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We discuss the effect of large-scale anisotropy of the shear type on the small-scale structure of tur-
bulence. Our analysis is based on numerical solutions of the Lagrangian tetrad model of Chertkov
M., Pumir A. and Shraiman B.I. (1999, Physics of Fluids, 11, 2394) adapted to the model case with
large-scale anisotropy. The model, formulated in terms of a set of stochastic differential equations
for the coarse-grained velocity gradient and tensor of inertia of a typical shape, naturally connects
Lagrangian and Eulerian parameterizations of turbulence. We use diagnostics of Chertkov et al. (1999)
which allows us to analyse and interpret different correlation functions at the resolved scale in terms
of the flow geometry. Our main conclusion, concerning the issue of anisotropy, is that even though
overall the local isotropy is restored with the scale decrease, the particular pace of the isotropy restora-
tion depends very much on the object analysed. We found that the vorticity-dominated objects, such
as enstrophy, tend to restore the isotropy much faster than their strain-dominated counterparts, e.g.
energy flux and strain variance.
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1. Introduction

The dynamics of velocity fluctuations in turbulent flows is characterized by remarkable power-
laws, describing the scale dependence of the correlation functions. The most famous example
is the k−5/3 energy spectrum [1] which has been derived originally in a situation where the flow
properties are statistically homogeneous and isotropic [2]. This highly idealized case turns out
to provide a very deep insight into the structure of turbulent flows. Nevertheless, deviations
from the idealized case are expected when the flow is anisotropic and/or inhomogeneous, as
in essentially any flow of natural or engineering relevance.

In fact, most flows are generated by a large-scale forcing, which generally breaks the isotropy
and homogeneity symmetries at the largest scales. Simple theoretical reasoning, as well as
decades of careful experimental work has suggested that symmetry is restored at the smallest
scales of the motion [3, 4]. One of the simplest flow configurations to study this effect is the

∗Corresponding author. E-mail: Alain.Pumir@inln.cnrs.fr

Journal of Turbulence
ISSN: 1468-5248 (online only) c© 2006 Taylor & Francis

http://www.tandf.co.uk/journals
DOI: 10.1080/14685240600754563



2 A. Naso et al.

so-called homogeneous turbulent shear flow, where the velocity field can be decomposed as
�U = (sy, 0, 0) + �u, where s is the mean shear, and the fluctuating velocity �u has a zero mean
value: 〈�u〉 = 0. In this configuration, odd moments of ∂yux , which would be zero if the flow
were strictly isotropic, remain large even at very small scales, and at very large Reynolds
numbers [5], a phenomenon anticipated in [6, 7]. However, the influence of the anisotropy on
other moments, which are non-zero in the case of a strictly isotropic flow, decays as the spatial
scale decays, and as the Reynolds number increases [4].

In this work, we reconsider the problem of the interaction between a large-scale shear
and small-scale turbulent fluctuations. The idealized flow studied is homogeneous, but the
mean shear induces a large-scale anisotropy. The aim here is to investigate the structure of
the velocity gradient tensor as a function of scale and of the externally applied shear s. Our
description is based on the invariants of the coarse-grained velocity gradient tensor. More
precisely, if m̂ is the velocity gradient tensor: mab = ∂avb, one defines the velocity gradient
tensor coarse grained over a region � of size r , Mab = (1/Vr )

∫
�

mabd3x , where Vr ∼ r3. This
tensor is traceless, and its topological properties can be characterized by the two invariants
[8], Q and R:

Q = −1

2
Tr(M̂2), R = −1

3
Tr(M̂3). (1)

The smallest number of points one needs to extract the coarse-grained velocity gradient
from direct numerical simulation (DNS) or experimental data is 4; thus the minimal model
introduced in [9] was formulated in terms of tetrad—the 4-points tetrahedron. Effectively,
studying the structure of the M̂-tensor is equivalent to asking questions about the structure of
the correlation function of the velocity field at four points (or more), separated by a charac-
teristic scale r . Experiments in this spirit have been carried out in the case of a passive scalar
in the presence of a mean gradient [10], and can be carried out with multi-wire probes [11],
or with PIV devices [12].

