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e Much mathematical modeling of gene networks is done at
the macroscopic level.

— Thermodynamic Limit.
— Deterministic Models.

e Some key chemical species are very rare.

— genes, proteins, RNA molecules, etc.
— Jake on discrete values.
e Noise dominates the cellular environment.
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A Markov description of
chemical kinetics

* At any time the system is in one of a countable number of
configurations. X* = [z, 29, 23, .. ]

* Reactions are transitions from one configuration to another.
* These reactions occur with exponentially distributed waiting times.

he 1!"occurs in the next infinitesimal time step, with
probability a,, (x;)dt.
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The Chemical Master Equation

The probability that the system is in configuration x at t+dt is
equal to the probabillity that the system is at x at {, and no
reaction occurs between t and t+dt plus the probability that the

system is one reaction removed from x at t and that reaction
occurs between t and t+dt.
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p(x,t) Z Z (x — vy, t)ayu(x —vy)
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The probability that the system is in configuration x at t+dt is
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The Chemical Master Equation

The probability that the system is in configuration x at t+dt is
equal to the probabillity that the system is at x at {, and no
reaction occurs between t and t+dt plus the probability that the

system is one reaction removed from x at t and that reaction
occurs between t and t+dt.

The CME (McQuarrie ‘67):

M

p(x,t) = —p(x,1) > au(x) + Zp — Uy, t)

u=1

Define the prolbability density state
vector (padv): P(X,t) := [p(x1,t), p(x2,t), p(x3,t),...]".

P(X,t)evolves according to the Linear Time Invariant ODE:
P(X,t) = A -P(X,t).

The matrix CME
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e Kinetic Monte Carlo algorithms.

— SSA, T leaping, System

Partitioning Me

‘hods.

— May require many realizations (10 to 10°) be
can achieve sufficient confidence in the solution of the

CME.

e Matrix Exponential Solution
P(X,t) = exp(At)P(X, 0)
— What if the configuration space is infinite”

‘ore one
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Chemical Master Equation (CME)
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Finite Projection Bounds e

LetJ = [j1. o, - ... jn] De an indexing vector, defining A ; € RY*"
to be the principle submatrix of A.

Theorem 1 [Munsky, Khammash JCP ‘06]: Consider any
Markov Process in which the probability distribution evolves
according to the ODE:

P(X,t):= A -P(X, 1)

If for an indexing vector J: 17 exp(A st )P(X;;0) > 1 — ¢
thenexp(A jt;)P(X;;0) < P(X;:ts), and
{ P(Xj,tf) } B { exp(Atf)P(XJ,O)

P(X,tr) 0
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e The FSP is a linear ODE.

— Provides probabillity bounds on unlikely events.

— Open to linear systems based model reductions.

— Enables sensitivity and robustness analyses.
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1. Introduction
2. The Finite State Projection (FSP)

3. FSP Model Reduction
e (QObservabllity based minimal realizations.
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Reducing Unobservable
Configurations

e Often one is Not interested in the entire probability
distribution.

® |[nstead one may wish only to estimate:
% a statistical summary of the distribution, e.g.
4 means, variances, or higher moments
% probability of certain traits:
4+ switch rate, extinction, specific trajectories, etc...

® |n each of these cases, one can define an output y(t):
P(t) = AP(t)
y(t) = CP(¥)




Munsky 2006

Aggregation and Model Reduction ucsb

Given: Generic CME in the form of a linear ODE:

P(X,t) = A -P(X,t)
The system begins in the set U at =0 with pdv: P(Xy,0).
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Aggregation and Model Reduction ucsb

Given: Generic CME in the form of a linear ODE:

P(X,t) = A -P(X,t)
The system begins in the set U at =0 with pdv: P(Xy,0).

Find: P(Xy,ts)for some set Y.

Define:
R = set of configurations reachable from U.
R’ = set of configurations unreachable from U.
O = set of configurations from which Y may be reached.

