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The temporal evolution of reactive systems is studied by means of the exact enumeration of all states
of the system for short times. An algorithm for the evaluation of the power series for the basic quantities
of interest is presented. In addition, a consistent method of estimating the asymptotic behavior of the
series is suggested. This approach is applied to two reaction schemes, ballistic annihilation and
diffusive-driven three-species annihilation, where previous Monte Carlo simulations suggest power-law
decays for the concentration. In both cases, reasonable estimates for the decay exponents are obtained.
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I. INTRODUCTION

There has been considerable recent interest in under-
standing the kinetics of simple reaction models. Thus
far, there are relatively few theoretical methods available
to study these reactions and these approaches are usually
limited to specific situations. Typically, the transport
mechanism of the reactants is specified and the particles
interact upon contact. Hence, the use of the representa-
tion number formalism is natural and has the advantage
that a linear rate equation emerges [1,2]. From a theoret-
ical viewpoint, exact methods [3] as well as perturbative
methods [4] can be applied to this rate equation.

From a numerical viewpoint, the exact solution to any
reaction scheme can be evaluated for the first few time
steps. If this can be carried to a sufficiently high order,
then one might hope to extract useful information about
the long-time kinetic behavior of the reaction. There
have been two noteworthy studies which have followed
this general approach [5,6]. Dickman and Jensen applied
the series-expansion formalism to nonequilibrium
interacting-particle systems, while Song and Poland in-
vestigated several generic reaction-diffusion processes.
While this latter approach appears to be promising, the
series calculation was carried out by hand. Furthermore,
the analysis methods used sometimes lacked internal con-
sistency, leading to an uncertain interpretation of the re-
sults.

In this study, we describe a systematic approach to ob-
tain time power series for general types of reaction pro-
cesses. This exact enumeration method holds in any spa-
tial dimension; however, it is hard to implement numeri-
cally for dimensions higher than one. Therefore our dis-
cussion will be restricted to the one-dimensional case
only. In Sec. II, the theoretical description of reactions
in terms of creation and annihilation operators is present-
ed. We then discuss how to convert the theoretical for-
malism into a computational algorithm simply by consid-
ering the time evolution of small clusters with periodic
boundary conditions. In Sec. III, we develop a simple
and relatively direct method to determine the asymptotic
behavior of basic physical quantities from the results of
the time-series expansion. We first illustrate the failure of
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the straightforward ratio method for analyzing these
types of series. This leads us to suggest a direct applica-
tion of Padé approximants as a method for determining
the asymptotic behavior. We exploit the exactly soluble
case of single species annihilation to demonstrate the rel-
ative utility of the various series analysis methods. In
Sec. IV, the time-series expansion is applied to ballistic
annihilation and to three-species diffusive annihilation.
In both cases, analysis of the series provides useful esti-
mates for the asymptotic kinetic behavior.

II. THEORY AND IMPLEMENTATION

In this section we describe how the temporal evolution
of a reactive system can be determined in terms of the ac-
tion of an evolution operator on an initial state. This ap-
proach is advantageous since it leads to a linear equation
of motion. Thus a formal solution can be written for the
state of the system at any given time. The use of the oc-
cupation number representation is natural in this formu-
lation and facilitates the numerical evaluation of the
coefficients of the exact time power series.

In general, a specific site i can be either empty or occu-
pied by one or more particles. For simplicity, we restrict
ourself to models with singly occupied sites, although a
generalization to multiple occupancy is possible. In addi-
tion, we are interested in situations where there are only a
few different species. The state of a single site 7 will take
the symbolic values |¢;)=lo;), la;), |b;, etc., to de-
scribe an empty site, an A-occupied site, or a B-occupied
site, respectively. A typical configuration of reactants
can be constructed as a product of all the site states
|®)=TI;|¢;?. The state of a system may now be written
as

W)= P(D,1)|D), (1)
[

where P(®,t)={®|W(z)) is the probability that the sys-
tem is in configuration |® ) at time ¢. '

The state function |W) obeys a linear equation of
motion

%I‘P>=£I\P> , @
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where the operator L=34 4.Loe|P){®’| enumerates
all possible transitions between two configurations. Thus
Lgq is the rate of transition from ®’ to ®. This evolu-
tion operator can be represented in a compact form using
creation and annihilation operators. For example, the
creation operator for the A species at site i, A,-T, is
nonzero only when applied to the empty state,
Allo,Y=la;). Similarly, the annihilation operator 4, at
site { is nonvanishing when applied to |g;) only,
4;la;)=lo;).

