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Damping electromechanical modes of oscillation

Generator redispatch is an open loop control that works by
exploiting nonlinearity: the change in the Jacobian when
the operating equilibrium is changed by the redispatch.
Contrast with closed loop controls directly affecting
Jacobian entries.

We have derived a new formula for eigenvalue sensitivity
with respect to generator redispatch.

The formula largely depends on power system quantities,
such as power flow and mode shape, that can be measured.



Previous approaches that use generator

redispatch to damp oscillations

1. Heuristics in terms of mode shapes [Fischer-Erlich].

2. Exact formulas for damping sensitivity from a dynamic
power grid model.
The formulas depend on both left and right
eigenvectors or their derivatives.

3. Numerical eigenvalue sensitivities by repetitive
computation of eigenvalues of a power grid dynamic
model.

There are problems getting online dynamic grid models,
especially for loads.



Model assumptions

We make usual assumptions for energy function analysis:

1. AC power flow.

2. Lossless transmission lines.

3. Generators:
I Have constant voltage magnitude.
I Their overall dynamics is given by the swing equation.

4. Loads that allow:
I Active power to depend on frequency.
I Reactive power to depend on voltage magnitude.



Eigenvalue sensitivity: New formula

Generator redispatch dP causes changes dθ in angles across
the lines and changes dV ln in load bus voltages:

dP ⇒ dθ and dV ln

Then changes dθ, dV ln cause changes dλ in the eigenvalue:

dθ and dV ln ⇒ dλ (our new formula)



New formula: dλ

dλ =


mode shape or right eigenvector of λ: x,

changes in angles across the lines: dθ,
changes in load voltage magnitudes: dV ln,

active power flow through the lines: p,
part of reactive power flow through the lines: q,
net reactive power injection at load buses: Q,


(

eigenvalue λ, mode shape x
generator inertias M , bus dampings D

)

=

(
x, dθ, dV ln, p, q, Q

)
(λ, x,M,D)

=

(
x, dθ, dV ln, p, q, Q

)
(α)

To rank generator redispatches we only need to know the
phase of α for that mode.



New formula: dλ

The sensitivity for a nonresonant eigenvalue λ of the
system is given by
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where α = 2λxTMx+ xTDx,
and Cq
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are functions of x′.



Key ideas and tricks to derive the formula

1. Classical assumptions:
I Lossless lines.
I No dependence of load real power on voltage

magnitude.

that yield potential energy function R:

R = −
∑
i,j

i 6=j,i∼j

bijViVj cos(δi − δj)−
n∑
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(Piδi + 1
2
biiV

2
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and a symmetric network Laplacian L.



2. Quadratic form of eigenvalue problem [Mallada-Tang]

Q(λ) = Mλ2 +Dλ+ L.

Q is a symmetric complex matrix.

3. New idea of working with complex xTQx (not x̄TQx)

4. “Line” angle coordinates θ [Bergen-Hill] and new
line voltage coordinates ν

θk =

{
δi − δj if bus i is sending end of line k,
δj − δi if bus i is receiving end of line k,

νk = ln (ViVj).

These new coordinates greatly simplify the derivation.



Special cases

I Mode with zero damping. dλ becomes purely
imaginary.

I Voltage magnitude constant. General formula
simplifies to

dλ =
∑̀
k=1

(x′θk)2p
k

2λxTMx+ xTDx
dθk (1)

The terms of summation (1) that contribute more are those
in which the product (x′θk)2p

k
is large.

x′θk = change in right eigenvector x angle across line k
pk = real power flow through line k



Computing damping ratio after redispatch is done

I The new formula for dλ may be used to compute the
damping ratio of the interarea mode λ after redispatch
is done

ζ = −Re{λ+ dλ}
|λ+ dλ|

= − σ + dσ√
(σ + dσ)2 + (ω + dω)2

.



