-3| 8.974e-1 1.011e-1
16 || 5.552e-3 1.129e-3| 3.008e-1 2.826e-2
32 || 1.402e-3 2.875e-4| 8.572e-2 7.278e-3
64 || 3.514e-4 7.229e-5| 2.999e-2 1.821e-3
rate 1.96 1.97 1.65 1.93

Table 2: Discretization errors on smooth meshedor the full tensorK .

6.3 Randomly perturb ed meshes

The next setof testsaddresseshe convergenceof the mimetic discretizationon randomly
perturbed meshes.Sud a meshis obtained by random distortion of positions of mesh
points in a uniform cubic mesh. The new positions are determined by the following
formulas:

z=z+

x=x+ yh; y=y+ |h; ,h

where ; y; ; arerandomnumbersbetween 0:3 and 0:3 andh is the meshstepsize. In
other words ead meshpoint is randomly moved in a cube of size0:6h which is certered
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at the point and whoseedgesare alignedwith the coordinate axes. It is pertinent to note

that in many publications related to convergenceof discretemethods on generalmeshes,
the authors considera sequenceof meshesobtained by uniform re nement of a coarse
randomly perturbed mesh. In this case,the mimetic discretization results in optimal

convergencerates. Sequencesf true randomly perturbed meshesare more generaland

more di cult for corvergenceanalysis.

Applying the distortion described above, we obtain polyhedrawith strongly curved
faces. To the best of our knowledge, there is no locally consenrative discretization
method which usesone ux unknown per meshface, one pressureunknowvn per mesh
elemen and corvergeson randomly perturbed meshes(seealso Table 3). Therefore,
we proposeto usemore than one ux unknown per strongly curved face. We use our
de nition of a curved faceto replaceit with a set of triangular facets. As shown in
Fig. 4, a distorted cube is transformed into a polyhedron with 24 planar triangular
faces. Finally, approximating all curved faces,we obtain a mesh like one shown in
Fig. 5. The mimetic discretization descrilked above will useone ux unknown per eah
triangular faceand one pressureunknown per eat 24-facepolyhedron. With respect to
the original hexahedralmesh, we shall refer to this discretization as the discretization
with 4 ux unknowns per meshface.

Figure 4: Transformation of a cube to a polyhedronwith 24 planar faces.

We considerthe samedi usion problem asin the previous set of experimerts. The
computational results are shovn in Tables3 and 4. For the caseof 4 ux unknowns
per meshface,the convergencerates are closeto optimal. Note that there is no super-
convergenceresultsfor the ux variable on randomly perturbed meshes.With only one
ux unknown per curved face,we lose corvergencefor both pressureand ux variables
(seeTable 3).

6.4 Meshes with irregular-shap ed polyhedra

In this subsection, we analyze corvergencerate and robustnessof the mimetic dis-
cretization on mesheswith irregular-shaped elemerts. Following the analysisin [10], we
anticipate that in most practically important casesthe irregular-shaped elemets will
not presen computational problems.

15



Figure 5: An exampleof a randomly perturbed mesh.

0 T N

8 || 4.121e-2 1.115e-2| 2.993e-0 3.132e-1
16 || 2.165e-2 6.861e-3| 2.803e-0 2.297e-1
32 || 1.829e-2 5.756e-3| 4.242e-0 2.112e-1
64 || 1.750e-2 5.504e-3| 4.544e-0 2.094e-1

Table 3: Discretization errors on randomly perturbed meshesausing1l ux unknown per
curved face.

Let us modify the uniform cubic partition of = (0; 1)3 with meshstepsizeh in sud
a way that irregular-shaped polyhedra appear. We assumethat a meshpoint with the
logical coordinates(i; j; k) hasthe physical coordinates(ih; j h; kh), i; j; k = 0;:::1=h.
Let usintroduce a distortion parameter 2 [0; 0:5] sudh that the smaller values of
correspnd to elemers with lessshape regularity. Then, for all odd i and k and for any
] the coordinates of point (ih; jh; kh) are changedto (ih h; jh; kh (1 )h).
The exampleof sud a modi cation is shaovn in Fig. 6.

As we canseen Fig. 6, the neighboring polyhedrahave a commonfacewith relatively
small area. Moreover, the left polyhedron has two faceswith 2D angle betweenthem

vh || "} g § g

8 1.160e-2 2.844e-3| 7.957e-1 9.861e-2
16 || 3.088e-3 7.140e-4| 6.000e-1 4.537e-2
32 || 1.068e-3 1.790e-4| 3.494e-1 2.246e-2
rate 1.72 1.99 0.59 1.07

Table 4: Discretization errors on randomly perturbed mesheausing4 ux unknowns per

curved face.
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Figure 6: The meshwith irregular-shaped polyhedra (left) and two typical neighboring

elemerts.

equalto

We considerthe samedi usion problem asin the previous set of experimerts. But
now we investigate the dependenceof corvergencerates on shape regularity of mesh
elemerts. The computational results are presenied in Table 5 where
the maximal face areato the minimal one. Thus,

transformedinto a pentahedron.

uf

1/h "D 2
=01 = 0:.01 = 0.0 =01 = 0:01 =00
= 700 = 7000 = = 700 = 7000 =
8 5.386e-3| 5.858e-3| 5.944e-3| 1.280e-1| 1.459e-1| 1.495e-1
16 || 1.358e-3| 1.484e-3| 1.506e-3| 6.101e-2| 6.974e-2| 7.159e-2
32 || 3.407e-4| 3.731e-4| 3.789e-4| 2.982e-2| 3.407e-2| 3.501e-2
64 || 8.528e-5 9.353e-5| 9.497e-5| 1.474e-2| 1.683e-2| 1.731e-2
rate 1.99 1.99 1.99 1.04 1.04 1.04

is the ratio of
= 1 meansthat a hexahedronis

Table 5: Discretization errors on mesheswith irregular-shaped polyhedra.

