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We study pseudo-optimal solutions to multi-objective optimization problems by introducing par-
tial minima defined as follows. Point x k-dominates x’ when at least k of the coordinates of x
are smaller than the corresponding coordinates of x’. A point not k-dominated by any other point
in the set is a k-minimum or a partial minimum, generalizing the global minimum. We study
statistical properties of partial minima for a set of N points independently distributed inside the
d-dimensional unit hypercube using exact probabilistic methods and heuristic scaling techniques.
The average number of partial minima, A, decays algebraically with the total number of points,
A~ N7E@=R/k when 1 < k < d. Interestingly, there are k — 1 distinct scaling laws characterizing
the largest coordinates: the distribution P(y;) of the jth largest coordinate, y;, decays algebraically,
P(y;) ~ (y;)” %!, with o = ji%];. for 1 < j < k—1. The average number of partial minima grows

1

logarithmically, A ~ W(ln N)?~! when k = d. The full distribution of the number of minima is

obtained in closed form in two-dimensions.

PACS numbers: 02.50.Cw, 05.40.-a, 89.20.Ff, 89.75.Da

A host of decisionsin computer science, economics,
politics, and everyday life involve multiple criteria or mul-
tiple objectives[1{4]. A pedestrian choosing a walking
path considersthe distance, the number of turns, and
the number of traxc lights. In business,takeover bids
are decided on a multitude of complex conditions in ad-
dition to the total monetary o®er. In elections, voters
examine how candidates stand on multiple issues.

In multi-ob jective optimization, a solution that is op-
timal with respect to all criteria is rarely possible and
instead, one facesa set of choicesthat are suboptimal
on at least one criterion. Decisions require algorithms
to weedout clearly inferior choices,sort through all the
remaining imperfect choices, and evaluate the relative
trade-o®sbhetween costs.

Since in multi-ob jective optimization, a global opti-
mum is unlikely, we are interested in identifying points
that are closeto optimum. In this paper, we propose
a pseudo-optimality criterion, and derive the likelihood
of "'nding pseudo-optimal solutions as a function of the
number of choices.

By de nition, a global optimum is superior in all
cost dimensions. Intuitiv ely, one may de ne a pseudo-
optimum assuperior to all alternativ esalongalarge num-
ber of cost dimensions. For examplein a three-cost sce-
nario, there may not be any choice that is optimal with
respect to all three costs, but we may be able to nd
choicesthat are better than any alternative along two
costs, seeFigure 1. In a voting scenario, no candidate
may have the most attractiv e position on all issuesto a
givenvoter. In this case,a voter might naturally restrict
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FIG. 1: Illustration of partial domination and partial minima.
There are three costs associated with A, B, and C. A and C
dominate B on one cost and thus, B is not a l-minimum.
Neither A nor C dominate B on two costs and thus, B is a
2-minimum.

her attention to a candidate, or candidates,who have the
most attractiv e position on as many issuesas possible.

Let us represem our choices as N points in d-
dimensionswith coordinates x ~
coordinate x; > O represerts a distinct cost. By con-
verntion, small-x values are superior and are considered
dominant. Partial minima, a formalization of the pseudo-
optima concept discussedabove, are de ned as follows.
A point x is said to be k-dominated by x°when at least
k of the coordinates of x are larger then the correspond-
ing coordinates of x° A point is said to be a partial
minimum, or formally a k-minimum, when it is not k-
dominated by any other point in the set as illustrated
in Figure 1. We stressthat a partial minimum is not
required to dominate all other points on the samed k
coordinates and may dominate di®eren points along dif-
ferernt coordinates. The parameter 1 - k - d quanti es
the quality of the partial minimum: a smaller k value
represens a more stringent condition. The two extremes
are the global minimum, k = 1, whereevery coordinate is
a minimum of the point set, and the excient set, k = d,
that includesall points that are not obviously dominated
by other points as shawvn later in Figure 3. Partial min-



ima are conditional multiv ariate extrema and their prop-
erties are amenableto analysisusing a statistical physics
perspective [5{9].

