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Statistical Inference

original corrupted _
_ . possible
data noisy channel data: statistical _
| , o _ reimage
Torig € C P(x|e) log-li kelihood inference pﬂ- _ E
R Ll W
codeword magnetic field

g= (o1, ,0n), N finite, a;==+1 (example)

Maximum Likelthood symbol Maximum-a-Posteriori

ML = arg max P(x|o) MAP; = argmax Y P(x|or)
ax FAX|a, C S ERauiLy

oo

Exhaustive search is generally expensive: complexity ~ 2V




Forney-style graphical model formulation

Co = (Vo. &) g-ary variables reside on edges
Vo = {a} Tab = b = 0D
5{] { ( (.'{.b) }>

Forney '01; Loeliger ‘01

Probability of a configuration Partition function

plo)=Zo [ falon). Zoy =) 1] fal(oa)

Marginal probabilities

]—Jﬂ.(ga) = Z P(U) ]—Jab(gﬂ.b)
o\o,

can be expressed in terms of

the derivatives of the free energy

with respect to factor-functions

Reduced variables

= Z IJ(J) O, = {ga.b|(a‘b) S 5{:]}
Jh\'&,"-’ab

Feoo, = —InZg,



Loop calculus (binary alphabet)

Belief Propagation (BP) is exact on a tree

I_Dﬂp Series: Chertkov,Chernyak '06

Exact (!!) expression in terms of BP

E=Z Hfa(ﬂ"a}= 2y (1+ZF(E])
C

T 4
I ma

c
r(€)= —= =1 &
[T 1-m3)

(ab)eC 3 =

@

The Loop Series is finite
C < Generalized Loops = Loops without loose endls @ All tarms in the sories are

caleulated within EP

@ BP is exact on a tree

_ (bp)
Mab = fda-ab; (2)eab @ BP is a Gauge fixing condition.

Other choices of Gauges would

b
Ha = fﬂrﬂabg 'ﬂ}(f’-?} H (ap — Map) lead to different representation.
bea,C



Equivalent models: gauge fixing and
transformations

Replace the model with an equivalent more convenient model

Invariant approach Coordinate approach

(i) Introduce an invariant object that
describes partition function Z

(i) Different equivalent models
correspond to different coordinate
choices (gauge fixing)

(i) Gauge transformations are
changing the basis sets

() Introduce a set of gauge transformations
that do not change Z

(i) Gauge transformations build new
equivalent models

General strategy (based on linear algebra)

() Replace g-ary alphabet with a g-dimensional vector space

(i) (letters are basis vectors)

(i) Represent Z by an invariant object graphical trace

(iif) Gauge fixing is a basis set choice

(iv) Gauge transformations are linear transformation of basis sets



Gauge invariance: matrix formulation

Gauge transformations of factor-functions

fa(ﬂ'a. = (O'ab’ C e )) — Z C;ab ((Tab, (T;_b) fa((j';b} ce )’
o'

ab

with orthogonality conditions

Y Gar(0ah.0")Gra(0ap. 0"') = 80" 0"),

Tab

do not change the partition function

o a o’ bca

=Y " p{Glo} = I (ﬁ{é—’\a}) ,



BP equations: matrix (coordinate) formulation

No-loose-ends condition

b

c#=b

Z f“( )(T .bP)( Tab 7{ 0 O-ab H (_T“E:p) U gur ) 0

o’a cCa

results in BP equations
c=b
(_Tg:-i}l” ([ guh — .l”u- Z fu H (_Tg:p) 0, CT(“ .
oo\, cEa with

=Y fue) ]GV (0.0,)
o',

cEa



BP equations: standard form

A standard form of BP equations

exp (0 (7))
Sy 0 (15 () + 15 (7))
Y v Jal @) ex0 (L 15 0w
Y fale) e (Spe 1l (o)

is reproduced using the following
representation for the ground state

exp (Nap(0))

“ab — Ga) 0, —
€al t ( ’ (T) ZJ exp ('??a.b(o-) + '??E:-a(g))

Side remark: relation to iterative BP



“Reduced Bethe free energy” (variational approach)

Reduced Bethe free energy F (g) = —In(Z,(&))

ZO(E) — }_J{(;‘U} — Hpa(Ea): with Efi-b(ga.b) = CT?G_{)(U, O-a.b)

a

8ab.8ba:1

IS an attempt to approximate the partition function Z in terms of the ground-state
contribution in a proper gauge

oF,(e)
0¢€ 4

BP equations are recovered by the stationary point conditions

0

Not a standard variational scheme: corrections can be of either sign

What is the relation of the introduced functional to the Bethe free energy
(Yedidia, Freeman, Weiss ‘01)?