Example: New England 10-machine system

I Interarea modes at the Base Case

Damping
Mode No. Mode λ (1/s) f (Hz) Ratio (%)

1 -0.0403 + j3.4135 0.5433 1.1816
2 -0.0188 + j4.7631 0.7581 0.3955
3 -0.0249 + j5.4994 0.8753 0.4528
4 -0.0558 + j6.0159 0.9575 0.9275

I We will look at damping mode 2 with generator redispatch



Example: New England 10-machine system
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I Arrows in gray scale show the magnitude and direction of
the power flow at the base case.

I Red arrows show the oscillation mode shape for λ2.



Damping ratio of Mode 2 of New England 10-machine system
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I Gradient of damping ratio at base case from formula
indicates the effectiveness of larger redispatches

I Of the 45 possible pairs, pair (G5+,G9-) has the largest
increase in damping ratio.



Comments on redispatch for increasing λ2 damping ratio

I The pairs with the largest increase in the damping
ratio are the ones in which G5+ is involved, that is,
G5 with an increase in its generation.

I Why G5 is playing a key role? ... get some insights
from the components of the new formula.



Getting insights from Re{dλ}

I For this redispatch, change in dθ is larger than change
in dV ln, so look at dθ components of formula.

I The pairs with the largest increase in damping ratio
are also the ones with the largest increase in the
damping of the interarea mode λ2.
So take the real part of the formula dλ:

Re{dλ} =
∑̀
i=1

Re{Cθk}dθk +
n∑
i=1

Re{CVi}dV ln
i

= Re{Cθ} · dθ + Re{CV } · dV ln, (2)



Re{dλ} = Re{Cθ} · dθ + Re{CV } · dV ln
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I The gray scale in lines shows |Re{Cθ}| for λ2.



Re{dλ} = Re{Cθ} · dθ + Re{CV } · dV ln

G4

G5

G7

G6

G8

G9

G1

G10

G2

G3

I The gray scale in lines show the changes in power dp, due
to redispatch in pair (G5+,G9-).



Re{dλ} = Re{Cθ} · dθ + Re{CV } · dV ln
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I The gray scale in lines show the changes in angles dθ
across the lines, due to redispatch in (G5+,G9-).



Re{dλ} = Re{Cθ} · dθ + Re{CV } · dV ln

G4

G5

G7

G6

G9

G8

G1

G10

G2

G3

I The gray scale in lines shows |Re{Cθ} · dθ| for redispatch
(G5+,G9-).



Obtaining the formula denominator’s phase (∠α) from measurements

dλ =
Numerator

α
⇒ ∠α = ∠Numerator− ∠dλ

I There are always small random load variations around
an operating point.

I For such small random load variations:
I Samples of dλ can be obtained from PMUs.
I Samples of dθ and dV ln can be gotten from the load

flow equations with simulated random load variations,
then samples of the Formula’s numerator can be
computed.

I The dλ samples and the numerator samples can be
analyzed with Principal Component Analysis, then
the phase of α can be obtained from the Principal
Axes of the samples.



Samples’ plots for random loads variations generated with the software
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I Plots show the samples of 50 points after trimming by
30%.

I Principal Axes are computed and shown as lines

∠α = ∠Numerator− ∠dλ

= 179.51◦ − 89.24◦ = 90.27◦



Conclusions

I Using a judicious combination of new and old
methods, we can derive a new formula for the
sensitivity of oscillatory eigenvalues λ with respect to
generator redispatch.

I The formula depends on:

1. The mode shape of λ.
2. The eigenvalue λ of interest.
3. The power flow through every line.

These power system quantities can, at least in
principle, be observed from measurements.

4. The assumed equivalent generator dynamics only
appear as a factor common to all redispatches.

I For purely imaginary modes the change in λ becomes
purely imaginary.



Conclusions and Ongoing Work

I We have an approach to ranking the generator pairs
for redispatch to damp the oscillations where the
dynamics is largely determined from PMUs.

I We are exploring the insights and applications of the
formula.

I We are refining the combination of synchrophasor
measurements and calculations.
Goal: Dynamics from PMUs and statics from the state
estimator. Then results largely independent of poorly
known dynamic models.
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