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Motivation: the current power grid is ...

“... the greatest engineering achievement of the 20th century.”
[National Academy of Engineering '10]

O large-scale, complex, & rich nonlinear dynamics

@ 100 years old and operating at its capacity limits = BLACKOUTS

o~ ‘ * The Blackout of 2003: 8/15/2003
(l./l)c Ncw ﬂﬁl’k @1“195 Failure Reveals Creaky System, Experts Believe
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Motivation: the envisioned power grid

ﬁ Energy is one of the top three national priorities

Expected developments in “smart grid”:

\ Ti" a}J' e
= large-scale, complex, & heterogeneous ﬁ ﬁlﬁ ﬁ} A

networks with stochastic disturbances = T TT|.:'~

@ large number of distributed power sources

@ increasing adoption of renewables

Some :
“control/sensing/optimization” @& ‘distributed/coordinated/decentralized”

. Hi . Chen '06]: power network dynamics oo graph
D. Hill & G. Chen '06 kd

3/41
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Motivation: the envisioned power grid — our viewpoint

. “power systems engineering” @ ‘“networked control”

(1) of faults & cyber-physical attacks
(together with F. Pasqualetti)

HH )

—> O—0
D~ @
@—6

9 bus power grid signal flow in dynamics

sensor

Is the attack or fault detectable/identifiable by measurements?
How to design (distributed) filters for detection/identification?
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Motivation: the envisioned power grid — our viewpoint

. “power systems engineering” @ ‘“networked control”

(2] — model reduction using algebraic graph theory

New England power grid graph equivalent reduced grid

How are the two electrically-equivalent networks related in
terms of graph topology, spectrum, resistance, ...7

Applications of Kron reduction in smart grid problems?
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Motivation: the envisioned power grid — our viewpoint

: “power systems engineering” @ ‘“networked control”
(3] & transient stability

Generators have to swing synchronously
despite severe fluctuations in generation /load
or faults in network/system components

e T"TI;-]-

Observations from distinct fields:

o power networks are coupled oscillators
o coupled oscillators synchronize for large coupling
o graph theory quantifies coupling, e.g., A2

= hence, power networks synchronize for large A

theorems about these observations J
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© Introduction and Motivation

2]
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Mathematical model of a power network

Power network topology:

O n M, each connected to a ®
QO m ® form a connected graph
(3] Y network € C1TM*(1+m) characterizes the network

Florian Dérfler (UCSB) Synchronization and Kron Reduction Center for Nonlinear Studies



Mathematical model of a power network

Structure-preserving power network model — frequency-dependent loads:

© n generators B :

modeled by dynamic swing equations:

M,'@,‘ + D,‘H,‘ — 'Dmech.in,i — Felectr.out,i

@ transmission network: lossless & real power

© mbuses ®: k
load model: constant power & linear Yir Yo
frequency dependence Pioad, k Dy,
n+m = =
Dif; + Pload,i = — Z Vil - 1)1 [Y ] - sin (0 — 6)
j=1
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Mathematical model of a power network

Classic [A.R. Bergen & D. Hill '81]:
M;6; + D;6; = P; — Z " pysin(0; —0,), ie{l,...,n}

Dif; = P; — Z Pjsin(0; —0;), i€{n+1,...m}

=|Vi|-|Vj|-|Yi| >0 max. power transferred i <+ j

Prech.ini forie{1,...,n}
P; = real power injection at i
—Plioad,i forie{n+1,...m}
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Mathematical model of a power network

Structure-preserving power network model — linear loads:

Q n generators B :

modeled by dynamic swing equations:
Miéi + Diéi - Pmech.in,i - Pelectr.out,i

@ transmission network: linear

© m buses ®: h i /
. Y; Yik
load model: constant impedance & current i !
algebraic & linear Kirchhoff equations: Iy Y, shunt

I = Ynetwork v
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Mathematical model of a power network

Kron reduction to an ODE power network model:
o Kirchhoff equations partitioned via
boundary nodes & interior nodes:

[ Iboundary -| _ [ Yboundary ‘ Ybound—int—|[ Vboundary—|
|_ Iinterior J |_ Yb7c:und-int ‘ Yinterior Jl_ Vinterior J

