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Polarization of low-lying excitonic bands in finite-size semicon-
ducting single-walled carbon nanotubes (SWNTSs) is studied by
using quantum-chemical methodologies. Our calculations eluci-
date properties of cross-polarized excitons, which lead to the
transverse optical absorption of nanotubes and presumably couple
to intermediate-frequency modes recently observed in resonance
Raman excitation spectroscopy. We identify up to 12 distinct
excitonic transitions below the second fundamental band associ-
ated with the E;, van Hove singularity. Calculations for several
chiral SWNTs distinguish the optically active “bright”” excitonic
band polarized parallel to the tube axis and several optically
"weak’" cross-polarized excitons. The rest are optically (near)
forbidden ““dark’ transitions. An analysis of the transition density
matrices related to excitonic bands provides detailed information
about delocalization of excitonic wavefunction along the tube.
Utilization of the natural helical coordinate system accounting for
the tube chirality allows one to disentangle longitudinal and
circumferential components. The distribution of the transition
density matrix along a tube axis is similar for all excitons. However,
four parallel-polarized excitons associated with the Eqq transition
are more localized along the circumference of a tube, compared
with others related to the Eq; and E>4 cross-polarized transitions.
Calculated splitting between optically active parallel- and cross-
polarized transitions increases with tube diameter, which com-
pares well with experimental spectroscopic data.

helical nanotube coordinates | transverse absorption | exciton
localization | collective electronic oscillator method

lectronic structure of nanomaterials and its changes upon

photoexcitation affect many important characteristics of
nanoscale optoelectronic devices, including carrier transport and
luminescence efficiency. Therefore, a better understanding of
electronic and optical properties of nanosystems reveals funda-
mental physical phenomena and has important technological
implications. Carbon nanotubes are one of the most auspicious
examples of quasi-one-dimensional (1D) nanoscale materials,
promising fascinating applications ranging from nanoelectronics
(1-5) to medical technologies (6). Experimentally, the electronic
structure of semiconductor single-walled carbon nanotubes
(SWNTs) is mainly probed by means of absorption, fluorescence,
and Raman spectroscopies (7-11). Early optical spectra in
SWNTs have been interpreted in terms of free electron-hole
carriers. These single-particle states are grouped into equally
spaced sub-bands of valence and conduction bands with diverg-
ing density of states at band-edges known as van Hove singu-
larities (12), labeled by *£1, *2, ..., etc., with increasing ener-
gies. The transitions arising among these manifolds are typically
labeled as Ej, where indices i and j refer to the valence and
conduction band singularities, respectively, as schematically pre-
sented in Fig. la.

Recent studies established, however, that the quasi-1D struc-
ture of the material and a small dielectric constant lead to high
electron-hole binding energies and the formation of strongly
bound excitons (composite electron-hole pairs) as the primary
photoexcited species. Theoretical studies (13-15), followed by
spectroscopic experiments (16-18), have unambiguously re-

www.pnas.org/cgi/doi/10.1073/pnas.0711646105

a Cross-polarized
excitons E|2' E21
CB E 2 Al By

12 1 C
E22 >< Eﬁ
1 B
VB E,, 2 %:}M;

Parallel-polarized

excitons E , E
b 60 (6,5) (7.5) (110

(105)

Fig. 1. Illustration of optical transitions and tube structures studied here.
(a) Schematics of optical transitions in SWNTs corresponding to collinear,
parallel- polarized (red and green color) and perpendicular, cross-polarized
(blue color) excitations as illustrated by directions of the respective transition
dipole moments w;;. (b) Molecular structures of carbon nanotubes considered
in this study. Optimal geometries are presented in the perspective depth view
for visual comparison of tube diameters and chiralities, labeled according to
the tube index (n and m). All tubes are finite and chosen to have approxi-
mately the same length of ~9-12 nm. Dangling bonds are terminated with
hydrogen atoms.