In this study, we obtain exact statistical properties of
partial minima including the multiv ariate density and its
asymptotic behavior as well as scaling properties suc
as the typical size and average number of minima. We
presert two major results. First, as a function of the
set size N, the average number of minima decas alge-
braically when 1 - k < d, and grows logarithmically
when k = d. Second,there are k j 1 di®eren scaling
laws for the largest coordinates, eac following a power-
law distribution with ki 1 distinct exponerts. The rest of
the d+ 1j k coordinatesare characterizedby distributions
with sharp tails. We also discussthe relevance of these
results to the multi-ob jective shortest path on graphs, a
certral problem in multi-ob jective optimization.

We considerthe situation where there are no correla-
tions betweenthe coordinates. That is, eat coordinate
is independerily drawn from somedistribution. As dis-
cussedbelow, this situation is equivalent to a uniform dis-
tribution in the unit hypercube. Thus, we corveniertly
assumethat x; is uniformly distributed in [0 : 1] for all
1-i0- d
Heuristic Argumen ts. Elementary scalinglawsfor the
typical sizeof a partial minimum and the averagenum-
ber of minima are derived heuristically. We assumethat
() the partial minimum is dominant on a xed set of k
coordinates, and (ii) all its coordinates are equal, x; = X,
for all i. By the partial minimum de nition, the cor-
responding k-dimensional hypercube corntains only the
partial minimum itself. The volume of this hypercube is
xX and the expected number of points inside this hyper-
cube must be of order one, Nxk » 1. Consequetly, the
typical sizex decas algebraically with N,

X» Ni & (1)

This characteristic scaledecreasesas the minimum con-
dition becomesmore stringent, that is, ask decreases.
The expected number of partial minima

A» NI 2)

follows from the expected number of points inside the

d-dimensional hypercube with linear dimension x, N x¢.

Partial minima are asymptotically rare and the scale(1)

decays inde nitely. Furthermore, with a small prob-

ability, there is only one minimum when N is large.
The scaling estimate (2) coincideswith the exact value
A = Ni i1 for k = 1, sinceany point is a global mini-

mum with probability Ni 9. For k = d, the minimum in

any one coordinate is a partial minimum and thus, there
is at least one partial minimum. Indeed, the decay expo-
nent Qlk—k in (2) vanishes. This special caseis discussed
separately

The Density of Minima. The density Py (Xx) of k-

minima located at x is obtained analytically through a

L .

FIG. 2: Hllustration of the excluded area for a global minimum
(k = 1, left) and points on the efficient set (k = 2, right) in
two-dimensions. Points in the gray region k-dominate the
distinguished point.

formal generalization of the heuristic argumert above.
For example,in two dimensionsthe density is

N[Li (Xp+X2i Xaxo)Vi 2
N[Li xpxM?

k=1,
P2;k (leXZ) { k=2
The factor N is the number of ways to choosethe min-
imum, and the secondfactor guaranees that the rest
of the points do not dominate the minimum at (X1; X2).
These points must not fall inside an L-shaped region of
areax; + Xz i Xi1Xz or equivalently 1i (1 x1)(1j X2)
when k = 1 or a rectangle of areax1x, whenk = 2 as
illustrated in Figure 2.

In general,the density of minima

Pak (X) = N[1i Gax ()I""*: 3)

re°ects that the N | 1 points are excluded from a d-
dimensionalregion of volume Gq (X). The excludedvol-
ume obeysthe recursion

Gak (X) = Xd Gaj 1:; 1(X) + (1§ Xa) Gaj 1x(X): (4)

In our notation, the dimensionalindex of a function dic-
tates the dimension of its vectorial argumert sothe vec-
tors on the right hand side of (4) havedj 1 componerts.
We obtain the recursion relation (4) by separating the
excluded region into two regions: one in which the dth
coordinate is dominant and onein which it is not. Using
the boundary conditions Gg.o = 1 and Ggx = 0 when
k> d, werecover Gy.1 = X3 and Ga.1 = X1+ X2§ X1Xa.
Furthermore,

1i (Ti xa)(Xi x2)(1i x3) k=1
Gk = { X1Xg2+ X1X3+ XoX3i 2X1X2X3 K= 2;
X1X2X3 k=3

In general,Gg.q = H?:l Xi and Gq.1 = 1j Hidzl @i xp).