Yreduced = Ynetwork/Yinterior = Iboundary + Ired = Yreduced Vboundary

@ network reduced to active nodes (generators)

@ Yieduced induces complete “all-to-all” coupling graph

o local loads at B : Yieq /- |Vi|? + Iboundary + red
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Mathematical model of a power network

Network-Reduced ODE power network model:

classic
[P.M. Anderson et al. '77, M. Pai '89, P. Kundur '94] :

M,'é,‘ + D,'é,' = P; — i1, jti Pjjsin(8; — 0; + »j)) J

“all-to-all” reduced network Yiequced With

Pij = Vil - |Vi| - |Yieq,i j| >0 max. power transferred i <+ j
wjj = arctan(R(Yiedi j)/S(Vreqa,i j)) € [0,7/2] reflect losses i <+ j
Pi = Prmechini — |Vil?R(Yred,i. i) + R(Vi - hea,;) effective power input at i
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Transient stability in power networks: problem statement

M,'é,' + D,'é; =P — Z.;é. Pj sin(6; — 0; + ‘Pij) J
i

@ General synchronization problem:
|0; — 0;] bounded & 0; = éj in presence of transient disturbances

@ Classic analysis methods: Assumptions & Hamiltonian arguments
M,'é,‘ + D,'é,' = —V,‘U(@)T

Energy function analysis or analysis of reduced gradient flow:
[N. Kakimoto et al. '78, H.-D. Chiang et al. '94, ...]

0; = -v;U@)"

Key objective: compute domain of attraction via numerical methods
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Transient stability in power networks: problem statement

@ General synchronization problem:
|0; — 0;| bounded & 0; = éj in presence of transient disturbances

@ Classic analysis methods: Assumptions & Hamiltonian arguments

M,'é,‘ + D,'é,' = —V,'U(Q)T

Open Problem “power sys dynamics + complex nets” [D. Hill & G. Chen '06]

transient stability, performance, and robustness of a power network

s underlying graph properties (topological, algebraic, spectral, etc)
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Detour: consensus protocols & Kuramoto oscillators
Consensus protocol in R": Kuramoto model in T":

: : K :

Xj = _ZJ;é, aij(Xl'—XJ') ) 0,’ S TES ;Z‘/;Alsln(e,*ej) |
@ n identical agents with state @ n non-identical oscillators with

variable x; € R phase 0; € T & frequency w; € R

@ application: sync phenomena in

o application: agreement and
nature, Josephson junctions, ...

coordination algorithms, ...
o references: [M. DeGroot '74, o references: [C. Huygens XVII,
J. Tsitsiklis '84, L. Moreau '04, ...] Y. Kuramoto '75, A. Winfree 80, ...]

4

Center for Nonlinear Studies
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“The big picture”

Open problem: syncin power networks

Mzgl + Dﬂ, =P — Z i Pij Sin(ei — 9j + (,Oij)
VE!

A

Consensus protocols: I Kuramoto oscillators:
/ \ -

v
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“The big picture”

Open problem: syncin power networks

state, parameters, and topology of graph
M;b; + Difl; = P; — ZJ# Pijsin(0; — 05 + ¢ij)

A

Consensus protocols: n Kuramoto oscillators:
\

/ - ~
/7\ S A"
DR AN

D — ‘:\ﬁ-/l

Power systems: [D. Subbarao et al., '01, G. Filatrella et al., '08, V. Fioriti et al., '09]
Networked control: [D. Hill et al., '06, M. Arcak, '07]
Dynamical systems: [H. Tanaka et al., '97, A. Arenas '08]
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© Introduction and Motivation

@ Mathematical Modeling of a Power Network

o
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Synchronization in the Kuramoto Model

Classic Homogeneous Kuramoto model

e phase synchronization: 0;(t) = 6;(t) ;

o Kuramoto model is a forced gradient system 0; = wi — V;U(6) J

e critical points {VU(f) =0} = {phase sync} U {saddle points}

= almost global phase sync & w; = w; J
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Synchronization in the Kuramoto Model

Classic Homogeneous Kuramoto model

. K ~n
0; = w; — F Zj:l sm(9,- = 9j)