Describing the velocity fluctuations from first principles remains an essentially impossible
task, despite the recent progress made in the related problem of passive advection by a tur-
bulent velocity field [13]. Even in this simpler problem, progress came from the analysis of
simpler models, such as the Kraichnan model of turbulence [14]. The present work is based
on the modelling approach developed in [9], which reduces the turbulence problem to a set
of stochastic differential equations, and to a computationally efficient semi-classical analysis
of the resulting Fokker–Planck equation [15]. Fokker–Planck describes evolution of the prob-
ability distribution function (PDF) of the coarse-grained M̂ over scales. The semi-classical
trajectory has a clear meaning of the most probable Lagrangian path bringing correlations
from the large (integral) scale to the observation scale r in the inertial range. The large-scale
anisotropy is introduced by assuming an anisotropic form for the PDF of M̂ at the integral
scale. Specifically the coarse-grained velocity gradient at the integral scale is assumed to have
a Gaussian distribution, around the mean value Mab = δa2δb1s.

The model involves three dimensionless parameters characterizing the reduction of the non-
linearity induced by the pressure term, the re-isotropization effect of the small-scale velocity
field and the influence of the small scales on the coarse-grained velocity derivative tensor,
respectively. In this work, we use the values of the parameters determined in [15].

The main result of this work is that the general relaxation towards the isotropic situation as
scale decreases proceeds faster for vorticity-dominated correlation functions than for strain-
dominated ones.

The model is briefly introduced in section 2. The results expressed in terms of conditional
densities projected to the plane of the invariants, (Q, R), are discussed in section 3. Finally,
section 4 presents our concluding remarks.
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2. Formulation of the model and method of resolution

In this section, we briefly recall the derivation of the tetrad model [9]. We use it to introduce
notation, emphasize key parameters and discuss methods of analysis. The novel aspect com-
pared to the previous work [9, 15] comes from the anisotropy condition for the PDF imposed
at the integral scale.

2.1. Formulation of the model

The model is formulated in terms of the traceless matrix M̂ , defining the coarse-grained
velocity derivative, and the symmetric matrix ĝ introduced for the tetrad tensor of inertia. The
starting point of our approach consists in describing the Lagrangian evolution of M̂ and ĝ in
terms of the following set of equations:

dM̂

dt
+ (1 − α)(M̂2 − �̂ TrM̂2) = η̂, (2)

�̂ ≡ ĝ−1/Tr (ĝ−1), (3)

dĝ

dt
− ĝ M̂ − M̂t ĝ − β

√
Tr(M̂ M̂t )

(
ĝ − Tr(ĝ)

3
1̂

)
= 0, (4)

〈ηab (ρ; t) ηcd (0; 0)〉 = γ

(
δacδbd − 1

3
δabδcd

)
ε

ρ2
δ (t) , (5)

where ρ2 = Tr(ĝ). Aside from the dimensional quantity ε, the energy dissipation, the model
involves three dimensionless parameters, α, β and γ .

These phenomenological equations can be justified by considering a tetrahedron of La-
grangian particles, whose positions are �ri (i = 1, . . . , 4). The motion of the centre-of-mass
of the set of points, �ρ0 = ∑

i �ri does not play any role, because of the assumed homogeneity
of the flow. As a consequence, the geometry of the tetrad is described by a set of three re-
duced coordinates, �ρi . The above model is formulated in terms of the moment of inertia tensor
gab = ∑

i ρa
i ρb

i , defined with the help of the reduced coordinate tensor ρa
i .

In deriving the equation for the coarse-grained velocity derivative tensor, M̂ , a number of
assumptions have to be made about the pressure Hessian tensor. Numerical results [9, 16]
suggest that the pressure Hessian tensor reduces the nonlinearity in the equation—the effect
which is captured by the dimensionless parameter α in equation (2). The incompressibility
condition, Tr(M̂) = 0, is obtained by subtracting directly Tr(M̂2)�̂, where �̂ is a matrix such
that Tr(�̂) = 1. The particular choice of �̂, equation (3), can be justified in the case of a
homogeneous isotropic flow from an energy balance, using the fact that pressure does not do
any work [9], and by the fact that this particular choice prevents the solution from blowing-up
in a finite time in the deterministic case (η̂ = 0). Another justification for the specific form of
M̂ in the general case comes from the requirement for the ĝ tensor to preserve the Hamiltonian
structure for an ideal tetrad dynamics [17]. The stochastic term models the effect of the rapidly
fluctuating small-scale effects on the pressure. It is assumed to be Gaussian, white in time,
with a scaling form consistent with the Kolmogorov’s 4/5-law. Its intensity is simply measured
by the dimensionless factor γ .

