Weak Disorder in Fib onacci Sequences
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We study how weak disorder a®ectsthe growth of the Fibonacci series. We intro duce a family
of stochastic sequencesthat grow by the normal Fibonacci recursion with probability 1 2, but

follow a di®erert recursion rule with a small probability 2.

We focus on the weak disorder limit

and obtain the Lyapunov exponent, that characterizes the typical growth of the sequenceelemerts,
using perturbation theory. The limiting distribution for the ratio of consecutive sequenceelemerts is
obtained aswell. A number of variations to the basic Fib onacci recursion including shift, doubling,

and copying are considered.

PACS numbers: 02.50.-r, 05.40-a

The Fibonacciinteger sequencd 1;1;2; 3;5;8;:::g has
beenstudied extensively in number theory, applied math-
ematics, physics, computer science,and biology [1, 2].
Fib onacci numbers are ubiquitous in nature: they gov-
ern branching in trees, spiral patterns in shells, and the
arrangemen of seedsin sun°owers [3{6].

The Fibonacci sequencede ned via the recursion re-
lation

Fhnet = Fn + Fni 1 (1)

with Fg = Oand F; = 1, is deterministic. However, many

patterns in nature are not perfect. For example, spiral

patterns in sun°owers, where Fib onaccinumbers as high

asl44are obsened, may very well be disordered. An em-

pirical study of sun°owers obsenesthe normal sequence
f1,;1;2;3;5;:::g with afrequencyof 95%, but altered se-
guencessuch asf2;3;5;7;:::g and f1; 3;4;:::g are also
obsened with a small frequency [4].

Motiv ated by this empirical obsenation, we study dis-
order in Fibonacci sequences.Speci cally, we introduce
the following stochastic sequence. We assumethat the
normal Fibonaccirule (1) is followed most of the time,
but that with a small probability, 2 ¢ 1, an \erroneous"
recursionXp+1 = Xp + Xp; 2, involving an index shift, is
followed. The stochastic recursionrule is therefore
(

Xn + Xnj 1

Xn + Xnj 2

prob 1;j 2
prob 2

Xn+1 =

(2)

The initial elemerts are always xo = 0, and x; = X = 1.
Let us rst recall a few useful facts on the Fibonacci
sequencecorresponding to the limiting case? = 0. The
serieselemeris are given by
Lt G

o= —F =1~ (3)
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with the golden ratio , = hzﬁ The serieselemerns
grow exponertially with n, F, » ,". Substituting this
form into the recursion (1), the golden ratio satis es
,2=,+ 1, and this allows to express polynomials of
arbitrary degreein , as linear functions of ,. More-
over, the ratio between two successie series elemeris,
fn = Xn=Xn; 1, approacesthe goldenratio ry ! as
n! 1.

Our goal is to elucidate the typical growth of the se-

guenceelemerns

5

Xo» € (@)

with — = (2 the Lyapunov exponert. For example, for
the random Fibonacci seriesx, = Xn; 1 8 Xn; 2 Where
addition and subtraction are chosenwith equal proba-
bilities, the Lyapunov exponert is =~ ¥4 0:123975[7{11].
In our case, however, the recursion rules (2) represen
a gertle departure from the original Fibonaccirule (1)
and thus, we expect a small changein the Lyapunov ex-
ponert. We focus on the weak disorder limit, 2 ! 0,
and use perturbation theory to show that the Lyapunov
exponert varies linearly with the disorder strength

(B = ot p70e ®)

with o= 1In, .

In general,the averagebehavior hx,i can be obtained
analytically. From the sequencede nition (2), the aver-
agesatis es the recursionrelation

MXnsa i = Xni + (1§ 2)Xn; 2 + 2MXp; 2 (6)

with hxpi = 0, and hx1i = hx,i = 1. This linear rela-
tion implies the exponertial growth hx,i » 1" with the
growth factor * being the largest root of the third order
polynomial

Pz aTe (oo ™

Di®erertiating this equation with respectto 2 and setting

2=0,we nd d=d? ,_;, and thus, for small 2 we have



1) = | j {712. To compare with the growth of the
typical sequenceg4), it is usefulto write hx,i » € " with

°=1Int. To rst orderin the disorder strength 2,
°(3) = %o+ %12+ C0C 8

with °o= "o and °1 = iy
To addressthe typical behavior, we introduce the ra-
tio between two successie elemers in the sequence,
fn = Xn=Xn; 1. The random recursion rule (2) implies
that this ratio satis es the random map,
(
1 prob 1j 2
prob 2

1

Mn

1 1
+ =

In ¢rni 1

(9)

M+t =

When there is no disorder, 2 = 0, the ratio approaces
the goldennumber,r, ! , asn! 1 . Thusasthe num-
ber of iterations of the normal map (9) growsinde nitely,
the distribution of the ratio approacesa delta function
certered at the goldenratio, P(r) ! Hrj ,).

