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Motivation

¥Ewlution:species competdtter wins
¥Societypeople competedr social status

¥ Economicscompanies competef market
shae

¥Arts,sciencepolitics:a/vards,prizes,elections

Competition Is eerywhere



Why sports?

¥Spotts competition esults ae:
- Accurate
- Widely available

- Complete

Spolts as a laboratoy for
understanding competition



Theme

¥ Competitions ae not perectly predictable
¥ Outcome of a single competition is stocha:

¥ Winner of a series of competitions (league
tournament) Is also subject to randomness

Randomness IS inhent



|. Modeling competitions



What Is the most competiti® spoit?

*3 Soccer

@ Basletball
@ Footbal

Can competitieness be quantibped?
How can competitieness be quantibped?



Parity of a spais league

Major League Baseball
American League

¥ Teams ran&d by win-loss ecord 2005 Season-and Standings

¥ Win percentage S

Number of wins ampa 5o 0w |
T = T

Number of game: = B

¥ Standad deviation in win-pecentage ==~ 1 & |&
- T —

= W EF T

¥ Cunulatiwe distribution = Fraction or N

In baseball
0.400 < x < 0.600
I = 0.0€&

teams with winning p&entage < x
F(x)



Data

¥ 300,000 Regular season ganiglames\er plaed)
¥5 Majorsports leaguesn United States & Engla

sport leagud full name country| years games
soccer FA  [FootballAssociation —4=— |1888-2005 43,350
baseball MLB |Major League Baseball == (1901-2009 163,72C

-
*
-

hoclkey NHL ([National Hoclkey League
basletball NBA |National Bas&tballAssociatior
football NFL |National ootball League

= k.

source: http://lwww.shrpspots.coni http://www.the-englishefotball-achive.cony

1917-2005 39,563
1946-2003 43,254
1922-2004 11,770



http://shrpsports.com
http://shrpsports.com
http://www.the-english-football-archive.com
http://www.the-english-football-archive.com

Standad deviation in winning pe&entage

F(x)

o

0.25
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0.15

D.210
0.10 'I itllo i
0.05 Mt &
0]

MLB FA NHL NBA NFL

| ¥Baseball most competig®
) Mootball least competitie?

Distribution of winning pezentage

cleary distinguishes spts
Fort and Quirk,1995



OBrerything should be made as simple
as possible but not simplerO

reeiman Dyson



OSimple BRicsO

PRECE Fd.5%0

MY 2, 200T




The competition model

¥ Two, randomy selectedteams plgt

¥ Outcome of game depends on teamcord

| g= 1/2 random

- Wealer team wins with pobability 9<1/2 —  _;  geeministic
- Stronger team wins with mbability p>1/2 P+ =1
. |+ 1,] robabilit S
oy (__ J) P ity p >
(I1,] + 1) probability 1" p
- When two equal teams pjawinner piclked randomy

¥ Initialy, all teams a& equal (0 wing) losses

¥Teams plg once per unit time  (x) = %



Rate equation @oroach

¥ Probability distribution functions

Kl 1 Ok = fraction of teams with K wins

Gy = Zgj = fraction of teamswith lessthan k wins Hp= 1! Gpyg = Z of
j=0 Jj=k+1
¥ Ewlution of the piobability distribution
d 1! )
% = (1 —a) (Gt 1Grr 1 — 9Gr) + A9k 1Hw 1 — OkHy) + 9 O 1 — O
better team wins worse team wins equal teams pla

¥ Closed equationsof the cunrulative distribution
dG
dtk = (Gk-1—Gx) + (1/2—q) (Gi_, — Gf)

Bounday ConditionsG,=0 G, =1 Initial Conditions Gy(t= 0)= 1

Nonlinear Diference-Diférential Equations



An exact solution

¥ Stronger alvays wins (q=0)
dGy

= | |
r Gk (Gk ! Gk 1)

¥ Transbrmation into a ratio

P
Gk — i
P41
¥ Nonlinearequations educe tolinearrecursior

d P
“rk = Pk—l

¥ Exact solution

1+ t+ St2+ ...+ Lth
Gk: 2! k!
1+ t+ St2+ -+ otk




Long-time asymptotics

1,

¥ Long-time limit 7
k+ 1 0.8

Gy |
| L 06
¥ Scalingdrm X ]

LL
K 0.4- — t=10
Gy — F () - — t=20
t | — t=100
0.2+ — scaling theory

¥ Scaling function
O ] | |

F(z) = 0 0.5 )](. 1.5

Seek similarity solutions
Use winning parentage as scaling variable



Scaling angsis

¥ Rate equation

dG
d—tk — Q(le 1 — Gk) + (1/2 - q) (Gi' 1 G%)