Equation (4) for the tensor of inertia describes advection of the points by the coarse-grained
velocity tensor, M̂ , and it also accounts for the diffusive, isotropization effect of velocity
fluctuations from the scales smaller than the one of coarse graining. The former term leads
to the direct coupling between M̂ and ĝ in equation (4). The latter similar contribution, to
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the noise term η̂ in equation (2), can be modelled by short-correlated in time noise term.
However, a more refined analysis of this fluctuating term [18, 19] shows that its main effect is
to counteract the tendency of the stretching term, ĝ M̂ , to generate very anisotropic shapes. For
this reason and also seeking for simpler modelling, the noise term is replaced by the β-term
in equation (4), which effectively counterbalances the stretching term and tends to restore the
isotropy [15].

The model thus reduces to a set of stochastic differential equations, which, aside from
the dimensional parameter ε, the rate of energy dissipation, involves three dimensionless
parameters: α, which controls the reduction of nonlinearity, β, which controls dynamical
isotropization of the tetrad shape and γ , characterizing the strength of the noise term in the
M̂-equation.

As stated above, the large-scale anisotropy is imposed by our choice of PDF at the integral
scale. Numerous experimental and numerical studies indicate that the velocity field is Gaussian
at scales larger than the integral scale, L . For homogeneous, isotropic turbulent flow considered
in [9, 15], the condition imposed at L was P(M̂, Tr(ĝ) = 3L2) ∼ exp[−Tr(M̂ M̂t )/(εL−2)2/3].
In the presence of a large-scale gradient, we assume for the coarse-grained velocity derivative
tensor to still show a Gaussian PDF, with non-zero mean described by the mean shear, �̂:

P(M̂, Tr(ĝ) = L2) ∼ exp

[
− Tr[(M̂ − �̂)(M̂ − �̂)t ]

ε2/3L−4/3

]
(6)

�̂ =




0 0 0

s 0 0

0 0 0


 . (7)

2.2. Method of resolution

The probability distribution function (PDF) describing the distribution of the matrices M̂ and
ĝ, P(M̂, ĝ), as a function of time, obeys a Fokker–Planck (FP) equation. In the steady-state
case, considered here, the solution of the FP equation can be formally expressed as a path
integral:

P(M̂, ĝ) =
∫

dM̂ ′
∫

dT
∫ M̂ ′′(0)=M̂

M̂ ′′(−T )=M̂ ′
[DM̂ ′′]

∫ ĝ′′(0)=ĝ

ĝ′′(−T )=ĝ′
[Dĝ′′]

exp

[
− Tr[(M̂ ′ − �̂)(M̂ ′ − �̂)t ]

ε2/3L−4/3
− S(M̂ ′′; ĝ′′)

]

× δ

(
dĝ′′

dt
− ĝ′′M̂ ′′ − [M̂ ′′]t ĝ′′ − β

√
Tr(M̂ ′′[M̂ ′′]t )

(
ĝ′′ − Tr(ĝ′′)

3
1̂

))
, (8)

where S is the ‘classical’ action:

S =
∫ T

0
dt

Tr
[
DM̂ DM̂

t
]

2γ ε/ρ2
, (9)

where

DM̂ = dM̂ ′′

dt
+ (1 − α) ([M̂ ′′]2 − �̂′′ Tr[M̂ ′′]2). (10)

In accordance with explanations of the previous section matrices, M̂ ′′ and ĝ′′ are considered
to be traceless and symmetric respectively. A standard numerical way to evaluate the path
integral (8) is through a Monte Carlo simulation. However, the direct Monte Carlo is extremely
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costly, especially taking into account that we want to explore P(M̂, ĝ) at different scales,
parameterized by Tr[ĝ], and different values of M̂ .