Generally, when 2 > 0, the distribution P(r) has a
richer structure, as shown below. The Lyapunov expo-
nernt can be corveniertly expressedn terms of P(r). In-
deed, eat sequenceslemer is given by the product

Y
Xn = 1!
j=2

(10)

With the exponertial growth (4), the Lyapunov exponert

simply equalsthe expected value of the logarithm of the
ratio,

z

“=hinri=  drP(r) Inr: (11)

At weak disorder, with a small probability 2, an er-
ror occurs. That is, the map rp4y = 1+ 1=(rpry; 1) is
implemented. As long as no errors occur, the ratio will
essetially be equalto ,. Then, when an error occurs,
the ratio reducesto 1+ ,1 2. Sincethe expected num-
ber of iterations before another error occurs, 2 1, is very
large, the ratio again quickly approades,. This cycle
cortin uesad-in nitum.

To characterizethis processwe should understand how
an error ewlves under the random map (9). Thus, we
consider the following scenario: (1) Initially , the ratio
equalsthe golden number ¥ = ., (2) An error occurs
at the very rst step, and (3) no further errors occur.
Let ¥4 be the value of the ratio after n iterations. Then

Y4 = 1+ i 2 and usingthe relation 2=, + 1 we have
h = %L At further iterations, the ratio follows the
normal map %+ = 1+ 1=% and therefore,
2+ 3+ 2 5+ 3
v, = s 1= . . _ s
a. 1+ , 7 % 2+ C_’ L} g 3+ 2,

By induction, at the n" iteration, the ratio can be ex-
pressedin terms of the Fib onaccinumbers

Fni2 + Fns1, |

Ly =
AT TFo + Fo,

(12)

This seriesalternatesaround | : Y2n+1 < , while %, >
but both the odd and the even sub-seriegquickly corverge
to goldenratio, %4 ! , asn! 1.

This analysis characterizeshow a single error a®ects
the ratio. To “rst order in the disorder strength 2,
the probability that the value Y4 is obsened equals
2(1j 2)"i 1 re°ecting the probability that one error is
made and then, no errors are madein the following nj 1
iterations. Our “rst result is the distribution P(r) for
the ratio to have the valuer

P(r)! 2 (Li M 1E(ri %);
n=1

(13)

in the weak disorder limit 2! 0.

The calculation of the "rst order correction to the Lya-
punov exponert (5) is now straightforward. Substituting
the leading behavior in the weak disorder limit (13) into
the generalformula (11) for the Lyapunov exponert we
obtain
X

(1i )" Yinvy:
n=1

I 2

B

(14)

The sum is evaluated as follows

x x L
(i 2"*tin, +2 (1 2)“illnﬁ:

n=1 n=1 >

1 2

B

Performing the summation in the rst term, we verify

that "o = In, . Keeping only the terms proportional to

2 in the secondsum gives the leading correction in the
perturbation expansionof the Lyapunov exponert (5),
Xy

- In 2. (15)

n=1 >
To perform this summation, we substitute the expression

(12), and replacethe upper limit with a large but nite
cuto® N, and then evaluate the N I 1 limit asfollows

- . 1 Fn+2 + Py,
=i I
2 2

= In = -
(+D(+.1Y

where in the secondline we used Eq. (3). Using the
equality , 2=, + 1, we arrive at our secondmain result

5 .

“1=1In :
1 >+2

(16)

This correction is very close, but not identical, to that
corresponding to the average behavior (8). As the dif-
ference 1 °1 % j 0:00599897is negative, the typical
growth is slower than the average growth. This mani-
feststhe multiscaling behavior that hasbeenreported in
other stochastic sequence$l?]. Generally, there is a mul-
tiscaling spectrum 3, that characterizesthe growth of
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FIG. 1: The weak disorder limit. Shown is the Lyapunov ex-
ponert , versusthe disorder strength 2. Also shown for ref-
erenceare the parameter ° characterizing the averagegrowth
and the perturbation theory result (5) with (16).

the mth momerts, ki » exp(ndy). However, there
is no obvious relation betweenthe Lyapunov exponert —
and the multiscaling spectrum 3., e.g.,” 6 ° = 3;.