With these elemental operators, it is now possible to
express the effect of the diffusion step and the reaction
step on an arbitrary configuration of particles. For exam-
ple, the situation where all the A4 particles hop to the
right can be represented in terms of the operator

Lio=DS(—Af4a,, 4,45, . 3)
i

The positive term accounts for hopping from site i to site
i 41 with rate D, and the negative term corresponding to
the loss of probability from site i due to hopping to the
right. To be concrete, for the two-site configuration
lao), L 40la0 Y =D (loa ) —|ao )), while .L 4, yields zero
when applied to any other two-site configuration. The
operator that corresponds to the actual reaction can also
be represented in a similar fashion. For example, for the
case of mutual annihilation of two reactive species 4 and
B via the reaction A4 -+ B — O, the rate operator for the
annihilation process is

LAB=2DE(I_A1TBiT+1)AiBi—!-l . )
i

The factor of 2 accounts for the fact that a hop of
either the 4 or the B in the correct direction leads to an
annihilation event. This operator gives a nonzero
result only when applied to |ab), that is .L zlab)
=2D(loo ) —|ab}). In fact, if only nearest neighbors in-
teract, .L is just a linear combination of operators of the
form L 4o and .L ;5. In other words, a reaction process
is well defined by the interaction of a particle with a
neighboring empty site and a neighboring particle.

Once the initial state of the system is specified, the
state of system at any later time is given by the following
formal solution of Eq. (2),

[W(t)) =eLHW(0)) . (5)

In most cases, an exact solution is hard to obtain, and one
is led to expand the state function as a power series
around ¢ =0. By defining |¥; ) =.L/|¥(0)) /;!, the series
expansion to the state function takes the form

w)=3 o¥,) . ©)
i=0

Typical quantities of interest, such as the concentration
of a given species or particle correlation functions, can be
obtained by evaluating expectation values of a suitably
defined operator. For example, the concentration of the
A species is given by

cA(t)=71v— S N (@I, %
b

E. BEN-NAIM AND J. ZHUO 48

where N, (®) is
configuration |® ).

We now discuss how the aforementioned formalism
can be developed into a calculational procedure to pro-
vide a numerical evaluation of the time series. The ele-
ments of the time evolution operator typically represent
interactions between nearest neighbors only, and thus the
successive application of the operator j times connects
sites which are separated by a distance j. Hence, to ob-
tain a series to nth order, one can restrict attention to a
ring of size N =n +1 with periodic boundary conditions.

It is useful to note that in the case of nearest-neighbor
interactions only, the rate operator is well defined by its
action on all possible pair configurations. Therefore, one
may consider the full evolution operator as a superposi-
tion of pair operators and then apply the pair operator to
all N pairs of a given configuration. Typically, a pair
operator is nonvanishing only for a few pairs and thus a
code written for computing series in one process can be
converted easily to evaluate the series for another pro-
cess. -

In practice, the number of terms in |¥; ) increases ex-
ponentially in j and it is advantageous to classify the ini-
tial state and the rate operator in terms of symmetries to
optimize the computation. For spatially homogeneous
systems, the initial state as well as the rate operator are
invariant under discrete rotations, and it is therefore use-
ful to represent rotationally equivalent configurations by
only a single configuration. Moreover, processes may
obey a conjugation symmetry. For example, in the case
of diffusion-limited 4 +B — O, only states with a majori-
ty of A particles need be considered. By taking advan-
tage of these various symmetries, we are able to reach
higher order in the series enumeration.