vealed that the photophysics of SWNTs is dominated by excitons
with typical binding energies of 0.2-0.5 eV (19-25), depending
on the tube diameter and chirality. Electronic correlation effects
give rise to several excitonic bands associated with each transi-
tion between van Hove peaks. Each resulting manifold contains
both optically allowed (bright) and optically inactive (dark)
exciton states, as well as a continuum band (26, 27). For example,
splitting of the nearly doubly degenerate HOMO-LUMO tran-
sitions E; into four distinct excitonic transitions (15) is sche-
matically shown by red lines in Fig. 1a. This introduces a complex
structure of overlapping interband states with different angular
momenta (28), complicating dramatically the electronic struc-
ture of SWNTSs and affecting their photophysical properties. For
example, the energy position of the dark excitons with respect to
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the bright ones impacts the nanotube luminescence. Recent
theoretical (15, 29) and experimental (30) studies explain the
typical low photoluminescence quantum yield in SWNTSs by the
existence of dark excitons below the first optically bright exciton
state that trap much of the exciton population. The existing
experiments have focused mostly on the optically allowed fun-
damental excitonic transitions (Ej1, E2, and so on), while the
information on the entire excitonic spectra of SWNTs remains
incomplete.

The dependence of optical response on the polarization
direction of the incident light with respect to the tube axis can
be used to extend investigations to other excitonic bands in
SWNTs. For example, for light polarized parallel to the tube axis,
only E; excitations are allowed. The corresponding strong Ej;
peaks have been clearly observed in optical spectra and inves-
tigated intensively during the past few years. In contrast, the
selection rules for perpendicular polarization (cross-polariza-
tion) of light (31) allow optical absorption between sub-bands,
where quasi-angular momenta differ by one, such as E1 and E;.
There are, however, very limited studies of such transitions.
Within one-electron theory, transverse optical absorption occurs
at an energy that is exactly in the middle of the two lowest
longitudinal absorption energies (32). Phenomenological imple-
mentation of electron-hole interaction and depolarization ef-
fects on the effective mass Hamiltonian shifts £, and Eo;
energies to the blue; the shift amplifies with increase of Coulomb
coupling matrix elements (28). Theoretically, it is predicted that
the intensity of cross-polarized peaks is reduced drastically in
SWNTs (33). Nonetheless, recent results of photoluminescence
anisotropic spectroscopy report resolved absorption peaks for
the polarization perpendicular to the SWNT axis (34, 35).
Investigations of intermediate-frequency Raman modes (36) in
bundled SWNTSs also suggest the existence of cross-polarized
excitations (37). However, the structure of cross-polarized ex-
citons remains ambiguous and calls for further detailed studies.

In this article, we present a quantum-chemical investigation of
the low-energy excitonic bands arising from Ey;, E12, and Ey;
transitions in finite-size SWNTs that reveals the nature and
localization properties of cross-polarized excitons. This model-
ing involves a time-dependent Hartree—Fock (TDHF) formalism
combined with semiempirical Hamiltonians (38). This technique
implemented in the Collective Electronic Oscillator code (39,
40) permits calculations of hundreds of molecular excited states
in very large systems (here up to 1,300 atoms in size). Utilization
of reliable semiempirical approaches allows for automatic inclu-
sion of curvature-induced effects and the deviation from the sp?
hybridization, important in the case of SWNTs and other organic
materials. The TDHF approximation directly addresses essential
electronic correlations and excitonic effects. This methodology
has been applied to calculate optical properties of a variety of
conjugated molecular materials (39, 40). Recently, we used this
technique to investigate a number of excited-state phenomena in
SWNTs, including anharmonic coherent phonon dynamics (18),
quantification of exciton-phonon coupling constants (41), effects
of Peierls distortion and exciton self-trapping (23, 24), and
characterization of triplet (25) and high-energy excitonic tran-
sitions (E33 and E44) (42). Here, we focus on bright, dark, and
weakly allowed excited states related to low-lying excitonic bands
by disentangling longitudinal and circumferential components of
excitations.