Scaling. In the limit N ! 1, the product term x;X;

in Po1 = N[L1i (x¢+ X2i x1x2)]N1 ! is negligible com-

pared with the linear term x; + X, and thus,
Poa(X1;X2) | Ne Nixarxa):

Generally, only the kth degreeterms are asymptotically

relevant and the leading behavior is

Pak(X)! Né N Fa, (). 5)



The auxiliary function Fqyx (x) cortains (£) terms, eah

a distinct product of degreek. For example,

X1+ Xo + X3 k=1;
Fak = ¢ X1X2 + X1X3+ XoX3 k=2
X1X2X3 k=3

The auxiliary function equalsthe sum, Fg.1 = Zid:l Xi,

and the product, Fgq4 = Hid:l Xi, in the two extremes.
The function Fg. (x) is de ned recursively

Fak (X) = XdFa; 1k; 1(X) + Fa; 1x(X) (6)

for 1- k- d with the boundary condition Fo.x = %.o.
This recursion follows from (4) by dropping the higher-
degreeterm Xg Gg; 1.k (X).

The asymptotic behavior (5) canbe recastin the scal-
ing form

Pax (X) ! N©qk (2); (7)

asN ! 1 . The scalingvariable is z= xN 7 in accord
with (1), and the scaling function is

Cux(2) = & Fu9: ®)

The average number of k-minima equals the in-
tegral of the density, Agx = [dxPgx(x), where
fdx 1%, fol dx; [10]. When k < d, the asymptotic
behavior of the averagefollows from the scalingform (7),
Agk ' agk Ni dlfk, and is in agreemen with (2). The
proportionality constart agx equalsthe integral of the
scaling function, agx = [ dz©qx (z), although now, the
integration range is unrestricted, [dz” [[%, [y dz.
The prefactor is trivial for perfect minima, aq.1 = 1, and
otherwise, it can be obtained analytically only in a few
exceptional cases.

Extreme Statistics. Since global minima are con-
strained along all cost coordinates, extremely large costs
are exponertially rare, whenewer suc a global minimum
exists. Becausewe have relaxed the minimality condi-
tion, this may not necessarilybe the casefor partial min-
ima. In our voting example, a candidate who is attrac-
tive to a voter on a multitude of issuesmay be extremely
unattractiv e on a particular one. How likely is such a
scenario?

We begin our study of extremal statistics [11{13] by
“rst consideringthe distribution of the largest coordinate
in a partial minimum. Without loss of generality, we
order the coordinates x; < Xy < ¢¢¢< Xg; 1 < Xg. Our
focusis on the tail of the distribution of the variable x4,
corresponding to the regimexq A Xd; 1. We alsorestrict
our attention to the limit N ! 1 . The distribution
Q1(xq) of the largest coordinate x4 equalsthe integral of
the multiv ariate distribution with respect to the rest of

the coordinates,

Qu(xa) = /dxl 0e¢ | dXa; 1 Pa (X1 X2; ¢0¢; Xq)
» /d)(1 ¢ee [ dxg, 1Ne N Fa,k(x)
» /Xm ¢ee dde ]_Nei NXaFa—1,k-1(x)
i A=k L od=k. q
» N! k—l(xd)l R—1i +: (9)

The secondline is obtained by substituting the leading
asymptotic behavior (5) and the third line re°ects that
only the rst term in (6) is relevant when xq A x; for
all i < d. Our last step is to multiply and divide the
third line by x4 and then invoke the scaling law (2) for
the average number of k j 1-minima in dj 1 dimen-
sions. In essencewe utilize the fact that when one of the
coordinates is very large, the partial minima criterion in-
volvesonelessconstraint in onelessdimension[14]. The
power-law decay of the distribution (9) shaws that there
is a substartial likelihood that x4 is relatively large.
The distribution Q2(xg; 1) of the secondlargest coor-
dinate xg; 1 is obtained using the bivariate distribution

Q(Xd; 1;Xd),
Q(Xd; 1;Xd) = /dX1 ¢¢¢/dxd; 2 Pak (X1; X2; 06¢; Xq)
» /dxl ¢¢¢/ dxg; o Nel NFar(x)
» /dx1 ¢¢¢/dxdi SN e NXa-1XaFa—1k-1(x)

» Ni 72 (xg; 1Xg)1 21 L (10)
The distribution Q2(Xgq; 1) equalsthe integral of the bi-
variate distribution with respect to the largest coordi-

nate, Q2(Xq; 1) = fxld,l dXq Q(Xg; 1;Xq). This integral is

dominated by the divergenceat the lower limit of inte-
gration, and consequetly

. d—k . d—k.
Qa(Xq; 1) » N 5=2(xg; 1) 25=21 1:

The power-law tail is now steeper.

