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SRS AECEE M Graphical model and inference

Graphical Model

Example

Ly

L

Stochastic Variable

T = (xi,x]’,ﬂ?k,xl)T

Clique

re L =1{ab,cd}

v
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i s 2l e
Graphical model

Joint distribution

rel
= exp (Z Cr(m'r) 9011)
rel
bol@) >0, 2= (T vrian)

x rel
Cr(wr) = log ¢r(mr)a Pq = log Z
x, = {xz;lt € V(r)}, V(r): member of clique r.
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i s 2l e
Belief Propagation

Message update

For each (r,7), update messages vp;(z;), pri(z;).
Q initialize t = 1, v(x;)" = 1/2 ppi(3)t = 1/2
© update messages as follows

Vﬁjl(x,) o Z () H ,um ;)

z\z; JeV(r)\i
pih @) oo T vh (),
SN

© belief (marginal distribution) is

AR CHOE || RZ=R(C))

reN (i)
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Information Geometrical View

Information Geometrical View

Our results

Information geometry: Applied differential geometry to
statistical /stochastic models.

[{ Amari, (1985). Springer-Verlag.
@ Murray & Rice, (1993). Chipman & Hall.
[{ Amari & Nagaoka, (2000). AMS and Oxford University Press.
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[y fan (Heaeiy
Information Geometry

S: x Space of probability distribu-
tions.

Each point 7(x)€S is a probability
distribution
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[y fan (Heaeiy
Information Geometry

M = {p(x;0)}: distributions
parametrized by 6.
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[y fan (Heaeiy
Information Geometry

M = {p(x;0)}: Model manifold
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T BV NET IS RVEAN  Information Geometry

Information Geometry

0 = argmin K L(r(x); p(x; 0))
6cO

| Maximum Likelihood: m-projection
J‘ to the model

" If the model is an exponential family,
projection is unique.
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[y fan (Heaeiy
Information Geometry

If p(x;0) is an exponential family,
| and its sufficient statistics is t(x), m-

L “ projection gives

| 0 | Ey(@)[t(2)] = Ep(a:e) [t(2)]
M= {p(fv;(y

m-—projection

v
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T BV NET IS RVEAN  Information Geometry

Information Geometry

% @
émf = argmin K L(p(x;0);r(x))
/ 0cO

e-projection \
c | Naive Mean Field approximation: e-

| w‘ projection

L |

\ 5 For an exponential family, there are a
{{p(;)‘e)}/ lot of local minima.
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[y fan (Heaeiy
Information Geometry

r(z)
o In Statistical Physics, multiple lo-
e—projection \ Th ey

- cal minima are important.
:\ consider the multiple solutions corre-
| sponds to landscape of energy func-

}/ tion and “phase transitions.”
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Tl BV NE T T RVIEWAN  Belief Propagation and Information Geometry

Information Geometrical View

Our results

Discuss the accuracy, convergence of LBP with information geometry

[ lkeda, Tanaka, & Amari, (2004). IEEE tr. on IT, 50(6), 1097-1114.
[§ lkeda, Tanaka, & Amari, (2004). Neural Comput., 50(6), 1779-1810.
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Tl BV NE T IS RVICWAN  Belief Propagation and Information Geometry

Belief Propagation

Joint distribution

a(@) = exp (Y er(@) — )

o
DEX—SMIL!%N
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Information Geometrical View

Belief Propagation

Single link models

©

M, :{pr(m§ Cv) = eXp(Cr(m) Gz — ‘:OQ(CT))}’ r

Belief Propagation and Information Geometry

S ~
/ q(z) \
/ \\\
M- \
\\ /
o 2
=1,---,L.
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Tl BV NE T T RVIEWAN  Belief Propagation and Information Geometry

Belief Propagation

Marginals

RESROR

Mo ={po(@;6) = exp(8 - @ — 0(6)) |
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Tl BV NE T IS RVICWAN  Belief Propagation and Information Geometry

Belief Propagation

Convergence

M(0) = {Product of marginalspy(x; 0)}

Condition 1
po(x;0), pr(x; ;) € M(O),

lkeda (ISM)
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£/ FrapEezien andl I aniEien Caareiy
Belief Propagation

At convergent points

If M(6) includes q(x) po(x;0) is the true
marginals.
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£/ FrapEezien andl I aniEien Caareiy
Belief Propagation

Convergence

E = {log-linear mixtureofpg, p, }

= {ZEI(t)pO(CU; 0)t0 Hr pr(x; CT)tT

zem)

Condition 2
q(x), po(x; 0), p(x;¢,) € E
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Tl BV NE T IS RVICWAN  Belief Propagation and Information Geometry

Belief Propagation

Convergence

Theorem

When po(x; ), and p.(x;¢,) r = 1,---
satisfies

Condition 1 and Condition 2

—
It is the convergent point of BP.
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Approximate accuracy

Perturbation analysis

Difference between E and M (0) — Accuracy
T, expectation of & w.r.t. g(x). Tpp: convergent point of BP.

o 1 _
r#s

B,s®pp : order 4 loop, embedded m—curvature of £

-: order 6 loop, torsion of E.
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ez 2P
Convergence

e—constraint algorithm

Condition 2 is always satisfied, update parameters to satisfy Condition 1

uc,\—:,.v..-:“vl|
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ez 2P
Convergence

e—constraint algorithm

E

pr(a:;Cr)

BP, TRP (Wainwright, et al. NIPS*14)

2
veA owirvawdl
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ez 2P
Convergence

m~—constraint algorithm

Condition 1 is always satisfied, update parameters to satisfy Condition 2

uc,\—:,.v..-:“vl|
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ez 2P
Convergence

m~—constraint algorithm

CCCP (Yuille & Rangarajan, NIPS*15)

v
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P
Survey Propagation

Background

[8 Mézard, Parisi, & Zecchina, (2002). Science, 297, 812-815.
Method to analyze K-sat problems.