Results and Discussion

Eight considered SWNTs of various diameters and nearly the
same lengths are shown in Fig. 1b. Unsaturated chemical bonds
at the open tube ends have been capped with hydrogen atoms to
remove mid-gap states caused by dangling bonds, as described in
detail in ref. 24. We carefully checked that our capping does not
introduce artifacts into tube geometries and their electronic
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structure (24). All molecular systems are oriented along the
z-direction, have a finite length of 9-12 nm, and comprise several
repeat units. The nanotube lengths were chosen to be signifi-
cantly larger than the diameter of the tube with characteristic
exciton sizes [= 5 nm (23, 24)]. For these conditions, the finite
size of 1D systems is expected to reproduce well the properties
in the infinite-size limit (24). Ground state optimal geometries
of all tubes in Fig. 1b are obtained by using the Austin Model 1
(AM1) (43). The vertical transition frequencies from the ground
state to the singlet excited states, their oscillator strengths, and
transition density matrices were then computed with the CEO
procedure based on the ZINDO Hamiltonian, as described in
supporting information (SI) Text and elsewhere (e.g., refs.
38-40). We calculate up to 70 lowest singlet excited states for
each considered SWNT shown in Fig. 15. Because of the finite
size of the considered tubes, calculated excited states are dis-
crete, in contrast to the band structure obtained from infinite
tube calculations (14, 21, 22).

The second lowest excited state is usually strongly optically
allowed. It collects nearly all of the oscillator strength from its
parent E;; band and has a large transition dipole moment
directed along the tube axis. Our calculations always predict the
lowest state to be a dark exciton, which agrees with other
theoretical and experimental studies (44). The next fundamental
optical excitation E» is separated from E;; by an energy of
~1 eV in all SWNTs we consider and formally belongs to the
second excitonic band. We refer to parallel-polarized E1; and E»,
transitions as the z-polarized excitons, because the tube axis is
oriented along the z-direction for all considered SWNTs. Be-
tween the Ey; and E,, transitions, there are many optically
forbidden dark states and a few weakly allowed excitons, all
representing delocalized transitions. Each excitonic band is a
manifold of closely spaced levels. Within our theoretical frame-
work, the changes induced in the density matrix by an external
field reflect the changes in the electronic density matrix induced
by an optical transition from the ground state to an excited state.
The size and localization of an exciton center of mass with
respect to the molecule alignment can be extracted from a 2D
real-space analysis of this quantity, as outlined in S/ Text and
elsewhere (e.g., in ref. 38). We use this approach to sort discrete
states into excitonic bands by examining the nodal structure
along diagonals of the matrices. Delocalized excited states can be
considered as standing waves in quasi-1D structures, and the
nodes are related to the quasi-particle (exciton) momenta (39).
Consequently, the zero-node state is associated with the k = 0
momentum exciton in the infinite chain limit, which may be
optically allowed. Here, we focus only on zero-node states in
SWNTs. States having one or more nodes are not considered
because they belong to the same band as the respective zero-
node exciton. Below the bright E,, exciton, there are typically
9-11 states, including the bright E;; state, whose transition
densities do not have nodes.

Fig. 2 presents the contour plots of the transition density
matrix corresponding to the zero-node states from the first
excitonic manifold of the (10,5) SWNT. Other SWNTs we have
studied exhibit similar trends and are not shown. Each transition
density matrix is labeled by a number according to the energy of
the photoexcited state with respect to the ground state. For
comparison, the excitation energies and the dominant x-, y-, or
z-component of the oscillator strength (f) are also shown on each
plot. In all color panels, the axes correspond to carbon atoms,
whose coordinates are labeled along the tube axis. Consequently,
these plots mostly show the distribution of the excitonic wave-
function along the tube. Thus, the nine displayed first excitons
of the (10,5) tube are all delocalized transitions with respect to
the tube length and, mainly, have weak or zero oscillator
strength, except the second (bright) E;; state.
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Fig. 2.  Excitonic transition density matrices of the (10,5) tube plotted in
Cartesian coordinates. The first nine zero-node excitonic states are presented
by two-dimensional contour plots as a function of the electron (vertical axis,
nanometers) and hole (horizontal axis, nanometers) coordinates along the
tube axis. The color code is presented at the bottom. Excitons are labeled
according to their order number with respect to the ground state. The
transition energy and the dominant oscillator strength component (f) are
shown for each excitonic state. The strongly allowed optically active (bright)
exciton is marked by E11. These plots reflect the distribution of the excitonic
wavefunctions along the tube axis.