We performed Monte Carlo simulations to verify these
theoretical predictions. In the simulations, we followed
the stochastic ewolution of the variable r. This approach
is advantageousfor computation becausethe ratios are
bounded,in contrast with the explosive growth in the se-
guenceelemens. The results preseried here correspond
to a single Monte Carlo run with 10° iterations.

There is a distinct but subtle di®erencebetween the
typical and the averagegrowth ascharacterizedby ~— and
°, respectively (Fig. 1). The two coincide in the limit-
ing cases? = 0 and 2 = 1 [13], and the discrepancy is
maximal, a mere 0:2%, at the midpoint 2 = 1=2.

The numerical simulations shav unambiguously that
as the number of iterations grows inde nitely, the ra-
tio distribution approaces a stationary distribution
P(r). Fig. 2, we display the cumulativ e distribution
G(r) = , droP(r9.

The stationary distribution has a compact support,
fmn < I < I'max. INdeed, the de nition of the map (9)
implies the obviouE bounds rnin > 1@r1d max < 2. The
valuesrmin = (1+ 3)=2andrma = 3, consistert with
the numerical simulations results, are obtained from the
following relations

1
Mmax = 1+ (17a)
I min
fon = 14— (17b)
min = T+ oo

The rst relation (17a) follows from the normal Fib onacci
recurrencer,.; = 1+ 1=r,. The secondrelation (17b)
follows from the altered recurrencer,+; = 1+ 1=(rnrn; 1)
combined with max(rnrn; 1) = 1+ max(ro; 1) = 1+ rmax,
that followsfrom the normal recursionrn.; = 1+ 1=ry,; 1.

The distribution P (r) consistsof a set of delta func-
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FIG. 2: The cumulativ e distribution G(r) versusthe ratio r.

tions, and therefore, the cumulative distribution G(r)
has a devil's staircase structure with in nitely many
gaps. Generally, tBe_re is a large gap in the interval
1=2 < r < 1+ 1= 3. This gap arises since the map
(9) transforms (rmin ; Fmax ) into the union of two subin-
tervals, (rmin ; 3=2) and (1+ 1=rqax;max ). The bounding
point 3=2 is obtained using reasoningsimilar to that used
in the previous paragraph. Restricting the map to the
above subintervals one nds that they are transformed
into the union of four smaller subintervals, etc. Hencethe
support of the invariant distribution P (r) is a Cantor-lik e
fractal setand the cumulativ e distribution therefore has
a devil's staircasestructure with an uncourtable number
of singularities (Fig. 2).

Thus far, we have addresseda speci ¢ modi cation
of the Fibonacci recurrence, namely, the one involving
the index shift xn+1 = Xp + Xp; 2. But there are of
coursese\eral other, equally natural, modi cations of the
basic recursion rule. For example, one may simply copy
the last elemen x,+1 = X, or alternatively, double it
Xn+1 = Xp + Xn. Thesetwo models are analyzed along
the samelines. For simplicity, we addressthe latter case
where the recursion relation is
(

Xn t Xni 1

Xn + Xp

prob 1 2%
prob 2;

Xn+1 = (18)

with the initial elemens x; = x, = 1. The corresponding
random map is
( 1

1+ prob 1j %

2 prob 2z (19)

M+ =

In contrast with (9), when an error occurs, the ratio
r = 2 is independent of the previous elemen. Thus, er-
ror events e®ectiely resetthe processanew. As a result,
this stochastic processis analytically tractable.

To characterize how an error propagates,we start with
14 = 2 and usethe recursion%+; = 1+ 1=% to obtain
the rst fewterms %2 = 3=2, % = 5=3, and 3 = 8=5. In



general,

Fn+2 .