Following the approach developed in [15], equation (8) is instead approximated in a semi-
classical way. In this approach, which is essentially equivalent to a saddle-point method,
one estimates an integral by the largest possible value of its integrand. The action term,
equations (9), (10), is of the form

∫ T
0 Ldt , so the extremum of the action can be estimated

by solving the variational Euler–Lagrange equations, δL = 0, considering the matrices and
their derivatives as independent. The extremum is found by the algorithm ‘amebsa’ [15, 20], a
simplex method combined with a simulated annealing algorithm. Minimization of the actionS
in equations (9), (10) goes over the set of initial conditions for dM̂/dt and dĝ/dt and also over
some number of initial degrees of freedom in M̂ inessential for our Q − R plane diagnostics,
see [15] for details. For any individual realization we run the Euler–Lagrange equations and
respective equations for ĝ′′ backwards in time from t = 0 till −T , defined as r (−T ) = L . The
only difference with the algorithm developed in [15] comes from the implementation of the
large-scale condition (6). The convergence of the algorithm is satisfactory.

2.3. Choice of the model parameters

As already explained, the model equations involve one-dimensional parameter (ε, the energy
dissipation) and the three dimensionless parameters α, β and γ , introduced before. The large-
scale condition (equation (6)) introduces an extra-dimensional parameter: L , the integral scale.
The values of ε and L can be taken as 1, by a proper rescaling of temporal and spatial units.
The dimensionless parameters have to be fixed based on other considerations.

It was shown in [15] that the resulting data (for PDF and correlation functions) are sensitive
to the choice of the value of α, which measures the pressure-induced reduction of nonlinearity.
It was found that the results of the model are physically sensible only when the value of α

is in a narrow interval around α ∼ 0.5. The effect of two other parameters, β and γ , on the
model’s predictions was found to be weaker.

Guided by the numerical findings of [15], we have chosen here α = 0.6, β = 0.4 and
γ = 0.25.

The value of the applied (large-scale) shear, s, can be made dimensionless by the following
rescaling:

S∗ = s(L2/ε)1/3. (11)

In the following, the units of time and scale are chosen in such a way that L and ε are both
equal to 1. The value of s (equal to S∗) thus measures directly the effect of the external shear
on the turbulence intensity. In turbulent shear flows’ experiments or numerical simulations,
the value of S∗ has been found to vary in a broad interval of values 3 <∼ S∗ <∼ 10 [21]. We
consider here the purely isotropic case (S∗ = 0), a weakly anisotropic case (S∗ = 1) and a
more strongly anisotropic case (S∗ = 6).

3. Numerical results

We present in this section the predictions of the model.
Our analysis rests very much on the study of PDF in the (R, Q) plane. This representation

allows a discussion of the topology of the flow [8]. The discriminant D = 27R2 +4Q3 allows
us to characterize the eigenvalues of the coarse-grained velocity derivative tensor. The flow
is hyperbolic (elliptic) in the sense that the matrix M̂ has three real eigenvalues (one real,
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and two complex conjugate eigenvalues) when D < 0 (D > 0). The probability distribution
function is very skewed along the line with positive values of R, zero discriminant (PRZD
line), a phenomenon qualitatively consistent with the model equations, equations (2)–(5).

3.1. Probability distribution functions in the (R, Q) plane

The joint PDFs of (R, Q) are shown in figure 1 for different values of r (r/L = 1/2, figure 1(a),
r/L = 1/4, figure 1(b), r/L = 1/8, figure 1(c) and r/L = 1/16, figure 1(d)). The R and Q
invariants are normalized in terms of the scale, r , and of the energy dissipation rate, ε. Thus,
Qr = Q×(r2/ε)2/3 and Rr = R×(r2/ε), for three different values of S∗: S∗ = 0 (red), S∗ = 1
(green) and S∗ = 6 (blue). Isoprobability lines are logarithmically spaced, and separated by
factors of 10.

In discussing these figures it is important to keep in mind that the computed coarse-grained
velocity derivative tensor includes the mean shear, �̂. As a result, the overall size of the velocity

Figure 1. PDF of the normalized Qr ,Rr invariants: Qr = Q × (r2/ε)2/3, Rr = R × (r2/ε), for α = 0.6, β = 0.4,
γ = 0.25 and S∗ =0 (red), 1 (green), 6 (blue): (a) r = L/2, (b) r = L/4, (c) r = L/8, (d) r = L/16. The isoprobability
contours are logarithmically spaced, and separated by factors of 10.
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fluctuations is markedly larger, in particular at large values of S∗, and at large values of r/L .
As the value of r/L decreases, the relative importance of the imposed mean shear diminishes,
so the isoprobability contours corresponding to the different values of S∗ generally tend to get
closer to one another. Even so, even at fairly small values of r/L (r/L = 1/16, see figure 1(d)),
the probability distribution functions remain very significantly different along the PRZD line.
This result suggests that the rate of relaxation to isotropy predicted by the model actually
depends on the kind of structure one is considering. Vortex-dominated regions, located in the
upper part of the (R, Q)-plane (Q > 0), seem to relax to isotropy much faster than strain-
dominated regions, located around the PRZD line.