¥ Treat rumber of wins as contirous c..! & |6
Inviscid Burgers equation | G | G |

¥ Stationay distribution of winning peentage
k

Gk (t) — F(x) = n

¥ Scaling equation
(x! g (1! Z@F(x)]‘;—i:o



Scaling solution

¥ Stationay distribution of winning peentage

F(x)
0 0< X<

1—
X |
F0O = { 175 A< X< 1l
1 11 g< X, y
|

¥ Distribution of winning pezentage is uréfm
f (X)

(0 0<x<gq

1
g<r<l—gq 1

1 —2q 2! 1 |
L 0 l—g<uw.
X

¥ Variance in winning peentage *

| 1/2' q . {q1/2 perfect parity

g=20 maximum disparity



Approach to scaling

Numerical integration of the rate equatiortss1/4

1 ! | ! | ! 1 0.5 T | ! | ! | ! 1
0d |~ 100 |
1 |— =500 04 NFL =
0.6- t /2 i NHL | 80
’>? . 503 NBA 80 il
I - ' MLB NFL | 16
0.4- - . — .
' 0.2+ a A
0.2 i / 1v/3
0 06 o8 1 %200 200 600 800 1000

0 —02 04
X t

¥Ninning pecentage distribution@proaches scaling solution

¥Correction to scaling isery large 6r realistic mmber of games

M arge variance ngebe due to smallumber of games

1/2!
(0= L0 Large!

Variance inadequate to characterize compeditigss!




The distribution of win pertentage

1

1

¥lreat q as a btting parametéme=number of games
¥Allows to estimate godel for different leagues



The upset fequency

¥ Upset flequency as a measuof predictability

Number of upsds
Number of game:

q_

¥ Addresses the variability in theimber of games
¥ Measue directly from game-j-game esults

- Ties:.count as 1/2 of an upset (smallazff)

- lgnore games ypteams with equalacords

- Ignore games pteams with no ecord



The upset fequency

04—

FA |0.452 | 0.459

O 4 ~/\/\/’ \\\\_- League q Omodel
04 ) MLB | 0.441 | 0.413
0.4 - NHL | 0.414 | 0.383

' NBA | 0.365 | 0.316
0.4 _ ] NFL | 0.364 | 0.309

0.36F — v g diferentiates

0.34- — NHL the diferent
— NBA

0.32 — NFL sport leagues!

0.30~900 1920 1940 1960 1980 2000

year

Soccerbaseball most competiev
Basletball, football least competite



Evolution with time

ORPPRPRERPENNNNDN

1900 1920 1940 1960 1980 2000 89001920 1940 1960 1980 2000
year year

¥Parity predictability miror each other | - ¥#_
Mootball baseball in@asing Competlteness
¥Soccer decgasing competitBNesSpast 60 gars)

S.JGould, Full House, The spread of excellence from Pluto to Darwin, 1996



|.Discussion

¥ Model limitationit does not incorporate

Game locationhome Peld advantage
Game scoe

Upset flequency dependent orelative team
strength

Unbalanced schedule

¥ Model advantages:

Simpleinvolves ony 1 parameter

Enables quantitagvanaysis



1.Conclusions

¥ Parity characterizedybvariance in winning peentage
- Parity measuwa requires standings data
- Parity measwr depends on season length
¥ Predictabllity characterizeayupset fequency
- Predictability meas@ requires gameesults data
- Predictability measwrindependent of season leng

¥ Two-team competition model alls quantitatie
modeling of spadis competitions



2. Tournaments
(post-seasorirees)



Single-eliminatiofournaments

@ 2006 NCAA Division | Men's Basketball Championship

FIRST ROUMD*

Duke i

SECOMD ROLND*®

Southemn U. mI
G Washington &

REGIONALS

ME-Wilmington EI

Syracuse 5
Texas A&M 12:
L5U 4
lana 1_3=

West Virginia g

Southern Il i)

Atlanta

April 1

Oakland

SECOND ROLIND*

FIRST ROUMND*

1 Connecticut

lowa 3
N'western 5t. ul
Califarmnia 7
M.C. State mH
Texas 2
Penn 15!
Memphis 1
Oral Roberis ml
Arkansas 4
Bucknell sI
Pittzburgh 5
Kent St 12}
Hansas 4
Bradley 13!
Indiana [
San Diego St 11 I
Gonzaga 3
avier HI
Marquette T
Alabama ml
UCLA 2
Belmant is!

& 2005 Mational Collegisie Ashielic A i 1

Im Albany
i Kentucky
|

|2 UAB
5 Washington

|
112 Utah St.