A similar calculation applies to the distributions of
the k j 1 largest elemerns. In general, the distribution
Qj (yj) of the jth largest elemen, y;, with the de nition
Yj © Xd+1; j, decays as a power-law,

(11)

L d—k @
Qi (yj) » N ==i(y;)l ®i !

for1- j - ki 1. The decay exponert increasesmono-
tonically with the index |,

(12)

.dij k
= —! 13
G = (13)
We can verify the decy law (2) using

A » fh}_l/k dy; Q; (yj) where the lower limit of integra-
tion is set by the typical size scale (1). Interestingly,



there are k j 1 distinct scaling behaviors for the kj 1
largest elemens. Each of these extremal coordinates is
distributed accordingto a power-law distribution that is
characterized by a distinct exponert.

This multiscaling behavior a®ectsthe behavior of the
momerts hy"i de ned as follows, hy["i = Im=lo, where

Im = le_l/k dy; y" Qj(y;). The integral I, is domi-
nated by the divergenceat the lower cuto® when the
order is small, m - ®, but otherwise, the integral Iy
is nite. Consequetly, the momerts have the following
scaling dependenceson N

Nim=k m<®,
hMi» (AN EED NN m= §; (14)
Ni?c(@i:’;; m> ®:

Low order momerts exhibit ordinary scaling behavior as
they are characterized by the typical size scale (1) that
underlies the multiv ariate distribution function (8). As
usual, there is a logarithmic correction at the crosswer.
High-order momerts plateau at a xed value that is in-
dependert of the index m, an indication that there is a
signi cant probability that the extreme elemens are of
order one. Interestingly, the average size of the di®er-
ent coordinates may follow di®erent scaling laws. For
example, there are two scaling laws, hy;i » Ni 16 and
hy,i » Ni =3 whend = 4 and k = 3. Of course,the sum

Zid:l Xj hasthe sameextremal statistics as doesxgq.
The crossawer momert or equivalertly the exponert

® divergesask ! j. Therefore, the smallestd+ 1 k

coordinates exhibit the ordinary scaling behavior

hyhi > N (15)

for k - j - dand all momerts of the respective distri-
bution functions must be nite. In these cases,the dis-
tribution functions Q; have tails that are assharp as or
sharper than an exponertial. In the aforemenioned case
d = 4and k = 3, the third and the fourth largest coordi-
nates exhibit the ordinary scaling, hysi » hysi » Ni 173,
Etcien t Sets. The set of points that are not domi-
nated on all coordinates by any other point are partial
minima whenk = d (Figure 3). Wereferto this setasthe
\excient set". The ezxcient set, alsotermed the excient
frontier or Pareto equilibria, plays a certral role in multi-
objective optimization and has beenstudied extensively
in economics,computer science operations researt, and
gametheory [15, 16]. Sincethere is no objective trade-
o® between costs, every point in the etcient set is po-
tentially a solution to the multi-ob jective optimization
problem. The study of the properties of etcient setswas
the original motivation for our researd.
In the special casek = d, the expected size of the
excient set, Eq(N) ~ Ag4.4(N), obeysthe recursion
Eo(N) = Ba(N | D+ Eq (N): (16)
The point with the largest x4 coordinate certainly does
not dominate any other point. Furthermore, this point

FIG. 3: Illustration of the efficient set in two-dimensions.
Filled squares are on the efficient set and unfilled squares are
not. Only four of the filled squares are on the convex hull.

is on the excient setif and only if the rest of its dj 1
coordinates are not dominated by any other point. This
evert occurs with probability NiEdi 1(N) and hence,the
secondterm in the recursion. We note that the recursion
(16) can also be obtained by performing the integration
over Xq in Eq(N) = N [dx[1j X1Xz¢eexq]Ni L. This
integration is analytically feasibleonly if k = 1 or k = d.