Graphical representation of trace and cyclic trace

Trace ¢ Q
| o 0" scalar product
Tr(f)=2 f'=2 f,g"

Summation over repeating subscripts/superscripts

Cyclic trace g’

ipj2

Tr(fM) =) frfpfr=2 f,0" 10" 5, o™



Graphic trace and partition function

Collection of tensors (poly-vectors)
f :{fa}azl ..... N :{ fa }azl,...N
a1a2a3 g :gkl I a|b
g :{gab}aeb {g aeb
b.

Graphlc trace acb;
gab

() =Tr,([] ) =X(- f/D>

na

Scalar products

Orthogonality condition
U-W=g,,(US W)

” = g ® . . =5
LW, weW, = O (€ eb) €} eo

Tensors and factor-functions Z — Tr( f )

Zf (01,.,0,)€3 ®...® €l



Partition function and graphic trace: gauge invariance

Dual basis set of co-vectors
(elements of the dual space) Orthogonality condition (two equivalent forms)

Sab EWaL S, (eajlb) = 5ij Sabi “Sbaj =0  Yan = Zgab,j ® Cha,
j

Graphic trace: Evaluate scalar products (reside on edges) on tensors (reside vertices)

éab,déb ® éba,aéb

O ab O ba
 ad eab a
ead

Tr( f) - Z 1:a(Gab’Gac’Gad) fb(Gba!Gbs)---

Gauge invariance: graphic trace is an invariant object,
factor-functions are basis-set dependent

fo(01000,) = Cap 6, @ ® &y, , (F7)

“Gauge fixing” is a choice of an orthogonal basis set



Belief propagation gauge and BP equations

Introduce local ground &, eW;b and excited (painted) states U, eV\[a*b

BP gauge: painted structures with Eay "€ = L Uzpy " Epa = 0
loose ends should be forbidden
(in particular, no allowed painted by b
structures in a tree case) i

u, ®e, ®..0¢c, (f)=u,(e, ®.®¢, (f%))=0
®..Q¢,y (f7)eW
or, stated differently, results in BP equations in invariant form:
gab(gabl ®X..Q gabn_l( %) =pé0.
Oup (€, ® .. ® &, (T7) W,



Loop decomposition: binary case

ZC.JZZO;CC.(lJrZT'(Cl)): r(C1)=Z5 6, 0(Gloe, ).
C'y
Z[)(D =p G‘O’o oy = {Uab — U‘ (Gb) = C'o},

— Tab = l| (Gb) & C-?l
T =N g =0  (ab)e Cp\Cy. [
@ @ @ @ @ Beliefs (marginal probabilities)
AVE/AVE/AVE/AY an b (0an) = GUP (0, 7).
(bp)
@ @ @7 @7 b{(]bp) (O.a) _ fa Ta Hb-’—_a C a Ef ga.b)

«(bp '
Z fa g, Hbcu G ‘_E:,b” O gab)
H Ha

; acCy bp)
r(Cy) = — Map = ol (o),
( l) 1—[ (l—mfb , al Z bY.b al
Tab . . ;
(ab)eCy A generalized loop visualizes
a single-configuration contribution
_ bp iti i i
[y = § ( | | (Cat — Map) bé IJ(JG_)_ to the partition function in BP gauge

Lo 2P bc—: (-.C._‘(-/T]_




Loop towers for g-ary alphabet: first step

A generalized loop defines a vertex model on the corresponding subgraph
with (g-1)-ary alphabet (first store above the ground store)

ZCD :ZO;C@—I_ chlf ch :Zlﬁ(cg(bp”JCJ
Cl(—:.Q(CQ) ogcy
g>2 (non-binary case): more than one local excited state

Partition function for the subgraph model

- Z H fl;a.(ga-;cl)r f1§fi(o.f‘-?cl) -

J(__ffl 1 ':_: (:_/T]_
bz Cy

o Z f“ a H G S;)I )t)?g Tabs Tqp ) H Y ( Tab, 0 )

bca, CD bca s Co



Loop-tower expansion for g-ary alphabet

J=1,q—2: Zc, =Zoc,+ E AT
Cj+1€92(C5)

|
e
T~ e -
o o, o >\ Building the next level (store)
it Qo
kY i Y f
~ 7/ \\ /
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Loop tower T,
CODCID"‘DC(;—Q ba C;

bca,Cj_4 bca,Cj_4



Bethe free energy for g-ary alphabet

BP equations can be obtained as stationary points of the Bethe free energy
functional of beliefs

Dpethe = ; JZG bo(0,)In (f{i:.:g )
_ Z Z bab(ga-b) In b(;_b(gab)'

(ab) Tab

with natural constraints

O § ba(aa):bac( ur) < J—

Z ba(ga.) =1, Z bab O-ab) =1

Tab

(H_ O-(L(_ E ba U af_ f_ (I E b

Tq \0'-:11_ L\U:_a



Bethe effective Lagrangian

LBethe = Z Z bo(0s)In ( ) Z Z bap(Tup) I bup(Tap)