As an example of the formalism, let us calculate the
first three terms in a ballistic annihilation process. Fur-
ther details of this model will be discussed in Sec. IV. In
this model one species ( 4) can hop to the right only, and
the other species (B) can hop to the left only. Whenever
a particle lands on any occupied site an annihilation
event occurs, i.e., mutual reaction as well as self-reaction
occur. The rate operator takes the form

the number of A4 particles in

L 44 + Lpp )
2 2’
with the definitions of Eqs. (3) and (4). Here .L , is ob-
tained from .L 45 by replacing B with 4. Note, however,
that self-reaction occurs with half the rate of mutual re-
action since a hop of only one of the particles in a same
species pair will lead to a reaction. Let us consider an in-
itial state in which each site has the same probability of
being occupied by an 4 or a B. Thus using rotational in-
variance, the initial state can be written as

[4ho) =(laaa ) +3[aab ) +3|abb ) +|bbb))/8 .  (9)

‘C=’£AO +'£OB +'£AB+ (8)

By applying the rate operator of Eq. (8) twice, one can
directly verify that the next two terms in the time-series
expansion of the state function are,

|, >=3D (laco } +[boo ) —2|1,))/2 ,

(10)
l4,? =9D* 2|y ) —|aco Y —|boo Y ) /4 .
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Next, by applying Eq. (7), we obtain the concentration to
second order as

¢ (D=cp(t)=L—Dt+3(Dt}2+ - -+ . (11)

Although this exercise is quite simple, the number of
terms in the |¥ I ) grows rapidly in j and the computation
is best done systematically by a computer program.

III. ASYMPTOTIC ANALYSIS
OF THE TIME EXPANSION

We are now interested in extracting the asymptotic
behavior from the short-time power series representation
of observables. In previous studies, this extrapolation
procedure was accomplished by direct methods, as well
as by using various forms of Padé analysis. Unfortunate-
ly, the accuracy and consistency of specific methods
varies widely from series to series. Thus many previous
approaches incorporate some degree of subjectivity in the
analysis. This is a feature which one would hope to avoid
in the ideal situation. We will propose an extrapolation
approach which ameliorates subjective aspects to a large
extent.

We first consider the analysis of the series for the ex-
actly soluble process 4 + A4 — O to illustrate a misuse of
the ratio method. We also demonstrate how direct appli-
cation of Padé approximants can serve as a simple yet
useful way to determine the asymptotic behavior. The
basic question that we shall address is to ascertain the ap-
propriate analysis method for estimating the exponent «
in the asymptotic form for the time-dependent concentra-
tion,

c(g)~t— <, (12)
from the first # +1 terms in the series expansion,
c(t)y=cogtcet+ - +e,t". (13)

To test the utility of any analysis method, we expand
the exact solution for the single-species annihilation pro-
cess to an arbitrarily large order and then analyze the
series as if the exact solution was not available. For
single-species annihilation the rate operator takes the
form

L=L 0+ Los+L oy s

Using Eqgs. (3) and (4) it is found that the quartic term
A,»T A; A,-_HA,T+l vanishes, and an exact solution can be
obtained via a transformation to fermion operators [3,7].
The exact expression for the concentration is

c(t)=1Iy(4Dt)exp( —4D¢) , (15)

from which the asymptotic behavior is ¢ () ~¢ 172,

Let us now attempt to determine the exponent «
defined in Eq. (12) by a direct ratio analysis. In this
method, one defines y =1—c(¢)/c(0), and using Eq. (12),
one obtains #(y)~(1—y)~ !/, Given the series expan-
sion for c (t), series inversion formulas yield the series ex-
pansion for ¢(y), namely, t=37_b;y’'. The latter series
is now compared to the expansion of (1—y)~ !/ and an
estimate for the exponent is expressed in terms of the suc-
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cessive ratios b;/b;_;, a;=1/[1—i{1—b;/b;_)] [6].
Following this recipe we expand Eq. (15) to the 30th or-
der and get the following approximants for a:

o;=2,1.2,0.89,0.73,0.62,0.55,0.50,0.46,0.43,0.40,
0.38,0.36,0.35,0.34,0.33,0.33,0.32,0.32,0.32,
0.33,0.34,0.35,0.37,0.40,0.45,0.54,0.74,
1.40, —6.40, —0.72, (16)

which do not converge to the exact value of a=1. A
possible source of the nonconvergence may be that the
transformation from infinite time to y=1 introduced
singularities that ‘‘interfere” with the asymptotic
behavior. Similar results occurred for various related
processes and in all the one-dimensional (1D) processes
considered by Song and Poland.