The respective slices along the matrix diagonal (Lp direction)
for all nine excitons are presented in Fig. 3. These characterize
the distribution of an excitonic wavefunction along the length of
the tube. Both matrix contour plots and diagonal Lp slices (Figs.
2 and 3) demonstrate that the center of mass of all nine first-band
excitons is spread over the entire (10,5) tube, which is typical for
all studied SWNTs. The amplitudes vanish at the tube edges,
which reflects excitonic scattering (reflection) at the ends (39).
Such exciton delocalization patterns are identical to those ob-
served in other quasi-1D materials (23, 24, 38, 40). Another
important characteristic of the electronic excitation is the exciton
coherence size L¢ (maximal distance between electron and hole
along the tube axis). The L¢ cross-sections of the transition
densities are shown in Fig. 2 and represent the probability
distribution of an electron coordinate, when the position of a
hole is fixed in the middle of a tube. Such a representation
typically reflects the delocalization and binding strength be-
tween electron and hole in SWNTs (14, 24, 42). Plots in Figs. 2
and 3 show that Lc is finite for all nine excitons. These
correspond to tightly bound singlet excitons, with an excitonic
size of 3.5-5 nm, depending on the state.

According to recent studies (15, 29), four parallel-polarized
excitons are expected to form from the E; transition of SWNTs
due to nearly doubly degenerate HOMO-LUMO transitions,
three of which are dark. Our subsequent analysis will identify
them as states 1, 2, 11, and 13 for the (10,5) tube in Figs. 2 and
3. By analogy, because of molecular orbital degeneracy, we
expect to find eight distinct cross-polarized excitonic bands
related to £, and E»; transitions (see Fig. 1a), most of which are
also dark. Coulomb correlation effects are expected to lift the
degeneracy from these states. Indeed, we are able to identify up
to four to six such states depending on the nanotube considered.
For example, Figs. 2 and 3 show five such states (4, 5, 27, 28, and
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Fig. 3. Delocalization properties of nine zero-node excitonic states of the
(10,5) tube, characterizing excitonic wavefunction distribution along the tube
axis (upper panels) and the tube circumference (lower panels). The diagonal
slice (Lp) of the transition density matrix represents the electron-hole pair
center-of-mass position along the tube. Off-diagonal slices (L¢) indicate the
electron coordinate along the tube, when the hole is fixed in the middle, thus
determining the maximal distance between an electron and a hole along the
tube. This distribution is fitted by a Lorentzian function. The contour plots
(lower panels) represent the probability of finding the electron on the tube
circumference when the hole is fixed in the middle of the tube. This probability
is a function of position of the electron along the tube axis (x-axis, nanome-
ters) and the electron position along the tube circumference (y-axis, degrees),
measured as an angle 0 < ¢; < 2. The color scheme is given in Fig. 2.

39). Higher-energy cross-polarized states are hard to distinguish
because of enhanced density of states and overlap with Ex
excitonic bands. All of these states have either a vanishing or a
very weak oscillator strength. Note that, because of state mixing
and open boundary conditions, some cross-polarized excitons
might have a small amount of z-polarized transition dipole
moment. Such state interference complicates the analysis of
excitonic structure and the separation of z-polarized excitons
from cross-polarized ones. Our calculations show that each
considered tube has at least two states with nearly degenerate
energies and dominating oscillator strength components di-
rected alongx and y (for example, states 27 and 28 in Figs. 2 and
3). Those states are weakly allowed cross-polarized excitations,
for which degeneracy is attributed to the cylindrical symmetry of
the SWNTs. We emphasize that all parallel-polarized (E;;) and
cross-polarized (E;» and E»;) states have very similar distribu-
tions of the excitonic wavefunctions along the tube axis and
separations between the electron and hole (see Figs. 2 and 3);
however, their angular momenta may differ substantially (28).

