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Comment on “Kinematic Scaling and Crossover to
Scale Invariance in Martensite Growth”

In a recent Letter [1], Raoet al. proposed a simple
model describing martensites formation. In 2D, the mod
is defined as follows: (i) Segments grow from seeds th
are nucleated in a bounded region. (ii) The tips of the
segments move with a constant velocityV until they hit
either another segment or the boundary. (iii) Any t
grows in one of two possible orthogonal directions. The
are two important limiting cases, uniform nucleation an
simultaneous nucleation. Uniform nucleation withV  `

can be viewed as a multifragmentation process [2,3], a
both result in similar patterns (compare Figs. 2 of [1] an
[3]). Here, we obtain exact asymptotic properties of th
uniform model using the method of Ref. [3]. The proce
is characterized by an infinite amount of scales and
infinite set of conserved quantities, and thus exhib
multiscaling. These findings disagree with the simp
algebraic behavior of the segment length distributio
reported in [1].

The case of uniform nucleation is equivalent to
stochastic process where seeds appear uniformly in sp
with unit rate, and grow with infinite velocity in thex or
y directions with equal probabilities. For simplicity, we
choose the unit square as the transformed region. T
distribution functionPsx1, x2, td, describing rectangles of
sizex1 3 x2 arising in this kinetic process, satisfies

≠Psx1, x2, td
≠t

 2 x1x2Psx1, x2, td

1 x2

Z 1

x1

dx0
1 Psx0

1, x2, td

1 x1

Z 1

x2

dx0
2 Psx1, x0

2, td . (1)

Performing the double Mellin transform,Mss1, s2, td R
dx1 dx2 x

s121
1 x

s221
2 Psx1, x2, td, Eq. (1) reduces to

≠Mss1, s2d
≠t

 ss21
1 1 s21

2 2 1dMss1 1 1, s2 1 1d . (2)

Indeed, the total area isMs2, 2, td  1 and the number of
rectangles isN  Ms1, 1, td  1 1 t, in agreement with
(2). A remarkable feature of Eq. (2) is that it implie
the existence of an infinite number of conservation law
The momentsMss1, s2, td, with s1 ands2 on the hyperbola
s21

1 1 s21
2  1, are time independent. Thus, in additio

to the conservation of the total area, there is an infin
amount of hidden conserved integrals. These integr
are, in fact, responsible for the absence of simple scal
solutions. Indeed, a solution of the formPsx1, x2, td 
twQstzx1, tzx2d to Eq. (1) would imply an infinite set
of relations,w  zss1 1 s2d whens21

1 1 s21
2  1, which

cannot be satisfied by just two scaling exponents,w
andz.

The moments of Eq. (2) are exactly solvable in term
of generalized hypergeometric functions. Howeve
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we present an asymptotic analysis since for sufficien
large t ; N, the moments depend algebraically on tim
Mss1, s2, td , t2ass1,s2d. Substituting this form into
Eq. (2) yieldsass1, s2d 1 1  ass1 1 1, s2 1 1d. This
difference equation is solved subject to the boundary c
ditions, ass1, s2d  0 on the hyperbolas21

1 1 s21
2  1

and one finds

ass1, s2d 
s1 1 s2

2
2 1 2

sµ
s1 2 s2

2

∂2

1 1 . (3)

The nontrivial nature of the asymptotic behavior
demonstrated by evaluating moments such askxn1

1 x
n2
2 l ;R

dx1 dx2 x
n1
1 x

n2
2 Psx1, x2, tdy

R
dx1 dx2 Psx1, x2, td. For

example, the ratio ksx1x2dnlykxn
1 l kxn

2 l , t2s
p

n21422d

dependsasymptotically on time, while for a scaling distri
bution Psx1, x2, td such a ratio would approach a nonze
constant. The length distributionPsl, td can be easily
obtained from the size distribution using the evolutio
equation ≠Psl, tdy≠t 

R
dx1 dx2 x1x2Psx1, x2, td fdsl 2

x1d 1 dsl 2 x2dgy2. Hence, the corresponding
Mellin transform Mss, td 

R
dl ls21Psl, td satisfies

≠Mss, tdy≠t  Mss 1 1, 2, td. This is solved to find
Mss, td , t12ass11,1d. Substituting Eq. (3) gives

klnl , kxn
1 l , t2sn122

p
n214 dy2, (4)

rather than simple scaling
R

lPsl, td , A 1 ByN
[1]. Thus, the length distribution is characterize
by nontrivial exponents. For example, one find
kll , t2s32

p
5 dy2 , t20.382 and kl2l , t22

p
2 , t20.586,

as confirmed by simulations. Since all the moments s
show a power-law behavior, we conclude that the mo
exhibits amultiscalingasymptotic behavior. In contras
with the general behavior, moments of the areaA  x1x2

follow ordinary scaling,kAnl , kAln , t2n, and the area
distribution function approaches a simple scaling for
PsA, td . t2e2At.
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