The recursionrelation (16) is subject to the boundary
condition E;(N) = 1. In two dimensions,

1 1 1
Ex(N)=1+ 2+ 3+ ¢ee+ N
or alternatively, Ex(N) = H(N), whereH(N) = >N %
is the harmonic number. The average size of the ex-
cient set grows logarithmically, Eo(N) = InN + ° + ¢¢¢
where ° = 0:57721is Euler's constart. In three dimen-
sions, we have E3(N) = ?:1 %H(n), and asymptoti-
cally, E3(N) "' %(In N)2. The largeN behavior is ob-
tained in general by corverting the di®erenceequation
(16) into a di®erertial equationdEq=dN = Eg; 1=N. The
expected size of the excient set grows logarithmically,
1 dj 1.
; 1)!(InN) :

(17)

Ea(N)" (18)

This logarithmic growth re°ectsthat the integral of the
scaling function, [ dz©qyq4(z), is divergert at the upper
limit. A straightforward generalization of the calculation
above shows that the distribution of the extremal coor-
dinates has a logarithmic correction,

Q () » (nN)TH () iny %

for1 - j - dj 1. We can verify that the average
number of points is consistent with the exact behavior
Jn-1/adyQj(y;) » (InN)% ! asin (18). The crossaer
momert vanishesand the momerts decay logarithmically,

by™i » (InN)iT; (20)

wherem > Oand1- j - dj 1.
Tw o-dimensions. For the cased = 2, we obtain closed
form expressionsfor the distribution function of partial

(19)



minima. This permits us to establish certral limit-t ype
behaviors for the distribution of the size of the excient
set.

In two-dimensions,the distribution function p,(N) for
the evert that the e+cient setincludes n points, where
1- n- N, satis esthe recursion[17]

pr(N)= (Li N'H)pa(Nj 1)+ Nitpy (N 1) (21)

and is subject to the boundary condition P, (0) = 0.
On the square,there are two coordinates: x; and x,. We
canderive (21) by alluding to the samereasoningbehind
(16), i.e., the point with the largest x, coordinate will
be on the excient setif and only if its x; coordinate is
minimal, an evert that occurswith probability N i 1.

Recursion equations for the average E(N) = i
and the variance V(N)=m?ij mi?2  with
H(n)i © Yh_, f(n)P, are obtained by summing
(21). The averagesatises E(N) = E(Nj 1)+ Ni 1
in accord with (16) and the variance satis es
VIN)=V(Nj )+ Nilj Ni2 Thus, the vari-
ance equals the di®erence between the rst and the
secondharmonic numbers

V(N)=H(N)i HO(N) (22)

where H®(N) = YN, ni 2. The variance and the
average have identical leading asymptotic behaviors,
V(N)=InN+ (°j £¥#)+ G

With the transformation p,(N) = ﬁpn(N), the aux-
iliary function pn(N) satis es the recursion

Pa(N)=(Nji Dpn(Ni 1)+ pa(Nj 1)

with p,(0) = +,0. This recursion de nes the Stirling
numbers [N ] [18] sop,(N) = [\]. Therefore, the full

probability distribution is expresnsedn closedform,

(23)

1 [N
)= [ | (24)
forO- n- N.
The generalasymptotic behavior, derivedin [19],
1 1 InN)"
Ba(N) (n M) (25)

Wi( n=InN) n!

appliesinthelimit n! 1 N ! 1 with theratio n=InN

“nite. Forsmalln ¢ InN, the distribution is Poissonian,
Pa(N) = NiY(InN)"i 1=(nj 1)! and for large n, the dis-
tribution approachesa Gaussiancertered at the average

E(N)' InN with the varianceV(N)"' InN,
1 (nj INN)?
' P A .

We note that the convex hull, a subset of the excient
set (see Figure 3), is characterized by similar statistical
propertiesincluding a limiting Gaussiandistribution and
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logarithmic growths, albeit with di®erer prefactors, of
the averageand the variance [20{22].