To characterize cross-polarized excitations, the distribution of
the excitonic wavefunction along the tube circumference needs
to be analyzed. In principle, transition density matrices contain
both axial and azimuthal distribution. However, these properties
cannot be visualized from the 2D color maps in Fig. 2, which
reflect rather an averaged distributions. The information re-
garding wavefunction delocalization with respect to the tube
circumference can be extracted by fixing the position of one of
the charges (either electron or hole) on the tube, while present-
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Fig.4. Dependence of molecular orbitals on the geometrical parameters of
nanotubes. (a) The lowest unoccupied molecular orbitals (LUMOs) of chiral
(6,5) and zigzag (8,0) carbon nanotubes. The positive and the negative lobes
of the wavefunction are shown in the red and blue, respectively. The orbital
density distribution strongly follows the tube helicity. (b) Schematic presen-
tation of the nanotube geometrical parameters. Vectors a; and a, are the unit
vectors of the hexagonal graphene lattice. The chirality vector Cy = na; + ma;
(black arrow), chiral angle 0, and translational vector Z; directed along the
tube length (blue arrow) of a (6,2) tube are shown as an example. (Inset)
Natural helical coordinates of a chiral tube. All points on the surface area
between the two blue lines satisfy Eq. 1.

ing the transition density matrix as a 2D function of electron
position along the tube length and along the radial angular
coordinate ¢;. The resulting contour plots of the transition
density matrix for the first nine zero-node excitons in the (10,5)
tube are displayed in Fig. 3 (lower panel in each state). All nine
excitons demonstrate a delocalized character along the tube
circumference ¢, in agreement with other theoretical findings
(20). However, states marked as 1, 2, 11, and 13 show a narrower
distribution of the electron’s density with respect to the radial
angle, which, in addition to their smaller excitonic sizes, distin-
guishes these four excitons from the other states. These four
excitons belong to the parallel-polarized parent E;; transitions,
as evidenced by their oscillator strengths (e.g., the z-polarized
bright exciton is among these four states).

A more accurate determination of cross- and parallel-
polarized states can be obtained by using the natural helical
coordinate system. The lowest unoccupied molecular orbitals
(LUMOs) plotted for chiral (6,5) and zigzag (8,0) SWNTs in Fig.
4a emphasize a well defined relationship between the orbital
density distribution along the tube surface and the natural
symmetry of a chiral tube. As can be seen in Fig. 4a, the orbitals
follow the chiral angle ® between the tube axis and the chirality
vector C, = nat; + md, (see Fig. 4b) and determined as

cos® = 791 aj .
|Calla

Here, a,, are lattice vectors of a graphene sheet (12). An ith
carbon atom on a surface of the tube can be defined by its
cylindrical coordinates: position along the tube axis z;, and an
azimuthal angle ¢;, as shown in Fig. 4b. To this end, we define
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Fig. 5. Representation of the transition density matrices in the helical tube
coordinates. (a) Contour plots of the transition density matrices correspond-
ing to nine excitons of the (10,5) tube shown in Figs. 2 and 3 in the helical
coordinate system schematically shown at bottom and described by Eq. 1.
Positions of the electron and hole are labeled with an azimuthal angle
0 < ¢ < 2m. The helical lines of the (10,5) tube are highlighted in red and cyan
(orthogonal to the red line) on the tube surface. (b) Four excitons numbered
1, 2 (bright state), 11, and 13 show much stronger localization with respect to
the tube circumference, compared with other states. These four excitons are
attributed to parallel-polarized Eqq transitions, whereas the others are cross-
polarized Eq; and E3; excitons. The color scheme is given in Fig. 2.