3.2. Scaling laws for strain and vorticity

The difference in relaxation between vortex-dominated regions and strain-dominated regions
can be quantified by measuring the scale dependences of the strain, Tr(Ŝ2), and of the vorticity,
ω2, as a function of scale, r , for different values of S∗. As usual, the strain (vorticity) is
defined as the symmetric (antisymmetric) part of the (coarse-grained) velocity derivative
tensor: Ŝ = (M̂ + M̂t )/2, ωi = εi jk M jk .

The quantities 〈Tr(Ŝ2)〉 and 〈ω2〉 are shown in figure 2. Consistent with the results of
[15], these invariants follow very well Kolmogorov predictions (〈Tr(Ŝ2)〉, 〈ω2〉 ∼ r−4/3) in
the absence of external shear (S∗ = 0). As anticipated from figure 1, in the presence of a mean
shear, the values of the vorticity relax quickly at small scales towards the isotropic values
(S∗ = 0), see figure 2(a). This tendency is also obvious in the compensated plot of r4/3ω2

(figure 2(b)). The situation is significantly different for the value of 〈Tr(Ŝ2)〉, which seems to
relax much more slowly, towards the values obtained at S∗ = 0, figure 2(c). The very slow

Figure 2. Scaling laws of (a) and (b) 〈ω2〉, (c) and (d) 〈T r (Ŝ2)〉 for α = 0.4, β = 0.4, γ = 0.25, and S∗ = 0, 1, 2,
3, 6. In (b) and (d) the scaling laws are compensated by the K41 prediction in the isotropic case, r−4/3.
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relaxation towards the Kolmogorov scaling can be seen in figure 2(d) plotting 〈Tr(Ŝ2)〉 × r4/3

as a function of r .
The results of the two previous subsections therefore demonstrate that the model predicts

a very different relaxation towards isotropy, depending on which structure is actually inves-
tigated. Vorticity-dominated structures here seem to relax better towards isotropy when the
scale r/L decreases, than strain-dominated regions.

3.3. Densities in the (R, Q) plane

The distribution of quantities of dynamic relevance, such as enstrophy (ω2), strain intensity
(Tr(Ŝ2)) as well as energy production (−r2Tr(M̂2 M̂t ), see [9]) is of general interest to under-
stand the dynamics of turbulent flows [11]. These quantities have been studied both by DNS
at moderate Reynolds number [9], and using the model [15]. We study here the influence of a
mean shear S∗ and of the scale r on these distributions.

Figure 3 shows the density of enstrophy, figure 4 the density of strain and figure 5 the density
of the energy transfer, for the three values of S∗ = 0, 1 and 6, and at scales r/L = 1/4 (a) and
r/L = 1/16 (b).

The general effect of the imposed mean shear, S∗, is to shift the location where the den-
sities of the dynamical quantities shown in figures 3–5 are maximal away from the origin in
the (Q, R) plane, towards the PRZD line. The effect for the enstrophy, figure 3, is visible
only at moderate scales (r/L = 1/4), less so at smaller scales (r/L = 1/16). On the other
hand, the effect remains very strong for the strain (figure 4) and for the energy transfer (fig-
ure 5), even at our smallest values of the scale. The fact that strain-dominated quantities relax
less quickly towards isotropy than vorticity-dominated quantities, observed in the previous
subsections, certainly explains the tendency observed here. The energy transfer is a strain-
dominated quantity, so it is natural to expect that this quantity relaxes slowly to isotropy at small
scales.

Figure 6 shows the mean energy transfer dependence as a function of r . As it was the case
for the strain, see figures 2(c)–(d), the relaxation towards the isotropic values at small scales
is very low.