(ab)

+ Z (Z 111 ub ub ( ab O-ab Z bu u )

G,b Tab C"a\”'ab

+ Zlﬂ(fba(gbu))( ab Grb“ Z bb JE} ))

Tba b \Oba

Values of beliefs

bgk)(ga-) — (Qa(ga.))_lfa(ga) _hl'fa.b(gab)

bca
bé‘?( p) = Q;bl(%b 10 )ab(Tab)eba (Tab), Variation of beliefs
(I Ea Zfﬂ Ea H"’(If_ (I(_)T
cEa
Qa.b(Eab: Eba.) = Z Eab(ga.b)'gba (O-ab):

Tab

”b

Zln 0.(€, +Zhl Oab(EabsEba)))

(ub



Relation to Bethe free energy

LBethe = Z Z bo(0s)In (f ) Z Z bav(Tap) I byp(0ap)

ab) Tab

+Z(Z In(z,p(0ap) (ub Tub) Z b0, )
ab) \Tab Ta\Tab
+Zhl(-€ba(0am.) ( ab(Tba) Z by (o, ))
Tba b \Oba
Variation of the \ Variation of beliefs
ground state
B(&) Zlnw (e,) +Zln (0ab(Eab-Eba)))

(ab)

Opethe = Z Z b, (0, )In ( (J“)) Gauge fixing
! f (JU) ZEab(gab)gba.(ga.b) = 1.

_: : § :bab ttb hl bub(gab) Tab

(ab) Tab Fo(€) Reduced Bethe free energy



Summary

We have extended the loop expansion for general statistical
iInference problem to the case of general g-ary alphabet

In the general case the loop decomposition goes over the loop
towers

We have formulated the statistical inference problem in terms of a

graphical trace, which leads to the invariance of the partition function
under a set of gauge transformations

BP equations have been interpreted as a special choice of gauge

The introduced Bethe effective Lagrangian establishes a connection
between the gauge-invariant and Bethe free-energy approaches

Generalization to the continuous and supersymmetric cases



Path forward: interplay of topological and geometrical

equivalence
Topological structure: the graph Geometrical structure: factor-functions
Use topologically Use geometrically
equivalent models equivalent models
e.g. Weitz '06
Combine
+

e improving BP
e guantum version
. etc
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Continuous and supersymmetric case:
graphical sigma-models

(2, "f'.i'f"!) = / dcT-z;i'r" (o)(o)
M M
M, =] Ma
M ba bea
S

calar product: the space of states and its dual are equivalent

() = dw(a)nﬁ'*(a)
?‘LI c#b c#b
(0
No-loose-end requirement (@ ba = Aab H do e fulOq) H'?#-"é.g](ga.c)
cEa cEa

Continuous version of BP equations

c=b c#=b
1) 1
1 [Ei — )\ubPC' ab / H do_uc fu Tq H u{ b (gac) PC' abl ,‘g(;.i ) —

cEa cEa



Supersymmetric sigma-models: supermanifolds

Zio-graded manifolds (supermanifolds) dimension
_ m = (my,m_)
substrate (usual) manifold A C M

additional Grassman (anticommuting variables) 0:0; = —0;0;

Functions on a supermanifold

11 <12

(o) = o(x,0) = v () + Z Oy + > 0 ()00, 00 + -

2112

Berezin integral (measure in a supermamfold)

Any function on a supermanifold can be represented
as a sum of its even and odd components



Supersymmetric sigma models: graphic supertrace |
Natural assumption: factor-functions
are even functions on ﬂfa _ H ﬂ-‘-{ab

bEa

P, =01

Introduce parities of the beliefs

pab pba

BP equations for parities (-—z._.-'i'rm) __i_,.'(o)) #+ (0  Follows from the first two

Fab  Yha

c#=b
Pba — E Pac: Pba — Pabs E Pac — 0
cEa cEa

p € Hi(X;Zo)

Edge parity is well-defined
251 elements

Ho(X:Zo) = Zo
By =1
(number of connected components) Bl _ Bo — card(E) —card (\/)

Euler characteristic



Supersymmetric sigma models: graphic supertrace Il

Decompose the vector spaces W = W o)

ab ab

into reduced vector spaces  W'*" with ay;, = (—1)Pa

Graphic supertrace decomposition (generalizes the supertrace)

z= Yz TF= >  TtF,

results in a multi-reference loop expansion

Fp IS the graphic trace (partition function) of a reduced model



Homotopy approach to loop decomposition

Graph (arbitrary) Bouquet of circles

Equivalent (same homotopy type)
by contracting the tree to a point

-

Bl — 3 *“circles”

Both models are equivalent

Loop calculus for the bouquet model (independent loops) constitutes
a resummation for the original model (generalized loops)