5;/" f.i\é
Ve s,
\
N /
N /
/

@ phase cohesiveness: [0;(t) — 0(t)] <~
for small v < 7/2 ... arc invariance

@ frequency synchronization: 6;(t) = ;(t)

o K small & |w; —wj| large
= incoherence & no sync

o K large & |wj — wj| small
=- cohesiveness & frequency sync
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Synchronization in the Kuramoto Model

. - Ko .
Classic homogeneous Kuramoto model: 0 = w; — " ijl sin(6; — 0)) J

Necessary and sufficient condition [F. Dorfler & F. Bullo '10]

The following two statements are equivalent:

@ Coupling dominates non-uniformity, i.e., | K > Keritical = Wmax — Wrmin |

@ The Kuramoto model achieves phase cohesiveness & exponential
frequency synchronization for all w; € [Wmin, Wmax]-

Define Ymin & “Ymax by KcriticaI/K = Sin(’Ymin) = Sin(’Ymax)- then
1) phase cohesiveness for all arc-lengths v € [Ymin, Ymax];
2) practical phase synchronization: from Ymax arc — Ymin arc; &

3) exponential frequency synchronization in the interior of ymax arc.
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Synchronization in the Kuramoto Model

. o
Classic homogeneous Kuramoto model: 0 =wj— — Z . sin(6; — 0)) J

n J=

Necessary and sufficient condition [F. Dorfler & F. Bullo '10]

The following two statements are equivalent:

@ Coupling dominates non-uniformity, i.e., | K > Keritical = Wmax — Wrmin |

@ The Kuramoto model achieves phase cohesiveness & exponential
frequency synchronization for all w; € [Wmin, Wmax]-

@ improves existing sufficient bounds [F. de Smet et al. '07, N. Chopra et al. '09,
G. Schmidt et al. '09, A. Jadbabaie et al. '04, S.J. Chung et al. '10, J.L. van
Hemmen et al. '93, A. Franci et al. '10, S.Y. Ha et al. '10]

@ tight w.r.t. continuum-limit [G.B. Ermentrout '85, A. Acebron et al. '00]

@ tight w.r.t. implicit conditions for particular configurations [R.E. Mirollo et al.
'05, D. Aeyels et al. '04, M. Verwoerd et al. '08]
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Main proof ideas

@ Cohesiveness 6(t) in v arc < arc-length V/(6(t)) is non-increasing
V(0(t)) o
Co—05y V(0(t)) = max{|0:(t) — 0;(t)| | i,j € {1,...,n}}
= !
DTV(0(t)) <0

~ contraction property [D. Bertsekas et al. '94, L.
Moreau '04 & '05, Z. Lin et al. '08, ...]

!
~ KSin(’Y) > Kcritical
@ Frequency synchronization in 7 arc < consensus protocol in R”

d . ..
0= Z#, ajj(t)(0; = 0;),
K

where aj;(t) = 7 cos(0;(t) — 0;(t)) > 0 for all t > 0
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Synchronization in the Kuramoto Model

Topological and heterogeneous Kuramoto model

- n
9,’ = Wi — Zj:l ajj Sih(@,’ - 91')

@ Assumption: coupling graph is undirected and connected

@ Locallystable phase sync iff w; = w; [P.Monzon 06, R. Sepulchreetal.'07]

© Necessary conditions: §; = éj = Y1 (a,-k—i-ajk) < wi —wj]J

(no sync if)

D oke1 Wk
n

; n
0; = Wsyne = Zj:l djj < ‘w" -

)

@ Various sufficient conditions in the literature: [S.J. Chung et al. '10, A.
Franci et al. '10, A. Jadbabaie et al. '04, F. Dorfler et al. '09, L. Buzna et al. '09]

= same implication: “coupling dominates non-uniformity” = sync |
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Synchronization in the Kuramoto Model

Topological and heterogeneous Kuramoto model

é,' = Wi — ijl ajj sin(9,- — HJ)

© Assumption I: coupling graph is undirected and complete

= Sufficient condition I: 2221 mi“ke{i,j}\{f}{akE} > ‘Wi - ij

reduces to exact condition in homogeneous case

© Assumption Il: coupling graph is undirected and connected

= Sufficient condition Il Aa(L(25)) > [[(w1—w2,...) |, |

= suff. & tight conjecture: Xo(L(aj)) > Hw - #1”2 . %J
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© Introduction and Motivation
@ Mathematical Modeling of a Power Network