Figure 3. Enstrophy densities in the (Rr , Qr ) plane, normalized by 〈Tr(Ŝ2)〉. The densities are calculated for
α = 0.6, β = 0.4, γ = 0.25, and S∗ = 0 (red), 1 (green), 6 (blue): (a) r /L = 1/4 and (b) r /L = 1/16. The values of
the isoprobability lines are 0.68, 0.34, 0.17 and 0.05.
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Figure 4. Tr(Ŝ2) densities in the (Rr , Qr ) plane, normalized by 〈Tr(Ŝ2)〉. The conventions are the same as in figure 3.
The values of the isoprobability lines are 0.68, 0.34, 0.17 and 0.05.

3.4. Discussion

The notion that correlation functions probing different geometric structures should behave
differently had been already noted, even in an isotropic context [22, 23]. It is also expected,
from a theoretical point of view, that the rates of decay of correlation functions towards isotropy
depend on the precise object studied.

The numerical results, obtained here with the tetrad model of turbulence, are consistent
with the accepted view [4] that the effect of the anisotropy imposed at large scale tends to
decrease when the scale r decreases. The diagnostics used here suggest new insight into the
physical aspects of relaxation towards small scales. The results of the model point towards
an interesting difference between strain- and vorticity-dominated structures. The latter tend to

Figure 5. Energy transfer −r2Tr(M̂2 M̂t ) densities in the (Rr , Qr ) plane, normalized by |〈−r2Tr(M̂2 M̂t )〉|. The
conventions are the same as in figure 3. The values of the isoprobability lines are 1.3, 0.45, 0.1, 0, −0.1, −0.45 and
−1.3. The dashed lines indicate negative values.



10 A. Naso et al.

Figure 6. Scaling laws of (a) the energy transfer divided by r2 and (b) the energy transfer 〈−r2Tr(M̂2 M̂t )〉 for
α = 0.4, β = 0.4, γ = 0.25, and S∗ = 0, 1, 2, 3, 6.

‘forget’ faster about the large-scale anisotropy than the former, as the scale r decreases. This
qualitative result is independent of the order of the correlation function investigated (we have
mostly considered here moments of orders 2 and 3 only).

The faster relaxation of vorticity-dominated structures towards isotropy is consistent with
the observation that vortical structures in turbulent flows are generally much more intense
than strain structures. As a result, they are intrinsically less sensitive to a moderate, large-
scale effect, such as an imposed shear.

4. Conclusion

We have investigated here the effect of a simple large-scale flow on the structure of the
coarse-grained velocity derivative tensor, with the help of the tetrad model of turbulence [9].
Solutions were computed here with the semi-classical approach, used so far only in a purely
isotropic situation [15]. It was shown that the model reproduces qualitatively, and even semi-
quantitatively, the well-documented trends obtained in homogeneous isotropic turbulence.

As it has been documented in other contexts, our numerical results are consistent with the
fact that the corrections to isotropy tend to decrease as the scale decreases. The main result
of this work is that anisotropy decreases significantly faster for vorticity-dominated structures
than for strain-dominated structures. The conclusions obtained here with the tetrad model
ultimately call for tests, from experiments and/or direct numerical simulations. It would be
instructive to investigate the structure of the probability distribution function of the invariants
(R, Q) as a function of scale, and see whether the effects presented in this paper can indeed
be observed in a real flow. In any case, experimental results based on a well-controlled flow,
or on a DNS would provide more stringent tests on the tetrad model.

This work is the first attempt to study the tetrad model in a context more relevant to engineer-
ing flows. From a theoretical point of view, the large-scale shear only modifies the conditions at
large scale, equation (6), compared to the already studied homogeneous isotropic case. Other
relatively simple geometric configurations, such as a well-controlled contraction/extension,
could be studied in a similar manner. Recent experimental results for this problem [24] suggest
a very rich phenomenology, which is well worth studying, e.g. through the tetrad modelling.
Another prominent direction for the modelling research lies in analysing inhomogeneous and
possibly non-stationary turbulent flows. To describe dynamics and statistics in the complex
flows one needs to find a way of explaining simultaneously ballistic (coherent) and turbu-
lent (diffusive) transport. Properly modified and generalized Lagrangian tetrad model can be
capable of providing a satisfactory description for the complex situations. A particularly in-
teresting area of research where this approach may apply and essentially improve the existing
phenomenology [25] is Rayleigh–Taylor turbulence.
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