The numerical results presened in Table 5 verify that decreaseof shape regularity
of meshelemens doesnot a ect corvergenceof the mimetic discretization.

6.5 Non-matc hing meshes

In the next group of numerical tests, we consider non-matching cubic meshes. Let
1= (013, ,=1(1;2 (0;1?and = ;[ ,. We considerthe samediusion
problem asin the previousexperimert, only now in the bigger domain.
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Let 1, and . be uniform cubic mesheswith meshsizesh; and h,, respectively.
In orderto obtain the conformalpartition of , we introduceadditional facesand edges
on the non-matcding interface. One example of a conformal partition of and the
modi ed interface betweensubdomains ; and , are shown in Fig. 7.

Figure 7: An exampleof non-matching mesheswith h; = 1=5and h, = 1=7.

In the caseof non-matding meshesthe interface elemeits have many more faces
then other meshelemeits and their shape regularity may be very poor. For example,
one of the interface polyhedra showvn in Fig. 7 has 14 face. Howeer, it was shavn in
the previous subsectionthat the presenceof degenerateelemens does not a ect the
rate of convergence.The numerical results presened in Table 6 onceagaincon rm this
statement. The supercorvergencerate of 1.5 for the ux variable is obsened in other

lower order discretization methods, e.g., in the mortar nite elemen method with the
lowest order Raviart-Thomas elemeltts [2].

1=hy L | o b | g

7 5 1.126e-3 1.604e-4) 4.61e-2 3.5029e-3
14 10 || 3.206e-4 4.078e-5 3.232e-2 1.144e-3
28 20 || 8.627e-5 1.025e-5| 2.142e-2 3.837e-4
rate 1.853 1.983 0.552 1.595

Table 6: Discretization errors on non-matding meshes

6.6 Flow through a system containing an imp ermeable pip e

Let us considerthe unit cube = (0;1)% and a pipe imbeddedin it. We assumethat
the pipe prole in any yz-planeis a circle with constart radius r. The circle certers
form acurve (t):fx = x(t);y = y(t); z = z(t)g whosestarting and ending points are
in the planesx = 0 and x = 1, respectively. This problem was selectedto demonstrate
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capability of the mimetic discretization to produce qualitativ ely accurateresults. Since
the problem does not have an analytical solution, it is extremely di cult to quartify
accuracyof the result.

Let us considera uniform cubic partition of . We modify this partition in sud a
way that the facesof the new partition, ,, approximate the pipe surface. In order to
do so, we usean algorithm for building locally tted meshes.Sincethe resulting mesh
may have degenerateand non-corvex elemetts, we usethe following simple algorithm:
if the pipe surfaceintersectsa cubic elemen and the certer of massof this elemen is
inside the pipe than the elemen verticeslocated outside the pipe are moved to the pipe
surface. Otherwise, if the certer of massis outside the pipe then the elemen vertices
located inside the pipe are moved to the pipe surface. The points are moved only in
yz-planes. An exampleof a locally tted meshis shavn in Fig. 8.

Figure 8: A cut of the original and locally tted meshesby a yz-plane.

Now, we considerthe diusion equation (2.1) with ¢(x) 0 and Q(x) 0. We
impose the non-homogeneou®irichlet boundary condition gp(x) = 1 on the plane
x = 0, the homogeneoudDirichlet boundary condition on the plane x = 1 and the
homogeneoudNeumannboundary condition on the remaining part of @.

The di usion tensor K is uniform and isotropic everywherein the computational
domain (K = 1) exceptin the pipe whereit is set sud that the componert parallel to
the local pipe orientation (k;) is equalto 0.1 and other two componerts perpendicular
to the pipe orientation (ki and k3) are equalsto 0.001. Inside the pipe, K is the full
tensor depending on the spacecoordinate x. The vector kj; coincideswith the tangert
vectort to the curvet! (t):

kjj =t= (t)o

Vectorsk and k3 coincidewith the normal vector n and the binormal vector b to the
curvet!  (t), respectively:

ki =n= j ((?)(:]0 and k3=b=1[t nl
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Then, the di usion tensorinside the pipe is calculatedby the following formula:

0 1 0 1
01 O 0 ty Ny by

K=T @0 0001 0 AT; T=@, n, bA:
0 0 0001 t; n, b

Fig. 9 displays streamlinesof the calculated ux function in the casewhere (t) =
fx = t;y = 075 0:4t%;z = 0:3g. The locally adapted mesh has both non-corvex

and almost degenerateelemens. Howewer, none of the streamlinesintersectsthe pipe
boundary:.

Figure 9: The streamlinesof the calculated ux function.
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