© Synchronization in the Kuramoto Model

o
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From the Kuramoto model to the power network model

1) Structure-preserving power network model on T"*™ x R":
w@ o n+m ) .
M;0; + D;0; = Pi_Zj:l :‘:’,;,'Sln(e,'—e.,')7 NS {1,...,!7}

D,'é,' = P,'—Zr.H_lm P,-jsin(ﬁ,-—ej), i € {n—l—l,...m}
J:

2) Non-uniform variation of Kuramoto model on T"*+™:

. n+m . .
9,:P;—Zj:1 Pjjsin(0; — 6;) , ie{l,...,n+ m} J

Synchronization & stability conditions can be related via
@ singular perturbation analysis [F. Dérfler & F. Bullo '09]
@ extension of 15t-order Lyapunov funcs [D. Koditschek '88, Y.P. Choi et al. '10]

© local topological conjugacy arguments [F. Dérfler & F. Bullo '11]
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From the Kuramoto model to the power network model

© singular perturbation analysis [F. Dorfler & F. Bullo '09]

o time-scale separation if ]e = min; M;/D; is sufficiently smau\

M;b; + Dib; = P; 727 mP,-jsin(H,- —0), ie{l,....n}

Dib; = P; — Z " pysin(6; —0;), ie{n+1,...m}

@ reduced slow dynamics = non-uniform Kuramoto model:

Dif; = P; — Z P;sin(6; — 6)) (%)

Tikhonov’s Theorem: Assume cohesiveness & frequency sync for (%).
Then ¥ (6(0),8(0)) there exists €* > 0 such that Ve < ¢* and Vt >0

= O(e).

Hi(t)power network — #i(t)non-uniform Kuramoto model
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From the Kuramoto model to the power network model

@ extension of 15t-order Lyapunov functions

1) strict Lyapunov functions for mechanical systems
o potential energy U(6) is strict Lyapunov function for the kinematics:

0; = Pi — V,;U(0) |

=- can construct strict a Lyapunov function for the equilibria of the
dissipative dynamics [Lord Kelvin 1886, D. Koditschek 1988]:

M,'é,' + D,'é,' =P, — V,U(O) J

2) Extension of contraction argument V/(6(t)) = max; ;j{|0;(t) —Hj(t)|}J

to 2"d-order system [Y.P. Choietal. 10]

= the application to power network dynamics is currently under
development [F. Déorfler & F. Bullo '11]
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From the Kuramoto model to the power network model

© local topological conjugacy arguments [F. Dorfler & F. Bullo '11]

1) Structure-preserving power network model on T"™™ x R":
Mi6; + Di6; = Pi —V;U®), ie{l,...,n}
Dif; =P —V;U®), ie{n+1,...m}

2) Non-uniform Kuramoto model & frequency dynamics on T™™ x R™:

d

Eé;:—Mi_lD;'é;, I'E{l,...,n}

;= P, — V,;U(9), ie{l,...,n+m}

The following facts are true V M; > 0 & D; > 0:

@ 1) & 2) have the same equilibrium manifolds

@ equilibria 1) & 2) have the same local stability properties
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From the Kuramoto model to the power network model

© local topological conjugacy arguments [F. Dorfler & F. Bullo '11]
1) Structure-preserving power network model on T"™™ x R":
M;6; + D;6; = P, —V;U(0), i€ {l,...,n}
Difi =P —V;U®), ie€{n+1,...m}

2) Non-uniform Kuramoto model & frequency dynamics on T™™ x R™

d - .
Ea;:f/\/l,.—lo,--e,-, ic{l,...,n}

;= P, — V,;U(9), ie{l,...,n+m}

The following facts are true V M; > 0& D; > 0:

= 1) synchronizes < 2) synchronizes J

=> near the equilibrium manifolds 1) & 2) are topologically conjugate
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From the Kuramoto model to the power network model

© local topological conjugacy arguments [F. Dorfler & F. Bullo '11]

= 1) synchronizes < 2) synchronizes )

=> near the equilibrium manifolds 1) & 2) are topologically conjugate

0.5

0(t) [rad/s]

0.5

:
0(t) [rad]

0(t) [rad/s)

0.5

05 1
0(t) [rad]