4 Mimais

I” Air Force
5 Michigan 5i.

In George Mazaon
3 Morth Caralina
Iu Murray 5t.

7 Wichita 5t.

H‘IH Seton Hall

2 Tennessas

115 Winthrop

1 Villanava

#+® ALL TIMES ARE LOCAL***

Cin March 12, the heskathal ommilas il gelact e inses o play tha
opanrg-roand gase March 14 in Daylon. The winning team vall ba &
161h Saad in e e rewrd

“Firet- and reoorc-roure and racponal mtee wall s placed mthe beackss by ha

MCAA Divigion | Man's Sarkathall Comimitee Maed: 13

Mirch 16 dted 13 Firsl-aecotd-round ales: Onaanibons, Jacksoralls, Sak Laka City, San Disga
Blgrch 17 and 19 firsilsecand-rewnd sies: Subomn Sk, Dallas, Dayton, Fhiladeiphia

March 23 and 7% regional sites: AHseia, Oedand
March 24 and 38 regional sies: Minneapolis, Washington 0.0

AL

8 Arizoma

| -
1% Wisconsin

5 MWewvada

HATIOMAL SEMIF,  WATIOMAL CHAMB, HWATIONAL SEMIF, RESIDMALS
Hampton vs. Monmaouth
Winner plavs Villanowa
in First Raound
Washington, D.C.
Indianapolis
Indianapolis April 3 Indianapolis
April 1
MNational Champion
Minneapolis

11ZMontana

4 Boston College
|

113 Pacific
& Oklahoma
|

111 Wis.-Milwaukee
3 Florida
!u.srnulh Ala.

T Georgetawn

umn wishoisd The NEAA's wrilon permission

Mo
Thee HCAL cpposes @l sporis wagering. This brackel should nel bs usad for swsspelshes, cotlasis, ofifios pools or albsr gambling activitias.

Binaly Tree Structue

119 Marthern lowa
2 Ohio 5t

].15 Davidsan




The competition model

¥ Two teams plg loser is eliminated

N —N/2—N/4— a&da— 1
¥ Teams hee inheent strength (or btness) x

L1 L2 X3 X4 A5
0O O O @ .
strong > weak

¥Outcome of game depends on teamestgth

X1 robability 1 —
(X1,X2) — { : . ’ : X1 < X2

X2 probability g



Recursie gproach

¥ Number of teams
N =2"=1,24.8,...

¥ Gy (x) = Cumulative probability distribution
function br teams with btness less than x to w
an N-team tournament

¥ Closed equationsof the cunrulative distribution
Gan(z) = 2pGn(a) + (11 2p) [Gr(2)]°

Nonlinear Recursion Equation



Scaling perties

. 1—
1. Scale ofWinner |

ol N In 2p/ In 2 O°8__
| = 0.6F

2. Scaling Function \(520_4'_

Gn(X) — U (X/X 1) 0.2}

3. AlgebraicTall O 02 04 06 08

1. Large tournaments mduce stong winners
3. High piobability br an upset



The scaling function

Universal shpe

| 2pz) = 2p! (2)+ (1! 2p)! 4(2)

Broad tall

| !(Z) | Zln2p/ In 2¢" 1




College Basitball

1

2

3

4

5

617

o[1011

4524

1410

5

6

1

o—o Theory

== Simulation ]
o—o Tournament Data

3

X

12

16

¥Teams rankd 1-16
Well dePned farite
Well debPned undeiog

¥4 winners eachaar

¥Theory:q=0.18
¥Sinulation:g=0.22
¥Data:g=0.27
¥Data:1978-2006
¥1600 games




Evolution,Men vaNomen

o.3y—r—r—mm—m—Frr
- — Men
03 Women
_ e
QO.ZB-\/\A
0.2




2.Conclusions

¥ Strong teams far better in large tournaments
¥ Tournaments can mduce major upsets
¥ Distribution of winner elates parity with pedictability

¥ Tournaments a& efbcient but not fair




3.Leagues
(regular seasomlpomplete grahs)



League champions

¥ N teams with brd ranking
¥ In each gaméavorite and undedog ae well debnec

¥ Fajorite wins with pobability p>1/2

Underdog wins with pobability q<1/2 P+ q= -

¥ Each team pjs t games against random opponer

- Reqgular random gpdn W @
¥ Team with most wins is the champio

How mary games & neededdr best team to win?