a subset of carbon atoms with coordinates z; and ¢; that satisfies
the conditions

Zi

P Rtan ©’ |(D ¢)1| Saq)s [1]
where an arbitrarily small width parameter 6® is roughly chosen
as the angular distance between the two nearest carbons. Thus,
for a given tube index (n, m) we can investigate the excitonic
delocalization among atoms selected by Eq. 1. For example, Fig.
5b shows these atoms colored red for the (10,5) tube. Cyan
carbon atoms represent the replica of the red line shifted by 180°.
The cyan and red lines wrap around a tube from opposite sides.
Comparison of transition density distributions between the red
and cyan directions allows one to visualize how an exciton is
mutually delocalized over both opposite tube sides.

Fig. 5a shows the distribution of transition density matrix
values along the red line for nine zero-node states for the (10,5)
tube. To eliminate the artifacts of tube ends, we focus only on
one central unit-cell of a tube. A similar picture is valid for the
cyan direction (data not shown) reflecting the delocalized
character of the excitonic wavefunction with respect to the tube
circumference. By analogy with L, the coherence azimuthal size
of an exciton can be defined as the largest off-diagonal extent
(Lca) of the nonzero matrix area, presented in Fig. 5. It is clearly
seen that Lca is finite only for the four z-polarized excitons,
whereas it is spread over the entire matrix for other states. The
finite Lca size indicates that z-polarized excitons originating
from the E;; transition are more localized along the tube
circumference as compared with the cross-polarized excitations
arising from Ej; and Ej; transitions. Remarkably, transition
density matrices analyzed in the helical coordinate systems have

Kilina et al.
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Fig. 6. Calculated polarized absorption spectra of the (11,0) tube (a) and
variation of excitation energy of semibright cross-polarized excitons with
respect to the excitation energy of the first bright exciton with parallel
polarization, as a function of the inverse tube diameter (b). The gray and red
dashed lines show the fit of experimental and theoretical data using Eq. 2.

very similar patterns for the (10,5) and other studied SWNTs
[e.g., Fig. S1 shows plots calculated for the (7,6) tube]. This
representation clearly distinguishes z-polarized states from
cross-polarized ones. Among the four z-polarized excitons, one
is optically active, two are completely dark, and one is weakly
allowed with a dominant z-component in its oscillator strength.
The other excitons are cross-polarized E1, and E,; states. The
oscillator strength of these cross-polarized excitons is mostly
suppressed. However, there are at least two semibright, nearly
isoenergetic states with nonzero x- or y-components in their
oscillator strength, which can be probed experimentally. Fig. 6a
shows theoretical polarized absorption spectra of the (11,0) tube
calculated by using oscillator strengths and empirical 0.1 eV
Gaussian linewidth (24). The semidark cross-polarized excitons
(such as 27 or 28 in Fig. 5) contribute to the main peak of x- and
y-polarized absorption and marked by a red arrow in Fig. 6a.
Notably, change in tube length only negligibly affects the posi-
tion of this peak, while E;; states become slightly red-shifted.

Fig. 6b compares the experimentally measured (via Raman
spectroscopy) (37) and calculated energy splittings between the
first bright Ey; and a semibright cross-polarized Ei» (E21)
excitations as a function of the tube diameter. Both experimental
and calculated results demonstrate an increase in the splitting as
tube diameter increases. This trend can be approximately lin-
early fit as