We now suggest an alternative and simple method

which appears to be better suited for asymptotic analysis
than the ratio method. The analysis can be summarized
by the following steps: (1) Representing the original func-
tion by different Padé approximants. (2) Considering the
two approximants which agree over the longest temporal
range. (3) Fitting the aforementioned approximants to a
power-law function and thereby determining the decay
exponent.
- For the purpose of asymptotic analysis, it is useful to
return to a more basic question and consider the best way
to approximate the concentration, given the Taylor series
of Eq. (13). We again consider single-species annihilation
and limit ourself to the first 25 series terms, since this is a
typical upper limit of what we can attain by the series
computation with current resources. A plot of the trun-
cated series for the concentration vs the exact solution
given Eq. (15) shows that the Taylor series converges to
the exact solution only up to t=¢1 [see Fig. 1(a)]. If we
define a cutoff point 7y as the earliest time when the
discrepancy between two functions exceeds €¢=0.001, we
obtain 7p=1.1. Since we are interested in determining
the behavior of the concentration in the long-time limit,
we see that naive use of the Taylor series is of limited
practical utility in representing the concentration.

A significant improvement can be achieved by applying
the Padé approximation directly to the time expansion of
c(t). That is, we form the rational function

apgtat+ - -- +a,t”
bo+bt+ - - +b,t™’

Prym(8)= ={17)
where by =1 and the rest of the n +m +1 coefficients are
chosen such that the expansions of P, ,,;(#) and of c(#)
are identical up to the (n +m)th order. Examination of
the temporal range where the various Padé approximants
converge to the exact solution reveals the utility of this
approximation. For the so-called “diagonal approxi-
mants” P, ,, one finds that the approximant and the ex-
act solution agree to within 0.001 up to 7,=3.1, 3.8, 4.5,
5.3 for n =9, 10, 11, 12, respectively [Fig. 1(a)]. More-
over, at t=10 the [11,11] and [12,12] approximants
shown in Fig. 1(a) agree with the exact function up to
109, while for t £ 1.1 the 25-term Taylor series diverges
badly.
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FIG. 1. Approximating the time dependence of the concen-
tration from its power series in the case of single-species annihi-
lation. (a) Shown are the exact solution (solid line), the 25-term
Taylor series (dashed line), and the [11,11] (dotted line) and
[12,12] (short-dashed line) Padé approximants. (b) The fit func-
tion 1—g (a) for the [11,11] (solid line) and [12,12] (dashed line)
approximants.

Unlike the example above, the original function is usu-
ally unknown. However, Fig. 1(a) clearly shows that the
exact solution can be well approximated over a substan-
tial temporal range by Padé approximants. A criterion
for the time regime over which two different Padé ap-
proximants accurately represent a function can be
developed by defining a cutoff time ¢y ([n,m], [r',m'])
where the [n,m] and [n’,m’] approximants first differ by
€=0.001. We consider the two Padé approximants
which give the largest value of 7,,, =max{z;} as the best
approximations to the original function. Typically, this
analysis extends the convergence of the series well into
the asymptotic region, and thus enables one to draw con-
clusions about the long-time nature of the decay. Al-
though in the example discussed above the approximants
exhibit a monotonic improvement in convergence as the
order is increased, one should be cautious since monoton-
ic convergence does not always occur. Increasing the or-
der of the approximant eventually improves the outcome,
but the existence of spurious singularities close to the
physical pole in specific Padé approximants may lead to a
transitory decrease in the quality of the results.