Multi-Ob jectiv e Shortest Path. The multi-ob jective
shortest path on a graph is de ned as follows. Consider
a graph, possibly with multiple edgesconnecting pairs
of nodes, with d di®erert costs on eat edge. Fix the
sourceand the destination nodes, and then consider all
paths from sourceto destination, assigningd total costs
to ead path computed as the sum of the d individual
costsof the path's constituent edges.The multi-ob jective
shortest path problem consistsof nding the etcient set
of paths. Generally, nding the etcient setis an NP-
hard problem, although less demanding approximation
schemesexist [23, 24]. Nevertheless, the computation
time of the approximation scdheme depends crucially on
the size of the excient set.

Supposethe edgecostsare independert, random draws
from a common distribution. We can considertwo lim-
iting topologies. First, for a graph of two nodes con-
nected by N edges,the number of elemers in the ef-
“cient set grows poly-logarithmically in the number of
edgesas shavn in (18). Second,for a one-dimensional
chain of nodes where eat pair of neighboring nodesis
connectedby a pair of edgesthe total path costsbecome
correlated [23], even though the individual edgecostsare
not. We have conducted numerical studiesthat nd that
the sizeof the excient setis highly sensitive to the distri-
bution of edgecosts. Assuming ead edgehastwo costs,
(w1;w>), both chosenfrom somecortin uousdistribution,
the convex hull grows linearly in the length of the chain.
Interestingly, we obsened various behaviors for the size
of the excient set, ranging from linear in the length of
the chain, to power law behavior, characterized by ex-
ponerts greater than unity, up to stretched exponertial
behavior.

Finally, we consider ErdAs-Reryi random graphs [25{

27]. Using the fact that the shortest path betweentwo
randomly chosen nodes grows logarithmically with the
total number of nodes in the graph and the fact that
paths that are closein length to the shortest path weakly
overlap and hencetheir costsare weakly correlated, the
results in this paper can be usedto heuristically show
[28] that the sizeof the excient set of paths grows poly-
logarithmically with the number of nodesasin (18). This
number is much smallerthan the number found for chains
where the paths are correlated.
Conclusions. We proposed partial minima as a pro-
tocol for identifying pseudooptimal solutions to multi-
objective optimization problems. Partial minima are de-
‘ned by a parameter k: a point in d-dimensions that
dominates all other points on at leastdj k coordinates
is a partial minimum. As this optimality criterion be-
comesmore stringent, partial minima improve in quality
but are lessprobable. In the extreme casek = d, the
number of partial minima grows logarithmically with the
total number of points.

Remarkably, there is a seriesof distinct power-law dis-
tributions that characterize the largest coordinates with



a consequeh multiscaling distribution of the momerts,
while the rest of the coordinates obey ordinary scaling.
Viewed as quasi-optimal solutions to multi-ob jective op-
timization problems, partial minima involve a trade-o®.
When the optimality criterion is relaxed, these quasi-
optima becomemore likely, but are more likely to incur
at least one extremely large cost.

Our results hold as long as the set of points are not
correlated, that is, aslong asthey are drawn from inde-
pendert distributions. These distributions need not be
identical. If the ith coordinate is drawn from the dis-
tribution f;(x;), the transformation x; ! foxidyifi(yi)
and dx; ! fi(xj)dx;, mapsto a uniform distribution in
the unit hypercube. Correlations presen an interesting
challenge and we anticipate seriousmodi cations to the
scalinglaws above. For instance, it is simpleto shaw that
the sizeof the excient set grows as a power of the num-
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ber of points, » N2, rather than alogarithm, whenthe
points are uniformly distributed inside the unit circle. In-
cidertally, this growth is much faster than the N =2 for
the corresponding number of points in the corvex hull
[20).

Another interesting issueis the crosswer from the al-

gebraic decay (2) to the logarithmic growth (18). The
average number of partial minima decreasesnonotoni-
cally with N when k is small, but is a non-monotonic
function of N whenk is large. For example,whend = 4
and k = 3, the averageAqyx peaksat N = 16. It will be
interesting to elucidate how the height and the location
of this peak scaleswith N.
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