Ya = (20)

I:n+1 .
The ratio attains this value, r = %, when an error is
followed by n j 1 normal recursion steps, and this oc-

curs with probability 2(1j 2)"i 1. Thus, the probability
distribution of the ratio is

Piy=2 (1 )" x(ri %)
n=1

(21)

with ¥ given by (20). In cortrast with the limiting dis-
tribution (13), this result is now exact, becausethe his-
tory prior to the most recen error evert is irrelevant.
The distribution now has a courtable set of singularities
located at the ratios %4 of successie Fib onaccinumbers.
These singularities \bunch" near the goldenratio , .

Substituting the probability distribution (21) into the
Lyapunov formula (11) yields

=2 (1j )" tin Fns2 :

n=1

22
Foon (22)

Again, the typical growth is slower than the aver-
age growth, as for example, ~(1=2) Y. 0:571357 while
°(1=2) ¥ 0:577049[14]. The exact expression(22) can
be, in principle, expandggdas a power seriesin the disor-
der strength 2, viz. = | o 2" with , characteriz-
ing the e®ectof n errors. Of course, o = In, . The low-
est order correction, which can be obtained either from

Eqg. (22) or from Eq. (15), is given by

2, + 1.
L+t 20

1=In (23)

4

One can also extrgct the ngxt correction fromgEq. (22);
the result is ", = In"1+ (j )™ i2mi6

In summary, we introduced a class of random Fi-
bonaccisequencesvherewith a xed probability the clas-
sic rule is followed, but otherwise, an alternate recursion
occurs. We analyzed the weak disorder limit and ob-
tained the limiting distribution for the ratio of consec-
utive sequenceelemernts as well as the Lyapunov expo-
nent. We found that the typical growth is slower than
the averagegrowth. We also showed that the cumulative
distribution of the ratio of consecutive elemers has a
devil's staircasestructure. An exact solution for particu-
larly simple alterations of the recursionrule wasobtained
aswell.

m, 0

The above results raise a number of questions: Can
the ratio distribution and the Lyapunov exponert be ob-
tained analytically in general? What are the locations of
the singularities underlying the distribution of the ratio?
What is the probability that a given integer belongsto
the random Fib onacci sequence?

We have focused on the average and the typical se-
guence growth, but further information is encaded in
°uctuations with respectto the typical behavior. Related
studies on disordered systems suggestthat such °uctu-
ations should obey Gaussianstatistics [15] and our pre-
liminary numerical simulations support this. The corre-
sponding variance may be calculated using perturbation
theory in the weak disorder limit.

We are indebted to Alan Newell for stimulating our
interest in imperfect sun°owers and thank Patrick Ship-
man for pointing out the empirical data. We acknowledge
US DOE grant W-7405-ENG-36 and NSF grant CHE-
0532969for support of this work.

[1] 3. H. Conway and R. K. Guy, The Book of Numbers
(Copernicus, New York, 1996).

[2] http://lwww.ee.surrey .ac.uk/P ersonal/R.Knott/  gives a
huge amount of information on Fib onacci numbers.

[3] W. Hofmeister, Allgemeine Morphologie der Gewaehse
(Hdb. der Physiol. Bot. Leipzig, 1868).

[4] R. V. Jean, Phyllotaxis: A Systematic Study of Plant
Morphogenesis(Cambridge Univ ersity Press,Cambridge,
1994).

[5] S. Douady and Y. Couder, Phys. Rev. Lett. 68, 2098
(1992); J. Theor. Biol. 178, 255 (1996).

[6] A. C. Newell and P. D. Shipman, J. Stat. Phys. 121, 937
(2005).

[7] H. Furstenberg, Trans. Amer.
(1963).

Math. Soc. 108, 377

[8] M. Embree and L. N. Trefethen, Proc. R. Soc. Lond.
A455, 2471 (1999).

[9] D. Viswanath, Math. Comp. 69, 1131 (2000).

[10] C. Sire and P. L. Krapivsky, J. Phys. A 34, 9065 (2001).

[11] E. Makover and J. McGowan, math.NT/ 0510159

[12] E. Ben-Naim and P. L. Krapivsky, J. Phys. A 35, L557
(2002).

[13] For 2 = 0;1 the growth is of course deterministic and
10)=e@ = and1(1) = e @ = 1:465571232.

[14] The parameter ° = In? is obtained from 2 = (1+ 2)1 +
i 2.

[15] P. Bougerol and J. Lacroix, Products of Random Matric es
with Applications to Schrédinger Operators (Birkh/auser,
Boston, 1985).