Instructive note: topological conjugacy confirms validity of e-assumption
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Main Synchronization Results

Structure-preserving power network model with frequency-dependent loads:
. . n+m
M;6; + D;6; = P; — Z, P;jsin(0; —6;), ie€{l,....n}

Dif; = P; — Z " Pysin(0;—0), ie{n+1,...m}

Results:

© locally stable phase sync < P;/D; = const. Vi J

@ necessary condition: Let weync = > 727 P/ S 717 Dy, then

Zjnilm Pjj < |P; — Dj - wsync| = no freq. sync J

© exact condition for homogeneous case, i.e., Pj = K/(n+ m):

K > max{,-d-}‘,b,- - INDJ‘ & freq. sync & cohesivenessJ

where P,' == P,' — D; * Wsync-
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Main Synchronization Results

Structure-preserving power network model with frequency-dependent loads:
M;éi; + Dié; = P; — Z',’“" Pysin(0; —0;),  ic{l,....n}

Dif; = P; — Z Pjjsin(0; — ;) ie{n+1,...m}

Results:

Q sufficient condition: Let P; = P; — D; - Weync, then

Xo(L(Py)) > ||[(PL—P2,...)||, = freq. sync & cohesiveness J

O suff. & tight conjecture: Ao(L(Py)) > H’E’in 2/v/n+m J

bottom line: “coupling dominates imbalance in active power/damping” J
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Main Synchronization Results

Network-reduced power system model without transfer conductances:

M,-é,-+D,-9',-:P,-—Z7 P, sin(0; — 0,) J
=

Remark: all results can also be stated with transfer conductances

Results:
same conditions as before . ..and

O sufficient conditions: Let P; = P; — D; - wync, then

Mo (L(Py) > [[(PL= P2, )|, e e
or N %
Z” ke{ }\{Z}{Pke} |'5’ a 'E)J| phase cohesiveness

bottom line: ‘“coupling dominates imbalance in active power/damping” J
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Conclusions so far . ..

¢~ Open problem in synchronization and
transient stability in power networks:

relation to underlying network state,
parameters, and topology

A

singular perturbations,
strict Lyapunov functions,

& topological,conjugacy
Time-varying 9 9 Non-uniform
Consensus Protocols Kuramoto Oscillators

< > N
<< > H

Kuramoto, consensus, :\* L, //
<Ll 7

and nonlinear control tools
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© Introduction and Motivation
@ Mathematical Modeling of a Power Network
© Synchronization in the Kuramoto Model

Q@ From the Kuramoto Model to the Power Network Model

o

from network-reduced to structure preserving models
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Kron Reduction

Network-reduced power system model:

@ synchronization conditions on A>(L(Pj;)) and Pj

@ all-to-all reduced admittance matrix for lossless
network uniform generator voltage levels |V;| = V:
L(PU) =i V2 : Yreduced

Structure-preserving power system model:

@ topological bus admittance matrix Y petwork

° via Schur complement:

Yreduced - Ynetwork/ Yinterior J
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Kron reduction of graphs

Consider either of the following three equivalent setups:

© a connected electrical network with conductance matrix Y network.
terminals M, interior nodes ® , & possibly shunt conductances

@ a symmetric and irreducible loopy Laplacian matrix Y network With
partition (H ,® ), & possibly diagonally dominance

© an undirected, connected, & weighted graph with boundary nodes B ,
interior nodes ® , & possibly self-loops

conductance
matrix Yietwork

I

loopy Laplacian
matrix Yietwork
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Kron reduction of graphs

Kron reduction via Schur complement: ‘ Yieduced = Ynetwork/ Yinterior

conductance
matrix Yietwork

= R == o foe

loopy Laplacian
matrix Yetwork

Kron | | reduction Kron | |reduction

transfer conductance
matrix Yieduced
Kron-reduced
loopy Laplacian Yicduced

o Engineering applications: smart grid monitoring, circuit theory (star-A transformation), power network model
reduction, power electronics, large-scale integration chips, electrical impedance tomography, data-mining, ...

