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Extremal Characteristics

e Minimal height: ¢+ j — min(z,5) + 1
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Motivation

Computer Science: Data storage algorithms.
min/max = best/worst case performance

Geophysics: Characterization of river networks
rank=Horton-Strahler index

Physics: Collision processes in gases
max = largest Lyapunov exponent in gas.

Questions

Growth of average

(Kmin) 2 Umin In N

Distribution of extremal characteristics

P(k) = ?

o = 7



Tree generation process



Random binary trees

Recursive tree generation process:

e Initial conditions: System consists of trivial trees.

e Merging process: Pick two roots at random and
join them (with fixed rate =1 ).

Rate equation theory:

e Average over oo number of realizations
e Limit of oo number of trees at t = 0

The number density

e ¢(t)= number at t/number at t = 0.
o Rate equation for c(t): Zc(t) = —c3(t)
e Initial conditions: ¢(0) =1

ct)=(1+t)""1 Nt =c'=({1+1).



Heuristic derivation of averages

e Height distribution obeys Poisson statistics:
P,(t) = probability that distance from a randomly
chosen leaf to root = n at time ¢.

P, (t) = Me—h(t)

n!
e Growth of average height: £h(t) = 2¢
h(t) =2In N.

e Assume minimal height: (kpin) ~ VminIn N
o Estimating (kuin) from tail of P, (t):

<kmin

)
> P(t)~N"!
n=0

e Equation for v

2e
vin— =1
v

e Two roots correspond to vpyin and Upyax
Vmin = 0.373365 Vmax = 4.31107



Distribution of minimal height

Distribution of minimal height:
c,(t)=fraction of trees with minimal height k

Evolution equation for ¢ = cx(t)

d

o
ECk = cy_1+ 2¢ck—1 g kCJ 2ccy
J:

Use cumulative distribution A & time 7
Ak:C_lij T=1InN
j=k

Nonlinear difference-differential equations
d 2

EA]{; = AL | — Ag

Step function initial conditions

1 k<0;
A’“(O){o k>0



Traveling wave solution
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e In the asymptotic (large tree) limit
Ag(t) — F(k—vT1) T — 00
vF'(z) = F(z)— F*z—1).

e Linear equations for the tails give:

F(z) = {1 — const X exp(Ar) T — —o00;

const X exp(—z/v) x — oc.

Exponentially suppressed fluctuations/tails




VeIOCity SG'ECtiOn KPP /Fisher 37, Bramson 83
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e Small height tail gives

1—2e
B A
o Extremum satisfies (vpin = 0.373365)

(V)

2
vln—e =1
v

e v agrees to within 0.1% with numerics

Small height tail dictates velocity




Distribution of maximal height

Rate equation for distribution
d k—2
ﬁck — cz_l + ZCk_lj;)Cj — 2ccy,
Equations for cumulative distribution
d

EAk = —Ap + 24, — A7,
Wave form A(7) — F(k —vT) as 7 — oo
vF'(z) = F(z) — 2F(z — 1) + F*(z — 1)

Exponential tails

F(z) = 1 — const X exp(z/v) x — —o0;
€Tr ) =
const X exp(—pux) r — 00.

Dispersion relation v = (2e* — 1)/

Minimum selected vln% =1 v=4.31107

Large height tail dictates velocity




Leading asymptotic correction

4.34

4.32 k
4.3 ¢

4.28 t

d<k>/d In N
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Keeping next leading term in front location
and balancing leading terms gives

3

(kmin) = UminIn N + X Inln N
3
2

Correction to averages is O(Inln N)




Distribution of rank

e Rate equation for distribution

d
_ 2 - ,
dtCk = Cp_1 — 2Ck g k C;
j:

e \Wave form satisfies

vF'(z) = 2F (2)F(x — 1) — F(z) — F?(z — 1).

e Nonlinear plays role even at the tail!
F(z) < F?(x — 1)
Flz) = 1 — const X exp(x/v) x — —00;
[406v In 2]2% exp(—(2%) x — o0.

e Velocity is elusive
v = 0.89837

Sharp double exponential large-£ tail




Numerical Evidence

Leading tail is double-exponential:
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Input

e Initially: system is empty
o Trivial trees (leafs) added at constant rate

e Add input term 0y 1 to rate equations and
solve for steady state

e Minimal height — double exponential decay

ok
CkNQ 2

e Maximal height — power law decay

C ~ k2

e Rank — purely exponential distribution

Cr = 9~k

Very different behaviors




Conclusions

e Distribution of extremal characteristics
approaches traveling wave form asymptotically

e Fluctuations (o) are finite

e Extremal velocity selection criteria
determines growth of averages

o Extreme statistics are exponential

Outlook

o Complete distribution functions

e Selection criteria for rank velocity