In our application of the Padé method, we have adopt-
ed the following procedure to estimate the exponent
governing the long-time decay. We define a quality of fit
function g (a) by

(t “lP[nm](t))
[(t—alt_a><P[nm} IP[nm] t)>]1/2 B

with the inner product (fllfz)Ef,ffl(t)fz(t)dt. This

inner product measures how “close” a given Padé ap-
proximant P, ,,1(¢) is to ¢ ~* in the time interval [#,,,],

gla)= - (18)
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and for a perfect fit one has g(a)=1. The optimal ex-
ponent o, is given by the value that maximizes g(a).
There are several constraints concerning the integration
interval [#,,t,]. First, the short-time regime has to be ex-
cluded since the concentration does not follow a power
law. Second, the cutoff #, should be as large as possible
in order to minimize the effects of the short-time correc-
tions to the asymptotic decay, but small enough so that
the Padé approximant is still accurate. Hence, we use

| 1=ty Wwith the definition given above and define

t; =tm.,—1 in order to get a uniform integration length.
Finally, the two approximants corresponding to the larg-
est value of 7, will yield two different exponents and we
average these two values to quote the estimated exponent
d. An averaging procedure is chosen here since it is
not possible to determine a priori which approximant is
closer to the original function.

We now illustrate this fitting procedure by applying it
to the known series for the reaction 4 +- 4 — 0. By com-
paring all possible pairs of approximants given the 25-
term time-series expansion we find that Py, ;;; and
Pi15,12] vield the largest value of ¢, =4.3. Since the re-
sulting values of g («) are very close to unity, and weakly
varying on «, it is useful to locate the minimum of
f=1—g vs a [see Fig. 1(b)]. Following this procedure,
we find @, =0.512 and a,,;=0.508 for the [11,11] and
[12,12] approximants, respectively, with the integration
range [3.3,4.3]. Thus, we quote the estimated value

. =0.51 for the decay exponent This differs by 2%
from the exact value a=1. - -

The dependence of the estimated exponents on the
fitting procedure can be examined by varying the parame-
ters used. The tolerance parameter € was varied by 10%
and the above analysis showed a 0.01% change in the re-
sulting a.;, due to a corresponding change in the integra-
tion limits. Moreover, the length of the integration inter-
val was varied by 10%, with the upper limit kept fixed,
and in this case the estimated exponent agreed with the
original estimate to within 0.02%. These tests demon-
strate the weak dependence of the analysis outcome on
the fitting parameters.

To demonstrate the rate by which the estimated ex-
ponents approach the ultimate value, we performed the
aforementioned analysis with a varying order of the
time-series expansion. The resulting estimated exponents
were ., =—0.517, 0.507, and 0.505 for a Taylor series of
the 20, 30, and 40 order, respectively. We conclude that
convergence to limiting value does indeed occur, al-
though the rate of convergence is quite slow.

IV. APPLICATION TO REACTION MODELS

In this section we apply the power-series-expansion
method to two reaction processes where only Monte Car-
lo simulation results and scaling arguments for the
asymptotic behavior are presently available. The firstis a
ballistic annihilation process with asynchronous particle
motion, and the second is a diffusive three-species annihi-
lation process.
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A. Asynchronous ballistic annihilation

Consider a ballistic annihilation process in one dimen-
sion in which each particle moves ballistically with veloc-
ity vy or —v, with equal probabilities. Either from the
exact solution [8] or from a qualitative random-walk ar-
gument, the concentration decays asymptotically as
c~t"12, However, if particles move one at a time, i.e.,
asynchronous dynamics, there is diffusion in addition to
the primary ballistic motion. This diffusive transport
component permits two particles with the same velocity
to annihilate. We now examine the asymptotic behavior
of this reaction process by the series-expansion approach.