Random walk gproach

¥ Probability team rangd n wins a game P
S N1 Nin ~~_
PN TN T _

¥ Number of wins perdrms a biased random walk
Wn — Pn t:: | Dn t

q

¥ Team n can bnish brst at gatimes as long as

T _—

T
2p!l 1)—¢t" ¢
(2p )N

¥ Rank of champion as function of N and t
AV
|

t



Length of season

¥ For best team to bnish brst

1! Hf 10°F
¥ Each team mnst ply AOT

—~
V10'F

1 N?

— slope=3
e—e simulation

10°F

¥ Total rumber of games ol T s

10 10 10 10
T1 N°

1. Normal leagues & too shott
2.Normal leaguesank of winner!t N
3. League championsea transient!



Distribution of outcomes

¥ Scaling distributiorof the rank of champion

1 n N
¥ Probability vworse team wins dega exponentiayl

On (1) I exp(" const# t)

¥ Gaussian tail because’ (tl’ 2) ~ exp(—1)

| (z) ~ exp —const x z°
¥ Normal leagueProb. (wealest team wins) exp(" N)

Leagues arfair. upset champions exéimely unlilely



Leaguesearsusiournaments

tourna

16 teamsg=0.4

leaguge

" ment

O 30 11| 245 12.9
. I S 2 | 18.2| 114
0.25 —o league | 3 | 136/ 101
\ —e {ournament 4 | 103 89

5 7.9 7.9

6 6.1 7.1

4 4.7 6.3

8 3.7 5.7

9 2.9 5.1

10| 2.2 4.6

11| 1.7 4.2

12| 1.3 3.8

131 1.0 3.4
141 0.81| 3.1
15| 0.63| 2.8
16 | 0.49| 2.6




3.Conclusions

¥ |eagues arfair but inefbcient

¥ Leagues do not mduce major upsets



4.Champlonships

(regular random giahs
and complete gnahs)



One preliminay round
¥ Preliminay round

- Teams pla small omber ofgames T ~ N t
- Top M teams advance to championshopind M ~ N°
- Bottom N-M teams eliminated

N 2

- Best team rast Pnish no wrse than M placet ~ 2

¥ Championshipaund:plenty of gamesr 1 m?
¥ Total number of games
TI1 N 3—2! + N 3!

¥ Minimal when
M| N3/5 T | N9/5



Two preliminaly rounds

¥ Two stage elimination
N1 N'21 N2t o]
¥ Second ound
T, 1 N3 224 N 2B 201) 4 N3Lale
¥ Minimize mmber of games
31 20,=1,31 21,) 1" o=
¥ Further improvement in efpciency

T | N27/ 19



Multiple peliminay rounds

¥ Each aditional ound futther reducesT

1
Yk T
Tt N T 1 I3y
Taal i 9 27 &1
¥ Gradual elimination PRI
5 57 15

N > N6 — N&m™ — N&s1s — 1
¥ Teams phg a small amber of games initigl

Optimal linear scaling ached using manrounds

T! ~ N I\/I! ~ N 173 optimal size of plaffs!

Preliminar elimination is ery efbcient!



4.Conclusions

¥ Gradual elimination is fair and efpcient

¥ Preliminar rounds educe the mmber of games

¥ In preliminary round,teams plg a small amber of
games and almost all teams advance to nexhd



5.Soclal Dynamics



Competition and social dynamic

¥ Teams ae agents
¥ Number of wins epresents btness or @alth
¥ Agents advanceybcompeting against each other

¥ Competition is a mechanisrorfsocial diférentiation



The social digrsity model

¥ Agents advanceytcompetition
(i+1,j) probability p

(ND R IR > )
(I,] + 1) probability 1" p

¥ Agent decline due to inactivity
k! k" 1 with rater
¥ Rate equations

dGy
dt

¥ Scaling equations
(p+7! 1+z)! (2p! 1)F(z)]

1
=TI (Gk+1 — Gk) + PGk 1(Gk1 1 —Gk) + (1 —p)(1 — Gk )(Gkr 1 — Gk) — §(Gk — Gk 1)2

dF

— =0
dx



Socialstructures

1. Middle class r A

Agents advance at égifent rates ]

2. Middle+lower class

Some agents advance atahint rates

Some agents do not advance

1/2
3. Lower class

Agents do not advance

4. Egalitarian class

All agents advance at equal rates

[

[

3

N

4
1.

TS r+p=1
/. f"”ﬁ

_‘—r-

1/2 / p
Spotts Bonabeau 96



Concluding emarks

¥Mathematical modeling of competitions sens
¥Minimalist models &ra stating point
¥Randomness a crucial iegiient

¥\Validation against data is necessfar
predictive modeling



OPediction is very difpcult,

especially about the futur e.O

Niels E
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All time records of teams

I —T
' — NFL
0.8F -
 — MLB
0.6} -
x|
= 0.4f -
0.2F -
0

0.40