3-sat problem

(:171\/CEQVLEg)/\(Lf?l\/CE4V(175)/\((174\/562V563)

3-sat is NP complete. For above example,
(21,22, w3, 24, 25) = (+,+, %, x,+) is a solution. Also (x,*,+, —, )

is.
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P
Survey Propagation

Notation

’(/)1(:131) =1- %(1 = 561)(1 =4F 562)(1 — :173)

1(xq) is 1 if (x1 V Ty V x3) is True, otherwise 0, and

V= (21 VEVas) A (1 VIV a5) A (zg Vg Vas) = [ [ vr(z,)

Yr(zr) =1~ é H (14 Jrizs), Jrs € {-1,+1}

1€V (r)

if V=11is 1, it is SAT.
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Survey Propagation (SP) {3

Probability Distribution
Model

a(@) = exp (B wr(@,) — 0o(8)

This distribution describes the SAT problem as § — oo.

Finite temperature

8 — oo is survey propagation.

[ Maneva, Mossel, & Wainwright, (2007). JACM, 54(4), No.17.
For finite temperature, the relation to BP is not clear.

[ Kabashima, (2005). JPSJ, 74(8), 2133-2136.

o
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P
SP is based on BP

BP

Important distribution

pr($r§ Cv) = eXp(ﬂ¢r(mr) 4 (a8 — SOT(CT))
exp(6;x;)

po(zi; 0) = exp(0iz; — o(0:)) = )

At the convergent point,

x'u 7, § pT :BTv

xr\T;

. pr(r;C)
o x;0")
q< ) PO HpO :BT 0*)

Fp(07,{¢}) = 220 (90(07) — ¢r(C)) — ¢o(07): Bethe free energy
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Survey Propagation (SP) BEId

Difference between SP and BP

BP

@ There are many convergent points of BP

@ SP utilizes all the BP convergent points

Let a be the index of and the convergent points be indexed as 6%, {¢"}.

For each a =1,--- , A the following relation holds.
po(xs; 0F) = Y pr(ar; )
wr\xi

ofe) o (i ) [ L0 = exp (53 vien) + Fo(6°. 1))

Fi(0,{¢1}) = . (00(6%) — 9r(¢)) — 0(6%): Bethe free energy |

MF approx and Info Geom 31/Aug/2009 31/38
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Survey Propagation (SP) {3

Idea of SP

Approximation with a mixture

Approximate ¢(x) as follows

Z m(a)po(z; 0%)
1-RSB ?
How to determine m(a) ?
SP do not use 7(a) but distribution of £7, {“.
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Survey Propagation (SP) BEId

Update rule of SP

From Kabashima’'s result

If every £ and (” is different from each other depending on a, finite
temperature SP is defined as follows.

© Increase ¢ by 1 and update w(£",) as follows,

a €Xp 57,rz Bipr(sr W(C?J)GXP(CZ%)
am (& )(2 cosh(£%)) (mrz\wle ) jE‘D(T)\i (2 cosh({j}j))y '

@ Update and 7(¢?) as follows

a eXp(CT(‘limi) _ ﬂ-(ggz) exp(fglwz)
Br(Cr) (2cosh(¢2))? ue/\lf_([i)\r (2cosh(¢2,))?

DEX- SMI:;AUJI
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Fliie e EiE HP
Update rule of SP

m(&)

R T va——] (oA ) H 7( ﬁj)
(2 cosh(ggi))y

jevions (2eosh(C:)”
(2cosh(¢2))” v (2cosh(¢g,))?’
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Fliie e EiE HP
Update rule of SP

a
T

a y
L@V — [ gm@—enicr) Hievin 2e0sh()
- 2 cosh(£%)2 cosh(C%)

1 VG2 _ ( Tuen 200sh(¢8) \?
) )

If every ¢, and (¢, is different for each a m(a) = w(£%;) = w(¢?) holds.

—7(a) ~ \ 2cosh(¢%)2 cosh (¢,
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SITVEACLEEET NI M Finite temperature SP

Update rule of SP

Let E the number of edges and
D IVI=B, Y INGI=

When 2 cosh(¢?,)2 cosh(ﬁ“) ~ 4 cosh(#¢) holds. (since 6 = ¢ + (.

holds, this means one of £, and (¢, is 0 or very large)

om(a)P?E ~ exp( ngpr )H H (2cosh(¢ Cri) (1)

T ojeV(r
1
ﬂﬂ-( )E s 2N eXp ySOO H H QCOSh m ? (2)
i reN(i)

'.::'g;.: %
DEX-SMI#a

lkeda (ISM) MF approx and Info Geom 31/Aug/2009 36 / 38



Survey Propagation (SP)

Update rule of SP

Cr(@2ENE) = exp(y[ > (wo(62) — 00 (C1) = 90(6)])  (3)

T

= eXp(yFB (ea’ {Cﬁ}))v (4)

lkeda (ISM) MF approx and Info Geom



Conclusion

@ Information geometrical view of BP

@ Approximation accuracy: perturbation analysis.
o Convergence: e—m~—constraint algorithms.

@ New understanding of SP.
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