For this asynchronous ballistic reaction process, the
rate operator can be written as

L=L 40+Lop +.CAB+£;—‘-+£2¥— ,
where the last two terms account for the self-reaction of
particles with the same velocity. We consider an initial
state where each particle can assume a velocity +v, with
equal probability. The initial-state function then equals
the sum of all N-particle configurations of velocities di-
vided by 2V (see Sec. II). With our method, we obtain
series for the concentration to 16th order (see Table I).
The two Padé approximants that agree over the largest
temporal range are [7,7] and [7,8] and the upper cutoff
time is ¢,,, =2.5 (Fig. 2). We do not consider the next
diagonal approximant [8,8] since this approximant leads
to a reduced temporal range of internal consistency.
Thus, we performmn the integration over the interval
[1.5,2.5]. By maximizing g (a), the values of the optimal
exponents are found to be &,,,=0.716 and 0.717, respec-
tively. We conclude an estimated value of «,,=0.72,

(19)

est

TABLE 1. Expansion coefficients in the time power series for
the concentration for the two representative reaction processes
discussed in the text: (a) Ballistic two-species annihilation with
self-reaction and (b) three-species diffusive annihilation
A+B—0,A+C—0,and B+C—O0.

Cn
n Ballistic L Three species
0 0.500 000 000 000 000 0.333333 333333333
1 —1.000 000 000 000 000 —(.888 888 888 888 888
2 1.500 000000000000 _ 2.074074 074074074
3 —1.666 666 666 666 667 —3.621399 176 954 732
4 1.416 666 666 666 667 4.949 245541 838 134
5 —0.935416 666 666 667 . —5.462094 192958 391
6 0.468402777 777778 4.928 191 840674 693
7 —0.152715773 809 524 —3.595704294012478
8 —0.001 765 581 044 385 2.000766 523 547 165
9 0.048 626063 154228 —0.657 130132013536
10 —0.045 346 447 200 260 —0.157411 205671 068
11 0.028467 120232 814 0.434 194 697 238 727
12 —0.013 827 197 289 845 —0.337141906 840114
13 0.005 071 234 556 065 0.074 818 523 203 021
14 —0.001031 397263 083
15 —0.003 347 397 123 149

16 0.000536792 117891

0.10 »
—I17
& \
= 0.04 -
© ) 5
@ o
O "
0 5

0.87 0.72 0.77

FIG. 2. (a) Time dependence of the concentration for the
ballistic annihilation model. Shown are the [7,7] (solid line),
[7,8] (dotted line), and [8,8] (dashed line) Padé approximants.
(b) The fit function 1—g(«) for the [7,7] (solid line) and [7,8]
(dashed line) approximants.

which yields a 4% deviation when compared with the
value =3 suggested by scaling arguments and by Monte
Carlo simulations.

For a reference, we outline the scaling argument which
suggests that the decay exponent a should equal 2 [9]. In
the asynchronous ballistic reaction, particles with veloci-
ty +vg perform a random walk with the bias in the +x
direction and similarly for particles with velocity —uvy.
Hence, diffusion is introduced in addition to the ballistic
motion. We denote the diffusion coefficient by D. This
representation is useful since exact solutions are known
for the two limiting cases, D =0 and v, =0, and these can
be incorporated to produce the general case result. We

_first write an ansatz_for the concentration for D, vy,70

and match it to the known limiting solutions at the ap-
‘propriate crossover times. The concentration in the gen-
eral case must have the form S
]

, (20)

c(t)=ck

R
vot v Dt

that is, c(#) is a geometric average of the fundamental
concentrations ¢y, 1/vyt, and 1/V'Dr. To ensure the
proper dimensions of c(t¢), the exponents B, v, and §
must obey the constraint S+y+8=1. In the case of a
small drift [3], the exact asymptotic form of the concen-
tration for vy, =0, cp(t)~(Dt)~'/? holds for VDt > v,
and matches Eq. (20) at the crossover time £, =D /v>.
Imposing cp(¢;)=c(t;) and equating corresponding
powers of the various coefficients yields equation
vy +86=1. In the same way, the exact drift-limited solu-
tion [8] ¢,(#)~(co/vot)!/? should coincide with Eq. (20)
at t,=1/Dc§. This condition leads to y=1. Conse-

. quently, ¢ (t) has the general form
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1 1/4
ty~ |—= . 21
c(t) ‘Dv%ﬂ ] )

This suggested asymptotic decay was confirmed by simu-
lation studies. Interestingly, the decay of the concentra-
tion in the general case is faster than that of the two lim-
iting cases of vy;=0 and D =0. Moreover, although one
can claim that the diffusive nature of the particles does
not play a role for sufficiently large times, this scaling ar-
gument suggests that this is not the case. It is seen that
the series expansion does give useful information about
the long-time behavior, despite the relatively short-time
domain where the concentration function is obtained.