@ Mathematics applications: sparse matrix algorithms, finite-element methods, sparse multi-grid solvers, Markov
chain reduction, stochastic complementation, applied linear algebra & matrix analysis, Dirichlet-to-Neumann map, ...

o PhySiCS applications: knot theory, Yang-Baxter equations and applications, high-energy physics, statistical
mechanics, vortices in fluids, entanglement of polymers & DNA, ...[F. Dorfler & F. Bullo '11, J.H.H. Perk & H. Au-Yang '06]
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Kron reduction of graphs: properties

Kron reduction of a graph with
@ boundary B, interior ® , non-neg self-loops ©
@ loopy Laplacian matrix Y petwork

@ Schur complement: Yicduced = Ynetwork/ Yinterior

Properties of Kron reduction:

@ Well-posedness: set of loopy Laplacian matrices is closed
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Kron reduction of graphs: properties

@ lterative 1-dim Kron reduction: YXil =Yk, /e |

= topological evolution of the corresponding graph

1) 2)
.?}%f
B0
) "
O_ I/I ‘\

= Equivalence: the following diagram commutes:

0 —
Ynetwork = Yred }/red =Y -

red
1 §f2 — 1
l_’}/;ed_> red—» ceh — erd |.|+

iterative Kron reduction

Kron reduction of Q
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Kron reduction of graphs: properties

© Augmentation: replace self-loops © by edge to grounded node ¢
GE 000 mO G

00 R @ @ <
B COO0 EO

=- Equivalence: the following diagram commutes:

augment ~
Ya

_—
etwork network

Kron reduction Kron reduction

of © of Q
Yied ————— Y,

augment red

Florian Dérfler (UCSB)
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Kron reduction of graphs: properties

1) 2)

B-O—

3) 7
Om

@ Topological properties:
e interior network connected = reduced network complete

e at least one node in interior network features a self-loop ©
= all nodes in reduced network feature self-loops ©

© Algebraic properties: self-loops in interior network
e decrease mutual coupling in reduced network

e increase self-loops in reduced network
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Kron reduction of graphs: properties

O Spectral properties:
° interladng property: )\i(Ynetwork) < )\i(yreduced) < /\i+n7|l|(Ynetwork)

= algebraic connectivity A\ is non-decreasing

o effect of self-loops O on loop-less Laplacian matrices:
)\2(Lreduced) + max{o} > )\2(Lnetwork) + min{o}

= self-loops weaken the algebraic connectivity A,

Example: all mutual edges have unit weight

Kron reduction

without self-loops: A2 (Lnetwork) = 0.39 < 0.69 = Ap(Lyeduced)
with unit self—loops: >\2(Lnetwork) =0.392>0.29 = A2(Lreduced)
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Kron reduction of graphs: properties

@ Effective resistance Rj;:
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Kron reduction of graphs: properties

@ Effective resistance Rj;:

o Equivalence and invariance of R; among B nodes:

augment ~
Ynetwork Ynetwork

/

Kron reduction Rij Kron reduction
of @ / 1,] €« of @
Yreduced augment > Yreduced

e no self-loops: R;; among B uniform < R% = %|Yred(i,j)|

o self-loops: R;j among B & ¢ uniform < R = %| Yied (7, /)| + max{O}

Florian Dérfler (UCSB) Synchronization and Kron Reduction  Center for Nonlinear Studies 39 /41



Synchronization conditions in structure-preserving model

Assumption I: lossless network and uniform voltage levels V at generators

© Spectral sync condition: \;(L(Pj;)) > ... becomes

Xo(7 - Ynetwork) > H<’51 - )H2 + max{O} J

or

Assumption |l: effective resistance R among generator nodes is uniform

@ Resistance-based sync condition: ) min Py > ... becomes
d 2= (T )
1

= > max‘ﬁ,- - I?’J} + max{O} J
R iy

= structure-preserving power network model with linear loads synchronizes
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@ Introduction and Motivation

@ Mathematical Modeling of a Power Network

© Synchronization in the Kuramoto Model

© From the Kuramoto Model to the Power Network Model

@ Kron Reduction

o
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Conclusions

Structure-preserving
power system model

Open problerr]: syncin power networks _- -7 T =u
w,’ first principle
X modeling
Z v _ >
Ve
7/
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/ \
/ / \
> . / Kron \
T 7/ reduction _ - graph
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protocols Lt 7 |
& robotic i y 4D R~ = : ‘\ /
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N T /

sharpest conditions for most realistic models
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