O’ = set of configurations unobservable from Y.
13
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The full pdv evolves according to:

T P(Xpo,t) ] Aro.ro Aroro Aroro Aroro
P(Xgio,t) Aroro Aroro Aroro Aro.ro
P(Xgot) Aro.ro Aro.ro Aro.rRo ARO.RO

 P(Xpont) ] | Aroro Aro.ro Aro.ro Aro,ro |
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The full pdv evolves according to:

" P(Xgo,t) | Aro,ro Agro,ro Aroro Aroro | [ P(Xgo:t) |
P(Xpro,t) 0 Aroro 0 Aro ro P(Xpro,t)
P(Xgro t) Aro'ro Aro' ro Aro.ro Aro.RrO P(Xgrot)
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The unreachable configurations cannot be excited by reachable ones (may be removed|)
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Aggregation and Model Reduction b

The full pdv evolves according to:

T P(Xpo,t) ] Aro.ro Aroro 0 0 - P(Xgo,t) ]
P(Xgo,t) 0 Aroro 0 0 P(Xro,t)
P(Xgro t) Aro'ro Aro' ro Aro.ro Aro.RrO P(Xgrot)

I P(XR’O’vt) ] 0 AR’O’,R’O 0 ’ AR’O’,R’O’ | L P(XR’O’vt) ]

The unreachable configurations cannot be excited by reachable ones (may be removed|)
The unobservable configurations may not excite the observable ones

The Full system reduces to

P(Xro,t) | _ | ARO,RO 0 P(Xgro:t)
P(XRO/,t) ARO’,RO ARO’,RO’ P(XRO/,t)
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The Observabllity Aggregated FSP

Theorem 2: Consider any Markov Process in which the
probabillity distribution evolves according to the ODE:

_ PY - Ay 0 PY
Py, | | Ayry Ay Py, |

If for an indexing vector: J € Y,

Agty 0 P, (0)
T JUf J
Ve | a0 |

> _—
1pr/(0) :| = 1 o

then

ity ol it S

1Py (¢4 1" Ay ity 0 1Py (0)
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The Observabllity Aggregated FSP

Theorem 2: Consider any Markov Process in which the
probabillity distribution evolves according to the ODE:

_ PY - Ay 0 PY
Py, | | Ayry Ay Py, |

If for an indexing vector: J € Y,

Agty 0 P, (0)
T JUf J
Ve | a0 |

> _—
1pr/(0) :| = 1 o

then

iy ol i, S

1Py (¢4 1" Ay ity 0 1Py (0)

We need only keep track of the unobservable states as a
single aggregate.
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Example: Genetic Toggle Model:

Gardner, et al., Nature 403, 339-342 (2000)

J— Repressor 1

Fromatar 2

u(t)

Inducer 1

Two repressors, u and v.
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Example: Genetic Toggle Model:

Gardner, et al., Nature 403, 339-342 (2000)

Inducer 2 al(u,v) — a A= 1
v(t) 1 1+ v 0

‘ Promicter 1 J_

Reprecsor 2 : : Repressor 1 Reporter

T Promater 2
u(t)

|

Inducer 1

Two repressors, u and v.

v inhibits the production of wu.
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Example: Genetic Toggle Model:

Gardner, et al., Nature 403, 339-342 (2000)

051
14+08 17 _

uCer ai1\u,v) =
V(t) In-:IJ_ 2 1 ( ] )
‘ Repressor 2 F"r-:m:ta'1 J— : Repressor 1 Reporter _ &2
—_ Fromotear 2 ‘ CL?) (/u/, /U) — 1 N
u(t) T

Vg —

Inducer 1

Two repressors, u and v.
v inhibits the production of wu.

u inhibits the production of v.
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Example: Genetic Toggle Model:

Gardner, et al., Nature 403, 339-342 (2000)

(1

al(u7v): 1‘|‘Uﬁ VG —

0%

u inhibits the production of v.

) asz(u, v) o —
Two repressors, u and v. as(u,v) = u vy = {
v inhibits the production of v. /
a4(u, ?}) _

Both v and v degrade exponentially.
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Gardner, et al., Nature 403, 339-342 (2000)




Munsky 2006

A Sample Trajectory

We begin with an initial
condition:

o =1

and consider a sam
trajectory.

200 4010 GO0 800 1a00 1200 14010 16010 1800 2000

200 400 GO0 aon 1000 1200 1400 1600 1800 2000
, >
Time (s)
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A Sample Trajectory

We begin with an initial
condition:

o =1

and consider a sam L T A ML
. 1] 200 400 GO0 aon 1000 1200 1400 1600 1800 2000
trajectory.

Lk

] ] ] '
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A Sample Trajectory

We begin with an initial
condition:

o =1

and consider a sam
trajectory.

Define the switch to be
OFF when v(t) > 5 and v(t)
u(t) < 20.