B. Three-species annihilation

In the n-species annihilation process, r distinct species
move diffusively and whenever two different species land
on the same site an annihilation event occurs [10]. In one
dimension the concentration was predicted to obey a
power-law decay ¢ ~t7"  with the value a(n)
=(2n—3)/4(n—1). This prediction appears to be
confirmed by simulation studies. In the limiting case
n— o, one recovers the known a=1 decay, since this
case corresponds to single-species annihilation.

To develop a series expansion for this model we again
define the rate operator and an appropriate initial state.
We consider the initial state of all possible N-particle
configurations divided by 3¥. The rate operator now in-
cludes diffusion for each species and reaction for each
pair of nonidentical species,

L=L 40 +L0A +Lpo+LoptLco

with the definitions of Egs. (3) and (4). In this case we ob-
tain the concentration to 13th order as listed in the table.
Since the expansion is obtained to a relatively small or-
der, we have relaxed the tolerance € to 0.005, so that the
integration interval will exclude the range r<1. The
“best” approximants here are [6,6] and [6,7] and the cor-
responding cutoff time is ¢.,, =2.2 (see Fig. 3). The op-
timal exponents are found by maximizing the fit function
gla) to be @y, =0.372 and 0.380, respectively. Hence,
we estimate the exponent by the average value
Qe;==0.376. This estimate is surprisingly close to the
suggested ¥ value and has a 2% deviation when com-
pared with the Monte Carlo simulation result of 0.37
[10]. Note that the reduction of € increases the
discrepancy between the two optimal exponents.

V. CONCLUSIONS

We have presented a method for calculating a power-
series expansion in time of basic physical quantities, such
as the concentration, in simple chemical reaction models.
The series-expansion approach has the advantage of be-
ing exact and being applicable to general classes of none-
quilibrium models. A particular reaction process can be
defined by a rate operator, and for simple reaction pro-
cesses, this operator is specified by its action on only a

0.33
0.10
= 0.05
© 2 4
= —
(a)
0
0 4

0.34 0.38 042
[ 3

FIG. 3. (a) Time dependence of the concentration in the case
of three-species annihilation model. Shown are the [6,6] (solid
line) and [6,7] (dashed line) Padé approximants. (b) The fit func-
tion 1—g(a) for the [6,6] and [6,7] approximants.

small number of nearest-neighbor-pair configurations.

We have also suggested an analysis technique, based on
a direct application of the Padé method to obtain the
concentration over an extended temporal range. The
asymptotic behavior of the series is determined by match-
ing the power series to the two “closest” Padé approxi-
mants. We have illustrated our general approach with
two specific reaction models in Sec. IV. Reasonable esti-
mates for the asymptotic behavior were extracted from
the time expansion.

On the other hand, our analysis method was not entire-
ly robust. For some processes, the exponent estimates
converged slowly towards their long-time limiting
behavior. For example, a restricted asynchronous ballis-
tic annihilation model, where self annihilation is exclud-
ed, yields poor estimates for the expected decay exponent
given the 16th order expansion. Therefore, we conclude
that series expansion is not guaranteed to be helpful.
Theoretically, if one obtains enough terms the long-time
behavior will eventually emerge, but this may be beyond
the reach of available computing resources.

Although we applied the series expansion to spatially
homogeneous systems, the method can be easily applied
to study heterogeneous problems, such as the probability
distribution of diffusing particles in the vicinity of a trap,
and the nature of the reaction front in models of epidem-
ic spread and biological waves, for example.
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