AE = AE, - S/d, [2]

where S is the slope and d is the tube diameter. Numerical fitting
gives AEG™® = 091 eV, AE® = 0.87 eV, §°* = (.50 eV-nm, and
St = (.33 eV-nm (in atomic units, S*P = 0.35 and S = 0.23).
Such scaling can be interpreted as a consequence of observed
different excitonic delocalizations for the parallel- and cross-
polarized Ej, excitations in the circumferential dimension. z-
polarized states are more localized, and their transition energies
are strongly stabilized as the tube curvature is reduced. In
contrast, cross-polarized states are completely delocalized in the
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azimuthal dimension, and their transition energies are less
sensitive to the tube diameter. Therefore, the splitting displayed
in Fig. 6 increases with tube diameter. Finally, we notice that the
optical transition dipole moment of cross-polarized excitations is
expected to be sensitive to perturbations that break the tube
symmetry in the circumferential dimension, such as inhomoge-
neous electric fields, and varying local dielectric constants
appearing due to tube bundling and defects. Such perturbations
affect properties of cross-polarized excitations because of their
complete delocalization in the radial dimension. Indeed, recent
experiments report that the optical signatures of cross-polarized
excitations are more pronounced in bundles as compared with
individual tubes (45).

Conclusions

We have investigated computationally and analyzed in detail the
properties of all fundamental excitonic bands arising from Ey;,
E1», and E; single-particle transitions in eight species of SWNTs.
Our semiempirical approaches combined with the TDHF ap-
proximation capture important excitonic effects dominating
SWNT photoinduced dynamics and naturally account for effects
of molecular structure, such as the tube chirality and curvature.
The results of our simulations show intricate details of excited-
state properties in carbon nanotubes focusing on the electronic
states corresponding to the cross-polarized transitions respon-
sible for transverse optical absorption in nanotubes. The inter-
mediate frequency vibrational modes, recently observed by
resonance Raman excitation spectroscopy experiments, are be-
lieved to couple to these excitons. However, the detailed mech-
anisms of vibrational coupling and the origins of the interme-
diate frequency vibrational modes are currently not well
understood (37).

Because of degeneracy of the corresponding molecular orbit-
als, each considered transition between the van Hove singulari-
ties gives rise to four distinct excitonic bands. Excitations orig-
inating from E;; and E;,/E»; transitions have transition dipole
moments parallel- and cross-polarized to the tube axis, respec-
tively. However, most of these transitions are optically forbidden
(dark). We typically observe a single, strongly optically allowed
excitation related to the Ey; transition and two near degenerate,
weakly allowed excitations related to the £, and E»; transitions.
The transition energies of all dark excitons span the entire range
from the lowest state to the E,, excitation. All considered
excitons represent tightly bound electron-hole quasi-particles,
which have very similar delocalization properties along the tube
axis. Such properties driven by excitonic effects are dramatically
different from predictions of the one electron theory assigning
the cross-polarized transition to be exactly in the middle between
E1; and Ej; transitions (32).

To examine excitonic properties and to classify the resultant
transitions, we analyzed the transition density matrices using
the natural helical coordinate system. We found that photo-
excited charge densities follow the tube helicity. Consequently,
such a representation provides a natural universal framework
for all SWNTs. Our analysis allows one to recognize critical
distinctions between parallel- and cross-polarized transitions.
In particular, all z-polarized excitons are more localized in the
circumferential dimension as compared with the cross-
polarized excitations. This difference is so well pronounced
that it allows us to separate the four parallel-polarized Ei;
excitons from the cross-polarized E1, (E>2;) transitions. Con-
sequently, the energy splitting between parallel- and cross-
polarized excitons increases with increasing tube diameter
because the energy of the optically allowed E1; exciton is more
sensitive to the tube curvature. On the other hand, we expect
the optical signatures of delocalized cross-polarized excitons to
be very sensitive to the variation of the dielectric environment
around the tube, as well as tube defects. This may allow for a
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better understanding of self-assembling mechanisms of hybrid
materials, such as SWNTs functionalized by DNA strands (46).
Although DNA-wrapped SWNTs promise broad applications
in metal-semiconductor tube separation and unbundling pro-
cedures (47), drug delivery, and cancer therapy (6), very little
is known yet about details of SWNT-DNA hybrid formation
and its combined properties. Different photophysical behav-
iors of SWNT excitonic states may be used in future applied
spectroscopic measurements as a complementary character-
ization of specific nanotube samples.
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