80

G0

40

20

a

a0

40

30 F

20 F

10F

a

| cli v eadl w L I b | | N S
1 200 4010 GO0 800 1a00 1200 14010 16010 1800 2000

Lk

] ] ] '
a 200 400 GO0 g00 1000 1200 1400 16010 1800 2000
: >
Time (s)
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We begin with an initial
condition:
u(t) | | 60
v(t) | | 0

and consider a sam L T A ML
. 200 400 GO0 aon 1000 1200 1400 1600 1800 2000
trajectory.

Define the switch to be
OFF when v(t) > 5 and v(t)

u(f) < 20. : A ! Ll

200 4010 GO0 800 1a00 1200 14010 IEI]EI 18010 EI]EI

Time (s)

Find: The time at which 99% have turned OFF.
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Partitioning the
Configuration Space

For convenience, we define some
configuration subsets.

Neither ON nor OFF
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For convenience, we define some
configuration subsets.

X = set of all configurations that
have never been OFF.

Y’ = set of all configurations which
have ever been OFF.

Relationships:

X is unreachable from Y’, and
therefore Y’ Is unobservable from X.

We can therefore treat Y’ as a single
aggregate.

Yt)
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trajectories tend to remain in a
small region of the configuration

]
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set: u(v(t)<260. ‘
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® From the simulation we saw that
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® \We project X j-to a single point.
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® From the simulation we saw that
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small region of the configuration
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® \\e will call this set X jand its
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® From the simulation we saw that
trajectories tend to remain in a
small region of the configuration
set: u(t)v(t)<260.

® \\e will call this set X jand its
complement X

® \We project X j-to a single point.

® No transitions can leave X

We now have a small dimension,
Solvable system.
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Define:
y'(t) =17 P(Y', t) : probability of having turned off.
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Define:
y'(t) =17 P(Y', t) : probability of having turned off.

Agty 0 | Py(0)
> 1 _
1TAY/th 0 } { ' (0) = 1-¢,

From Theorem 2, if 17 exp {
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Define:
y'(t) =17 P(Y', t) : probability of having turned off.

Aty 0 } { P ;(0)

—
From Theorem 2, if 1° exp { 1" Ay 5ty 0 y'(0)

then

5 e, 3158
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Applying the FSP

Define:
y'(t) =17 P(Y', t) : probability of having turned off.

Aty 0 } { P ;(0)

—
From Theorem 2, if 1° exp { 1" Ay 5ty 0 y'(0)

then

{ P(ty) } _exp{ Asty 0 } { P ;(0)

Yy (tr) 1" Ayigty 0 y'(0)

Most importantly, we have an estimate of the probability that of avoiding
the OFF configurations, (7-y’(t)), which we were seeking to find.
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(1 - the probability of turning OFF) vs. time

The reduced FSP solution takes only 1.9

1]

A
seconds to compute. 10 . : .

Provides guaranteed bounds on the a| 100.000 runs
probability of switching. ;
(1—y'(¢))

In comparison, Monte Carlo simulations
(SSA) require many many runs to achieve
comparable precision.

Provide no accuracy guarantees.
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(1 - the probability of turning OFF) vs. time

The reduced FSP solution takes only 1.9
seconds to compute. ) 5 . : .

Provides guaranteed bounds on the | 100,000 runs
probability of switching. i
(1 -y'())

In comparison, Monte Carlo simulations
(SSA) require many many runs to achieve
comparable precision.

Provide no accuracy guarantees.

The FSP approach also provides estimates of every other initial probability
distribution supported on X ;.

Monte Carlo methods only consider a single individual initial distribution.




FSP vs. Monte Carlo A\gorith

Table 1: A comparison of the efficiency and accuracy of the FSP
and SSA solutions to find the time at which 99 percent of cells
will have reached the OFF state.

Method || # Simulations | Comp. Time (s) ¢ | tg9 | Relative Error
Full Model
FSP N.A. 1.9 850 < 0.12%
SSA 107 33 789 | ~ 7.3%
SSA 10% 330 806 | ~ 5.2%
SSA 10° 3300 838 | ~ 1.5%
SSA 10° 3.3 x 10* 845 | ~ 0.6%

“All computations have been performed in Matlab 7.2
on a 2.0 MHz PowerPC Gb5.
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— Usually cannot be solved exactly,

— but it can be approximated using the Finite State
Projection algorithm.

e Often the FSP is both faster and more precise than Monte
Carlo approaches.

— Allows additional analytical tools (robustness, sensitivity).
— Enables model reductions.
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